
8 Appendix A279

8.1 Nomenclature280

Symbol Explanation

L̄ The Lipschitz constant
η Learning rate for gradient algorithm
α Weight parameter for batch-normalization update
x⃗ The vector for one record of input data
yj The target output vector for the input record x⃗j

N Size of training set, number of all x⃗ in one epoch
D1 Dimension of the hidden layer

z(1)j , z(2)j jth entry of output of the first and second hidden layer, respectively
n1, n2 Numbers of parameters in θ and λ, respectively

θ Set of all trainable parameters updated by its gradient
W (1),W (2) ∈ θ, weights of linear transformation between layers
γ(1)
j ,β(1)

j ∈ θ, trainable parameters for batch-normalized output y(1)j
λ Set of all batch normalization parameters determined by previous updates
µj ∈ λ, mean of previous values of z(1)j

σj ∈ λ, standard deviation of previous values of z(1)j
ϵB The offset for batch normalization transformation

281

8.2 Preliminary Results282

Proposition 8.1 There exists a constant M such that, for any θ and fixed λ, we have283

∥∇f̄(θ,λ)∥22 ≤ M.

Proof. By Assumption 4.5, we know there exists (θ∗,λ∗) such that ∥∇f̄(θ∗,λ∗)∥2 = 0. Then we284

have285

∥∇f̄(θ,λ)∥2
=∥∇f̄(θ,λ)∥2 − ∥∇f̄(θ∗,λ∗)∥2
=∥∇f̄(θ,λ)∥2 − ∥∇f̄(θ,λ∗)∥2 + ∥∇f̄(θ,λ∗)∥2 − ∥∇f̄(θ∗,λ∗)∥2
≤∥∇f̄(θ,λ)−∇f̄(θ,λ∗)∥2 + ∥∇f̄(θ,λ∗)−∇f̄(θ∗,λ∗)∥2

≤
N∑

i=1

∥∇fi(Xi : θ,λ)−∇fi(Xi : θ,λ
∗)∥2 +

N∑

i=1

∥∇fi(Xi : θ,λ
∗)−∇fi(Xi : θ

∗,λ∗)∥2

≤NL̄(∥λ− λ∗∥2 + ∥θ − θ∗∥2),
where the last inequality is by Assumption 4.1. We then have286

∥∇f̄(θ,λ)∥22 ≤ N2L̄2(∥λ− λ∗∥2 + ∥θ − θ∗∥2)2 ≤ M,

because sets P and Q are compact by Assumption 4.2. !287

Proposition 8.2 We have288

fi(X : θ̃,λ) ≤ fi(X : θ̂,λ) +∇fi(X : θ̂,λ)T (θ̃ − θ̂) +
1

2
L̄∥θ̃ − θ̂∥22, ∀θ̃, θ̂, X.

Proof. This is a known result of the Lipschitz-continuous condition that can be found in [5]. We289

have this result together with Assumption 4.1.290

8.3 Proof of Theorem 4.6291

Lemma 8.3 When
∑∞

m=1 α
(m) < ∞ and

∑∞
m=1

∑m
n=1 α

(m)η(n) < ∞,292

µ̃(m)
j :=

µ(m)
j

(1− α(1))(1− α(2))...(1− α(m))
is a Cauchy series.293
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Proof. By Algorithm 1, we have294

µ(m)
j = α(m) 1

N

N∑

i=1

k(1)W (m)
1,j,·Xi + (1− α(m))µ(m−1)

j . (4)

We define α̃(m) :=
α(m)

(1− α(1))(1− α(2))...(1− α(m))
and ∆W (m)

1,j,· := W (m)
1,j,· − W (m−1)

1,j,· . After295

dividing (4) by (1− α(1))(1− α(2))...(1− α(m)), we obtain296

µ̃(m)
j = α̃(m)k(1)

1

N

N∑

i=1

W (m)
1,j,·Xi + µ̃(m−1)

j .

Then we have297

|µ̃(m+1)
j − µ̃(m)

j | = α̃(m)|k(1)| 1
N

N∑

i=1

(
|W (m)

1,j,·Xi|
)

= α̃(m)|k(1)| 1
N

N∑

i=1

|
m∑

n=1

∆W (n)
1,j,·Xi| (5)

= α̃(m)|k(1)| 1
N

N∑

i=1

∣∣∣∣∣

m∑

n=1

(
η(n)

N∑

l=1

∇W1,j,·fl(Xl : θ
(n),λ(n))

)
·Xi

∣∣∣∣∣

= α̃(m)|k(1)| 1
N

N∑

i=1

m∑

n=1

(
η(n)

∣∣∣∣∣

(
N∑

l=1

∇W1,j,·fl(Xl : θ
(n),λ(n))

)
·Xi

∣∣∣∣∣

)

≤ α̃(m)|k(1)| 1
N

N∑

i=1

m∑

n=1

(
η(n)∥

N∑

l=1

∇W1,j,·fl(Xl : θ
(n),λ(n))∥ · ∥Xi∥

)
(6)

298

=α̃(m)|k(1)| 1
N

·
N∑

i=1

m∑

n=1

(
η(n)∥

N∑

l=1

[
∇W1,j,·fl(Xl : θ

(n),λ(n))−∇W1,j,· f̄(Xl : θ
∗,λ∗)

]
∥ · ∥Xi∥

)

299

≤ α̃(m)|k(1)| 1
N

N∑

i=1

m∑

n=1

η(n)(
N∑

l=1

[∥∇W1,j,·fl(Xl : θ
(n),λ(n))−∇W1,j,·fl(Xl : θ

∗,λ(n))∥2+

∥∇W1,j,·fl(Xl : θ
∗,λ(n))−∇W1,j,·fl(Xl : θ

∗,λ∗)∥2] · ∥Xi∥2)300

≤ α̃(m)|k(1)|
N∑

i=1

m∑

n=1

η(n)
(
L̄ · (∥W (n)

1,j,· −W ∗
1,j,·∥2 + ∥λ(n)

j,· − λ∗
j,·∥2) · ∥Xi∥2

)

301

≤ α̃(m)
m∑

n=1

(
η(n)

)
|k(1)|

N∑

i=1

(
2L̄M∥Xi∥2

)
(7)

302

≤ α̃(m)
m∑

n=1

η(n)M̃L̄,M .

Equation (5) is due to303

W (m)
1,i,j =

m∑

n=1

∆W (n)
1,i,j .

Therefore,304
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|µ̃(p)
j − µ̃(q)

j | ≤ M̃L̄,M ·
q∑

m=p

α̃(m)
m∑

n=1

η(n)

= M̃L̄,M ·
q∑

m=p

α̃(m)
m∑

n=1

η(n) = M̃L̄,M ·
q∑

m=p

m∑

n=1

α̃(m)η(n).

(8)

It remains to show that305
∞∑

m=1

α(m) < ∞, (9)

306
∞∑

m=1

m∑

n=1

α(m)η(n) < ∞, (10)

implies the convergence of {µ̃(m)}. By (9), we have307

Π∞
m=1(1− α(m)) > 0,

since308

ln(Π∞
m=1(1− α(m))) =

∞∑

m=1

ln(1− α(m)) >
∞∑

m=1

−α(m) > −∞.

It is also easy to show that there exists C and Mc such that for all m ≥ Mc, we have309

(1− α(1))(1− α(2)) . . . (1− α(m)) ≥ C. (11)

Therefore,310

lim
m→∞

(1− α(1))(1− α(2)) . . . (1− α(m)) ≥ C.

Thus the following holds:311

α̃(m) ≤ 1

C
α(m) (12)

and312
q∑

m=p

m∑

n=1

α̃(m)η(n) ≤ 1

C

q∑

m=p

m∑

n=1

α(m)η(n). (13)

From (10) and (13) it follows that the sequence {µ̃(m)
j } is a Cauchy series. !313

Lemma 8.4 Since {µ̃(m)
j } is a Cauchy series, {µ(m)

j } is a Cauchy series.314

Proof. We know that315

µ(m)
j = µ̃(m)

j (1− α(1))...(1− α(m)).

Since316

lim
m→∞

µ̃(m)
j → µ̃j

and317

lim
m→∞

(1− α(1))...(1− α(m)) → C̃,

we have318

lim
m→∞

µ(m)
j → µ̃j · C̃.

Thus µ(m)
j is a Cauchy series. !319

Lemma 8.5 If
∑∞

m=1 α
(m) < ∞ and

∑∞
m=1

∑m
n=1 α

(m)η(n) < ∞, {σ(m)
j } is a Cauchy series.320
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Proof. We define σ(m)
j := σ̃(m)

j (1− α(1))...(1− α(m)). Then we have321

|σ̃(m+1)
j − σ̃(m)

j | = α̃(m)

√√√√ 1

N

N∑

i=1

(
k(1)W (m)

1,j,·Xi − µ(m)
j

)2

= α̃(m) 1√
N

√√√√
N∑

i=1

(
k(1)W (m)

1,j,·Xi − µ(m)
j

)2

= α̃(m) |k(1)|√
N

√√√√
N∑

i=1

(
W (m)

1,j,·Xi −
µ(m)
j

k(1)

)2

.

Since {µ(m)
j } is convergent, there exists c1, c2 and N1 such that for any m > N1, −∞ < c1 <322

µ(m)
j < c2 < ∞. Therefore,323

|σ̃(m+1)
j − σ̃(m)

j |

≤α̃(m) |k(1)|√
N

·max

⎧
⎨

⎩

√√√√
N∑

i=1

(
W (m)

1,j,·Xi −
c1
k(1)

)2
,

√√√√
N∑

i=1

(
W (m)

1,j,·Xi −
c2
k(1)

)2
⎫
⎬

⎭ .
(14)

For any C̄ ∈
{ c1
k(1)

,
c2
k(1)

}
, we have324

|σ̃(m+1)
j − σ̃(m)

j | ≤ α̃(m) |k(1)|√
N

·

√√√√
N∑

i=1

(
W (m)

1,j,·Xi − C̄
)2

(15)

≤ α̃(m) |k(1)|√
N

·

√√√√
N∑

i=1

(
|W (m)

1,j,·Xi|+ |C̄|
)2

(16)

= α̃(m) |k(1)|√
N

·

√√√√
N∑

i=1

(
|
(

m∑

n=1

∆W (n)
1,j,·

)
Xi|+ |C̄|

)2

= α̃(m) |k(1)|√
N

·

√√√√
N∑

i=1

(
|

m∑

n=1

(
η(n) ·

N∑

l=1

∇W1,j,·fl(Xl : θ(n),λ(n)) ·Xi

)
|+ |C̄|

)2

≤ α̃(m) |k(1)|√
N

·

√√√√
N∑

i=1

(
m∑

n=1

(
η(n) · |

N∑

l=1

∇W1,j,·fl(Xl : θ(n),λ(n)) ·Xi|
)

+ |C̄|
)2

(17)

≤ α̃(m) |k(1)|√
N

·

√√√√
N∑

i=1

(
m∑

n=1

η(n)∥
N∑

l=1

∇W1,j,·fl(Xl : θ(n),λ(n))∥ · ∥Xi∥+ |C̄|
)2

(18)

≤ α̃(m) |k(1)|√
N

·

√√√√
N∑

i=1

(
m∑

n=1

η(n)
(
2NL̄M∥Xi∥2

)
+ |C̄|

)2

(19)
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≤ α̃(m) |k(1)|√
N

·

√√√√N ·
(
M̃L̄,M

m∑

n=1

η(n) + |C̄|
)2

(20)

= α̃(m)|k(1)| ·

√√√√
(
M̃L̄,M

m∑

n=1

η(n) + |C̄|
)2

= α̃(m)|k(1)| ·
(
M̃L̄,M

m∑

n=1

η(n) + |C̄|
)
. (21)

Inequality (15) is by plugging C̄ ∈
{ c1
k(1)

,
c2
k(1)

}
into (14). Inequality (16) is by the following fact:325

√√√√
n∑

i=1

(ai − c)2 ≤ max

⎧
⎨

⎩

√√√√
n∑

i=1

(|ai|− c)2,

√√√√
n∑

i=1

(|ai|+ c)2

⎫
⎬

⎭ =

√√√√
n∑

i=1

(|ai|+ |c|)2, (22)

where b and ai for every i are arbitrary real scalars. Besides, (22) is due to326

−2aic ≤ max{−2|ai|c, 2|ai|c}.

Inequalities (17), (18) and (19) follow from the square function being increasing for nonnegative327

numbers. Besides these facts, (19) is also by the same techniques we used in (6)-(7) where we328

bound the derivatives with the Lipschitz continuity in the following inequality:329

∥
N∑

l=1

∇W1,j,·fl(Xl : θ
(n),λ(n))∥ ≤ 2NL̄M.

Inequality (20) is by collecting the bounded terms into a single bound M̃L̄,M . Therefore,330

|σ̃(q)
j − σ̃(p)

j | ≤
q−1∑

m=p

|σ̃(m+1)
j − σ̃(m)

j | ≤
q−1∑

m=p

α̃(m)|k(1)| ·
(
M̃L̄,M

m∑

n=1

η(n) + |C̄|
)
. (23)

Using the similar methods in deriving (9) and (10), it can be seen that a set of sufficient conditions331

ensuring the convergence for {σ̃(m)
j } is:332

∞∑

m=1

α(m) < ∞,

333
∞∑

m=1

m∑

n=1

α(m)η(n) < ∞.

Therefore, the convergence conditions for {σ(m)
j } are the same as for {µ(m)

j }. !334

It is clear that these lemmas establish the proof of Theorem 4.6.335

8.4 Consequences of Theorem 4.6336

Proposition 8.6 Under the assumptions of Theorem 4.6, we have337

|λ(m) − λ̄|∞ ≤ am,

where338

am = M1

∞∑

i=m

i∑

j=1

α(i)η(j) +M2

∞∑

i=m

α(i) (24)

and M1 and M2 are constants.339
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Proof. For the upper bound of σ(m)
j , by (21), we have340

|σ̃(q)
j − σ̃(p)

j | ≤
q−1∑

m=p

α̃(m)|k(1)|
(
M̃L̄,M

m∑

n=1

η(n) + |C̄|
)
.

We define˜̄σj :=
σ̄j

(1− α(1))...(1− α(u))...
. Therefore,341

|̃̄σj − σ̃(m)
j | ≤

∞∑

i=m

α̃(i)|k(1)|

⎛

⎝M̃L̄,M

i∑

j=1

η(j) + |C̄|

⎞

⎠

≤ |k(1)|
C

∞∑

i=m

α(i)

⎛

⎝M̃L̄,M

i∑

j=1

η(j) + |C̄|

⎞

⎠ .

(25)

The first inequality comes by substituting p by m and by taking lim as q → ∞ in (23). The second342

inequality comes from (11). We then obtain,343

∣∣∣σ(m)
j − σ̄j

∣∣∣

=(1− α(1))...(1− α(m))

∣∣∣∣∣
σ(m)
j

(1− α(1))...(1− α(m))
− σ̄j

(1− α(1))...(1− α(m))

∣∣∣∣∣

≤(1− α(1))...(1− α(m))[

∣∣∣∣∣
σ(m)
j

(1− α(1))...(1− α(m))
− σ̄j

(1− α(1))...(1− α(u))...

∣∣∣∣∣+
∣∣∣∣

σ̄j

(1− α(1))...(1− α(m))
− σ̄j

(1− α(1))...(1− α(u))...

∣∣∣∣]

≤
∣∣∣σ̃(m)

j − σ̃(∞)
j

∣∣∣+
∣∣∣∣

σ̄j

(1− α(1))...(1− α(m))
− σ̃(∞)

j

∣∣∣∣

=
∣∣∣σ̃(m)

j − σ̃(∞)
j

∣∣∣+
∣∣∣∣

σ̄j

(1− α(1))...(1− α(m))
− σ̄j

(1− α(1))...(1− α(u))...

∣∣∣∣

=
∣∣∣σ̃(m)

j − σ̃(∞)
j

∣∣∣+ σ̄j

∣∣∣∣
(1− α(m+1))...(1− α(u))...− 1

(1− α(1))...(1− α(u))...

∣∣∣∣

≤
∣∣∣σ̃(m)

j − σ̃(∞)
j

∣∣∣+
σ̄j

C
|1− (1− α(m+1))...(1− α(u))...|

≤
∣∣∣σ̃(m)

j − σ̃(∞)
j

∣∣∣+
σ̄j

C

∞∑

n=m+1

α(n).

(26)

The second inequality is by (1− α(1))...(1− α(m)) < 1, the third inequality is by (11) and the last344

inequality can be easily seen by induction. By (26), we obtain345

|σ̄j − σ(m)
j | = lim

M→∞
|σ(M)

j − σ(m)
j | ≤ |σ̃j − σ̃(m)

j |+ σ̄j

C

∞∑

n=m+1

α(n). (27)

15



Therefore, we have346

|σ̄j − σ(m)
j |

≤|̃̄σj − σ̃(m)
j |+ σ̄j

C

∞∑

n=m+1

α(n)

≤
∞∑

i=m

α̃(i)|k(1)| ·

⎛

⎝M̃L̄,M

i∑

j=1

η(j) + |C̄|

⎞

⎠+
σ̄j

C

∞∑

i=m+1

α(i)

≤
∞∑

i=m

1

C
α(i)|k(1)| ·

⎛

⎝M̃L̄,M

i∑

j=1

η(j) + |C̄|

⎞

⎠+
σ̄j

C

∞∑

i=m+1

α(i)

≤
∞∑

i=m

1

C
α(i)|k(1)| ·

⎛

⎝M̃L̄,M

i∑

j=1

η(j) + |C̄|

⎞

⎠+
σ̄j

C

∞∑

i=m

α(i)

=
M̃L̄,M |k(1)|

C

∞∑

i=m

i∑

j=1

α(i)η(j) +

(
σ̄j

C
+

|k(1)||C̄|
C

) ∞∑

i=m

α(i).

(28)

The first inequality is by (27), the second inequality is by (23), the third inequality is by (12) and the347

fourth inequality is by adding the nonnegative term
σ̄j

C
α(m) to the right-hand side.348

For the upper bound of µ(m)
j , we have349

∣∣∣µ(m)
j − µ̄j

∣∣∣

=(1− α(1))...(1− α(m))

∣∣∣∣∣
µ(m)
j

(1− α(1))...(1− α(m))
− µ̄j

(1− α(1))...(1− α(m))

∣∣∣∣∣

≤(1− α(1))...(1− α(m))[

∣∣∣∣∣
µ(m)
j

(1− α(1))...(1− α(m))
− µ̄j

(1− α(1))...(1− α(∞))

∣∣∣∣∣+
∣∣∣∣

µ̄j

(1− α(1))...(1− α(m))
− µ̄j

(1− α(1))...(1− α(∞))

∣∣∣∣]

≤
∣∣∣µ̃(m) − µ̃(∞)

∣∣∣+
∣∣∣∣

µ̄j

(1− α(1))...(1− α(m))
− µ̃(∞)

∣∣∣∣ .

(29)

Let us define Am :=
∣∣µ̃(m) − µ̃(∞)

∣∣ and Bm :=

∣∣∣∣
µ̄j

(1− α(1))...(1− α(m))
− µ̃(∞)

∣∣∣∣. Recall from350

Theorem 4.6 that {µ(m)
j } is a Cauchy series, by (8),351

|µ̃(p)
j − µ̃(q)

j | ≤ M̄L̄,M ·
q∑

m=p

m∑

n=1

α(m)η(n).

Therefore, the first term in (29) is bounded by352

|µ̃(m)
j − µ̃∞

j | ≤ M̃L̄,M ·
∞∑

i=m

i∑

n=1

α(i)η(n) < ∞. (30)

For the second term in (29), recall that C := (1− α(1))...(1− α(u)).... Then we have353

C ·
∣∣∣∣

µ̄j

(1− α(1))...(1− α(m))
− µ̃(∞)

∣∣∣∣

=µ̄j |1− (1− α(m+1))...(1− α(u))...|

≤µ̄j

∞∑

i=m+1

α(i),
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where the last inequality can be easily seen by induction. Therefore, the second term in (29) is354

bounded by355 ∣∣∣∣
µ̄j

(1− α(1))...(1− α(m))
− µ̃(∞)

∣∣∣∣ ≤
µ̄j

C

∞∑

i=m+1

α(i). (31)

From these we obtain356 ∣∣∣µ(m)
j − µ̄j

∣∣∣

≤
∣∣∣µ̃(m) − µ̃(∞)

∣∣∣+
∣∣∣∣

µ̄j

(1− α(1))...(1− α(m))
− µ̃(∞)

∣∣∣∣

≤M̃L̄,M

∞∑

i=m

i∑

n=1

α(i)η(n) +
µ̄j

C

∞∑

i=m+1

α(i).

(32)

The first inequality is by (29) and the second inequality is by (30) and (31). Combining (28) and357

(32), we have that358

|λ(m) − λ̄|∞ = max(|µ(m) − µ̄|∞, |σ(m) − σ̄|∞) ≤ M1

∞∑

i=m

i∑

j=1

α(i)η(j) +M2

∞∑

i=m

α(i),

where M1 and M2 are constants defined as359

M1 = max(
M̃L̄,M |k(1)|

C
, M̄L̄,M )

and360

M2 = max(
σ̄j + |k(1)||C̄|

C
,
µ̄j

C
).!

Proposition 8.7 Under the assumptions of Theorem 4.6,361

−∇f̄(θ(m), λ̄)T ·∇f̄(θ(m),λ(m)) ≤ −∥∇f̄(θ(m), λ̄)∥2 + L̄M
√
n2am,

where am is defined in Proposition 8.6.362

Proof. For simplicity of the proof, let us define363

x(m) := ∇f̄(θ(m), λ̄), y(m) := ∇f̄(θ(m),λ(m)).

We have364

|x(m) − y(m)|∞ ≤ ∥x(m) − y(m)∥2 ≤ L̄∥λ(m) − λ̄∥2 ≤ L̄
√
n2∥λ(m) − λ̄∥∞ ≤ L̄

√
n2am, (33)

where
√
n2 is the dimension of λ. The second inequality is by Assumption 4.1 and the fourth365

inequality is by Proposition 8.6. Inequality (33) implies that for all m and i, we have366

|x(m)
i − y(m)

i | ≤ L̄
√
n2am.

It remains to show367

−
∑

i

y(m)
i x(m)

i ≤ −
∑

i

x(m)
i

2
+ L̄M

√
n2am, ∀i,m. (34)

This is established by the following four cases.368

1) If x(m)
i ≥ 0, x(m)

i − y(m)
i ≥ 0, then x(m)

i ≤ L̄
√
n2am + y(m)

i . Thus −x(m)
i y(m)

i ≤ −x(m)
i

2
+369

L̄M
√
n2am by Proposition 8.1.370

2) If x(m)
i ≥ 0, x(m)

i − y(m)
i ≤ 0, then x(m)

i ≤ y(m)
i , x(m)

i

2
≤ x(m)

i · y(m)
i and −x(m)

i y(m)
i ≤371

−x(m)
i

2
.372

3) If x(m)
i < 0, x(m)

i − y(m)
i ≥ 0, then x(m)

i ≥ y(m)
i , x(m)

i

2
≤ x(m)

i · y(m)
i and −x(m)

i y(m)
i ≤373

−x(m)
i

2
.374

17



4) If x(m)
i < 0, x(m)

i −y(m)
i ≤ 0, then y(m)

i −x(m)
i ≤ L̄

√
n2am, y(m)

i x(m)
i −x(m)

i

2
≥ L̄

√
n2amx(m)

i375

and −y(m)
i x(m)

i ≤ −x(m)
i

2
− L̄

√
n2amx(m)

i ≤ −x(m)
i

2
+ L̄M

√
n2am. The last inequality is by376

Proposition 8.1.377

All these four cases yield (34). !378

Proposition 8.8 Under the assumptions of Theorem 4.6, we have379

f̄(θ(m+1), λ̄) ≤ f̄(θ(m), λ̄)− η(m)∥∇f̄(θ(m), λ̄)∥22 + η(m)L̄M
√
n2am +

1

2
(η(m))2 ·NL̄M,

where M is a constant and am is defined in Proposition 8.6.380

Proof. By Proposition 8.2,381

fi(Xi : θ̃,λ) ≤ fi(Xi : θ̂,λ) +∇fi(Xi : θ̂,λ)
T (θ̃ − θ̂) +

1

2
L̄∥θ̃ − θ̂∥22.

Therefore, we can sum it over the entire training set from i = 1 to N to obtain382

f̄(θ̃,λ) ≤ f̄(θ̂,λ) +∇f̄(θ̂,λ)T (θ̃ − θ̂) +
N

2
L̄∥θ̃ − θ̂∥22. (35)

In Algorithm 1, we define the update of θ in the following full gradient way:383

θ(m+1) := θ(m) − η(m) ·
N∑

i=1

·∇fi(Xi : θ
(m),λ(m)),

which implies384

θ(m+1) − θ(m) = −η(m) ·∇f̄(θ(m),λ(m)). (36)

By (36) we have θ̃− θ̂ = θ(m+1)− θ(m) = −η(m)∇f̄(θ(m),λ(m)). We now substitute θ̃ := θ(m+1),385

θ̂ := θ(m) and λ := λ̄ into (35) to obtain386

f̄(θ(m+1), λ̄)

≤ f̄(θ(m), λ̄)− η(m)∇f̄(θ(m), λ̄)T∇f̄(θ(m),λ(m)) + (η(m))2 · NL̄

2
∥∇f̄(θ(m),λ(m))∥22

≤ f̄(θ(m), λ̄)− η(m)∇f̄(θ(m), λ̄)T∇f̄(θ(m),λ(m)) + (η(m))2 · NL̄M

2

≤ f̄(θ(m), λ̄) + η(m)
(
−∥∇f̄(θ(m), λ̄)∥22 + L̄M

√
n2am

)
+

1

2
(η(m))2 ·NL̄M

= f̄(θ(m), λ̄)− η(m)∥∇f̄(θ(m), λ̄)∥22 + η(m)L̄M
√
n2am +

1

2
(η(m))2 ·NL̄M.

(37)

The first inequality is by plugging (36) into (35), the second inequality comes from Proposition 8.1387

and the third inequality comes from Proposition 8.7. !388

8.5 Proof of Theorem 4.10389

Here we show Theorem 4.10 as the consequence of Theorem 4.6 and Lemmas 4.7, 4.8 and 4.9.390

8.5.1 Proof of Lemma 4.7391

Here we show Lemma 4.7 as the consequence of Lemmas 8.9, 8.10 and 8.11.392

Lemma 8.9
∞∑

m=1

∞∑

i=m

i∑

n=1

α(i)η(n) < ∞

18



and393

∞∑

m=1

∞∑

n=m

α(n) < ∞

is a set of sufficient condition to ensure394

∞∑

m=1

|σ̄j − σ(m)
j | < ∞, ∀j. (38)

Proof. By plugging (27) and (25) into (38), we have the following for all j:395

∞∑

m=1

∣∣∣σ̄j − σ(m)
j

∣∣∣

≤
∞∑

m=1

(
|̃̄σj − σ̃(m)

j |+ σ̄j

C

∞∑

n=m+1

α(n)

)

≤
∞∑

m=1

⎡

⎣ |k
(1)|
C

∞∑

i=m

⎡

⎣α(i)

⎛

⎝M̃L̄,M

i∑

j=1

η(j) + |C̄|

⎞

⎠

⎤

⎦+
σ̄j

C

∞∑

n=m+1

α(n)

⎤

⎦

≤
|k(1)| · M̃L̄,M

C

∞∑

m=1

∞∑

i=m

α(i)
i∑

j=1

η(j) +
σ̄j + |k(1)||C̄|

C

∞∑

m=1

∞∑

n=m+1

α(n).

(39)

It is easy to see that the the following conditions are sufficient for right-hand side of (39) to be finite:396

∞∑

m=1

∞∑

i=m

i∑

n=1

α(i)η(n) < ∞

and397

∞∑

m=1

∞∑

n=m

α(n) < ∞.

Therefore, we obtain398

∞∑

m=1

|σ̄j − σ(m)
j | < ∞, ∀j. !399

Lemma 8.10 Under Assumption 4.4,400

∞∑

m=1

∞∑

i=m

i∑

n=1

α(i)η(n) < ∞ and
∞∑

m=1

∞∑

n=m

α(n) < ∞

is a set of sufficient conditions to ensure401

lim sup
M→∞

M∑

m=1

∣∣∣f̄(θ(m),λ(m))− f̄(θ(m), λ̄)
∣∣∣ < ∞.

Proof. By Assumption 4.4, we have402

∥li(x)− li(y)∥ ≤ M̂∥x− y∥ ≤ M̂
D∑

i=1

|xi − yi|. (40)

19



By the definition of fi(·), we then have403
∞∑

m=1

∣∣∣f̄(θ(m),λ(m))− f̄(θ(m), λ̄)
∣∣∣

=
∞∑

m=1

∣∣∣∣∣

N∑

i=1

(
li(Xi : θ

(m),λ(m)) + c2∥θ(m)∥22
)
−

N∑

i=1

(
li(Xi : θ

(m), λ̄) + c2∥θ(m)∥22
)∣∣∣∣∣

=
∞∑

m=1

∣∣∣∣∣

N∑

i=1

(
li(Xi : θ

(m),λ(m))− li(Xi : θ
(m), λ̄)

)∣∣∣∣∣

≤
∞∑

m=1

N∑

i=1

∣∣∣
(
li(Xi : θ

(m),λ(m))− li(Xi : θ
(m), λ̄)

)∣∣∣

≤M2

∞∑

m=1

D∑

j=1

N∑

i=1

∣∣∣∣∣
k(1)W (m)

1,j,·Xi − µ(m)
j

σ(m)
j + ϵB

−
k(1)W (m)

1,j,·Xi − µ̄j

σ̄j + ϵB

∣∣∣∣∣

=M2

∞∑

m=1

D∑

j=1

N∑

i=1

(∣∣∣∣∣(k
(1)W (m)

1,j,·Xi)

(
1

σ(m)
j + ϵB

− 1

σ̄j + ϵB

)
+

µ̄j

σ̄j + ϵB
−

µ(m)
j

σ(m)
j + ϵB

∣∣∣∣∣

)

≤M2

∞∑

m=1

D∑

j=1

N∑

i=1

(∣∣∣∣∣(k
(1)W (m)

1,j,·Xi)

(
1

σ(m)
j + ϵB

− 1

σ̄j + ϵB

)∣∣∣∣∣+

∣∣∣∣∣
µ̄j

σ̄j + ϵB
−

µ(m)
j

σ(m)
j + ϵB

∣∣∣∣∣

)

≤M3

∞∑

m=1

D∑

j=1

(
N∑

i=1

|(k(1)W (m)
1,j,·Xi)|

∣∣∣∣∣
1

σ(m)
j + ϵB

− 1

σ̄j + ϵB

∣∣∣∣∣+
N∑

i=1

∣∣∣∣∣
µ̄j

σ̄j + ϵB
−

µ(m)
j

σ(m)
j + ϵB

∣∣∣∣∣

)

=M3

∞∑

m=1

D∑

j=1

(
N∑

i=1

|(k(1)W (m)
1,j,·Xi)|

∣∣∣∣∣
σ̄j − σ(m)

j

(σ(m)
j + ϵB)(σ̄j + ϵB)

∣∣∣∣∣+N

∣∣∣∣∣
µ̄j

σ̄j + ϵB
−

µ(m)
j

σ(m)
j + ϵB

∣∣∣∣∣

)

≤M3

∞∑

m=1

D∑

j=1

(
N∑

i=1

|k(1)||W (m)
1,j,·Xi|

∣∣∣∣∣
σ̄j − σ(m)

j

ϵ2B

∣∣∣∣∣+N

∣∣∣∣∣
µ̄j

σ̄j + ϵB
−

µ(m)
j

σ(m)
j + ϵB

∣∣∣∣∣

)
. (41)

The first inequality is by the Cauchy-Schwarz inequality, and the second one is by (40). To show the404

finiteness of (41), we only need to show the following two statements:405

∞∑

m=1

N∑

i=1

|k(1)||W (m)
1,j,·Xi|

∣∣∣∣∣
σ̄j − σ(m)

j

ϵ2B

∣∣∣∣∣ < ∞, ∀j (42)

and406
∞∑

m=1

∣∣∣∣∣
µ̄j

σ̄j + ϵB
−

µ(m)
j

σ(m)
j + ϵB

∣∣∣∣∣ < ∞, ∀j. (43)

Proof of (42): For all j we have407

∞∑

m=1

N∑

i=1

|k(1)||W (m)
1,j,·Xi|

∣∣∣∣∣
σ̄j − σ(m)

j

ϵ2B

∣∣∣∣∣

≤
∞∑

m=1

|k(1)|NDM max
i

∥Xi∥
1

ϵ2B

∣∣∣σ̄j − σ(m)
j

∣∣∣

=|k(1)|NDM max
i

∥Xi∥
1

ϵ2B

∞∑

m=1

∣∣∣σ̄j − σ(m)
j

∣∣∣ .

(44)

The inequality comes from |W (m)
1,j,·Xi| ≤ DM∥Xi∥2, where D is the dimension of Xi and M is the408

element-wise upper bound for W (m)
1,j,· in Assumption 4.2.409
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Finally, we invoke Lemma 8.3 to assert that
∑∞

m=1

∣∣∣σ̄j − σ(m)
j

∣∣∣ is finite.410

Proof of (43): For all j we have411

∞∑

m=1

∣∣∣∣∣
µ̄j

σ̄j + ϵB
−

µ(m)
j

σ(m)
j + ϵB

∣∣∣∣∣

≤
∞∑

m=1

∣∣∣∣∣
µ̄j

σ̄j + ϵB
−

µ(m)
j

σ̄j + ϵB

∣∣∣∣∣+
∞∑

m=1

∣∣∣∣∣
µ(m)
j

σ̄j + ϵB
−

µ(m)
j

σ(m)
j + ϵB

∣∣∣∣∣ .

(45)

The first term in (45) is finite since {µ(m)
j } is a Cauchy series. For the second term, we know that412

there exists a constant M such that for all m ≥ M , µ(m)
j ≤ µ̄ + 1. This is also by the fact that413

{µ(m)
j } is a Cauchy series and it converges to µ̄. Therefore, the second term in (45) becomes414

M−1∑

m=1

∣∣∣∣∣
µ(m)
j

σ̄j + ϵB
−

µ(m)
j

σ(m)
j + ϵB

∣∣∣∣∣+
∞∑

m=M

∣∣∣∣∣
µ(m)
j

σ̄j + ϵB
−

µ(m)
j

σ(m)
j + ϵB

∣∣∣∣∣

≤
M−1∑

m=1

∣∣∣∣∣
µ(m)
j

σ̄j + ϵB
−

µ(m)
j

σ(m)
j + ϵB

∣∣∣∣∣+
∞∑

m=M

(µ̄+ 1)

∣∣∣∣∣
1

σ̄j + ϵB
− 1

σ(m)
j + ϵB

∣∣∣∣∣ .

(46)

Noted that function f(σ) =
1

σ + ϵB
is Lipschitz continuous since its gradient is bounded by

1

ϵ2B
.415

Therefore we can choose
1

ϵ2B
as the Lipschitz constant for f(σ). We then have the following inequal-416

ity:417

∣∣∣∣∣
1

σ̄j + ϵB
− 1

σ(m)
j + ϵB

∣∣∣∣∣ ≤
1

ϵ2B
|σ̄j − σ(m)

j |. (47)

Plugging (47) into (46), we obtain418

M−1∑

m=1

∣∣∣∣∣
µ(m)
j

σ̄j + ϵB
−

µ(m)
j

σ(m)
j + ϵB

∣∣∣∣∣+
∞∑

m=M

(µ̄+ 1)

∣∣∣∣∣
1

σ̄j + ϵB
− 1

σ(m)
j + ϵB

∣∣∣∣∣

≤
M−1∑

m=1

∣∣∣∣∣
µ(m)
j

σ̄j + ϵB
−

µ(m)
j

σ(m)
j + ϵB

∣∣∣∣∣+
∞∑

m=M

(µ̄+ 1)

ϵ2B
|σ̄j − σ(m)

j |,

where the first term is finite by the fact that M is a finite constant. We have shown the condition for419

the second term to be finite in Lemma 8.9. Therefore,420

∞∑

m=1

∣∣∣∣∣
µ̄j

σ̄j + ϵB
−

µ(m)
j

σ(m)
j + ϵB

∣∣∣∣∣ < ∞, ∀j.

By (42) and (43), we have that the right-hand side of (41) is finite. It means that the left-hand side421

of (41) is finite. Thus,422

∞∑

m=1

∣∣∣f̄(θ(m),λ(m))− f̄(θ(m), λ̄)
∣∣∣ < ∞. !423

Lemma 8.11 If424
∞∑

m=1

∞∑

i=m

i∑

n=1

α(i)η(n) < ∞ and
∞∑

m=1

∞∑

n=m

α(n) < ∞,

then425

lim sup
M→∞

M∑

m=1

η(m)∥∇f̄(θ(m), λ̄)∥22 < ∞.
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Proof. For simplicity of the proof, we define426

T (M) :=
M∑

m=1

η(m)∥∇f̄(θ(m), λ̄)∥22,

427

O(m) := f̄(θ(m+1),λ(m+1))− f̄(θ(m),λ(m)),
428

∆(m+1)
1 := f̄(θ(m+1),λ(m+1))− f̄(θ(m+1), λ̄),

429

∆(m)
2 := f̄(θ(m+1), λ̄)− f̄(θ(m), λ̄),

where λ̄ is the converged value of λ in Theorem 4.6. Therefore,430

O(m) = ∆(m+1)
1 +∆(m)

1 +∆(m)
2 ≤ |∆(m+1)

1 |+ |∆(m)
1 |+∆(m)

2 . (48)

By Proposition 8.8,431

∆(m)
2 ≤ −η(m)∥∇f̄(θ(m), λ̄)∥22 + η(m)L̄M

√
n2am +

1

2
(η(m))2 ·NL̄M. (49)

We sum the inequality (48) from 1 to K with respect to m and plug (49) into it to obtain432

K∑

m=1

O(m) ≤
K∑

m=1

|∆(m+1)
1 |+

K∑

m=1

|∆(m)
1 |−

K∑

m=1

{η(m)∥∇f̄(θ(m), λ̄)∥22}

+
K∑

m=1

η(m)L̄M
√
n2am +

K∑

m=1

{1
2
(η(m))2NL̄M}

=
K∑

m=1

|∆(m+1)
1 |+

K∑

m=1

|∆(m)
1 |− T (K)

+ L̄2√n2 ·
K∑

m=1

η(m)am +
K∑

m=1

{1
2
(η(m))2NL̄M}.

From this, we have:433

lim sup
K→∞

T (K) ≤ lim sup
K→∞

−1

c1
(f̄(θ(K),λ(K))− f̄(θ(1),λ(1)))

+ lim sup
K→∞

1

c1

K∑

m=1

(|∆(m+1)
1 |+ |∆(m)

1 |)

+ lim sup
K→∞

L̄2√n2

K∑

m=1

η(m)am

+ lim sup
K→∞

NL̄K

2c1

K∑

m=1

η(m)2.

(50)

Next we show that each of the four terms in the right-hand side of (50) is finite, respectively. For the434

first term,435

lim sup
K→∞

−1

c1
(f̄(θ(K),λ(K))− f̄(θ(1),λ(1))) < ∞

is by the fact that the parameters {θ,λ} are in compact sets, which implies that the image of fi(·) is436

in a bounded set.437

For the second term, we showed its finiteness in Lemma 8.10.438
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For the third term, by (24), we have439

lim sup
K→∞

K∑

m=1

η(m)am

= lim sup
K→∞

K∑

m=1

η(m)

⎛

⎝K1

∞∑

i=m

i∑

j=1

α(i)η(j) +K2

∞∑

i=m

α(i)

⎞

⎠

=K1 lim sup
K→∞

K∑

m=1

η(m)

⎛

⎝
∞∑

i=m

i∑

j=1

α(i)η(j)

⎞

⎠+K2 lim sup
K→∞

K∑

m=1

η(m)
∞∑

i=m

α(i).

(51)

The right-hand side of (51) is finite because440

∞∑

m=1

η(m)

⎛

⎝
∞∑

i=m

i∑

j=1

α(i)η(j)

⎞

⎠ <
∞∑

m=1

⎛

⎝
∞∑

i=m

i∑

j=1

α(i)η(j)

⎞

⎠ < ∞ (52)

and441
∞∑

m=1

η(m)
∞∑

i=m

α(i) <
∞∑

m=1

∞∑

i=m

α(i) < ∞. (53)

The second inequalities in (52) and (53) come from the stated assumptions of this lemma.442

For the fourth term,443

lim sup
K→∞

NL̄M

2c

K∑

m=1

η(m)2 < ∞

holds, because we have
∑∞

m=1(η
(m))2 < ∞ in Assumption 4.3. Therefore, T (∞) =444 ∑∞

m=1 η
(m)∥∇f̄(θ(m), λ̄)∥22 < ∞ holds. !445

In Lemmas 8.9, 8.10 and 8.11, we show that {σ(m)} and {µ(m)} are Cauchy series, hence Lemma446

4.7 holds.447

8.5.2 Proof of Lemma 4.8448

This proof is similar to the the proof by Bertsekas and Tsitsiklis [4].449

Proof. By Theorem 4.7, we have450

lim sup
M→∞

M∑

m=1

η(m)∥∇f̄(θ(m), λ̄)∥22 < ∞. (54)

If there exists a ϵ > 0 and an integer m̄ such that451

∥∇f̄(θ(m), λ̄)∥2 ≥ ϵ

for all m ≥ m̄, we would have452

lim inf
M→∞

M∑

m=m̄

η(m)∥∇f̄(θ(m), λ̄)∥22 ≥ lim inf
M→∞

ϵ2
M∑

m=m̄

η(m) = ∞

which contradicts (54). Therefore, lim inf
m→∞

∥∇f̄(θ(m), λ̄)∥2 = 0. !453

8.5.3 Proof of Lemma 4.9454

Lemma 8.12 Let Yt,W, t and Zt be three sequences such that Wt is nonnegative for all t. Assume455

that456

Yt+1 ≤ Yt −Wt + Zt, t = 0, 1, ...,

and that the series
∑T

t=0 Zt converges as T → ∞. Then either Yt → ∞ or else Yt converges to a457

finite value and
∑∞

t=0 Wt < ∞.458
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This lemma has been proven by Bertsekas and Tsitsiklis [4].459

Lemma 8.13 When460

∞∑

m=1

∞∑

i=m

i∑

n=1

α(i)η(n) < ∞ and
∞∑

m=1

∞∑

n=m

α(n) < ∞,

it follows that f̄(θ(m), λ̄) converge to a finite value.461

Proof. By Proposition 8.8, we have462

f̄(θ(m+1), λ̄) ≤ f̄(θ(m), λ̄)− η(m)∥∇f̄(θ(m), λ̄)∥22 + η(m)L̄M
√
n2am +

1

2
(η(m))2 ·NL̄M.

Let Y (m) := f̄(θ(m), λ̄), W (m) := η(m)∥∇f̄(θ(m), λ̄)∥22 and Z(m) := η(m)L̄M
√
n2am +463

1

2
(η(m))2 ·NL̄M . By (2) and (51)- (53), it is easy to see that

∑M
m=0 Z

(m) converges as M → ∞.464

Therefore, by Lemma 8.12, Y (m) converges to a finite value. The infinite case can not occur in our465

setting due to Assumptions 4.1 and 4.2. !466

Lemma 8.14 If467

∞∑

m=1

∞∑

i=m

i∑

n=1

α(i)η(n) < ∞ and
∞∑

m=1

∞∑

n=m

α(n) < ∞,

then lim
m→∞

∥∇f̄(θ(m), λ̄)∥2 = 0.468

Proof. To show that lim
m→∞

∥∇f̄(θ(m), λ̄)∥2 = 0, assume the contrary; that is,469

lim sup
m→∞

∥∇f̄(θ(m), λ̄)∥2 > 0.

Then there exists an ϵ > 0 such that ∥∇f̄(θ(m), λ̄)∥ < ϵ/2 for infinitely many m and also470

∥∇f̄(θ(m), λ̄)∥ > ϵ for infinitely many m. Therefore, there is an infinite subset of integers M,471

such that for each m ∈ M, there exists an integer q(m) > m such that472

∥∇f̄(θ(m), λ̄)∥ < ϵ/2,

∥∇f̄(θ(i(m)), λ̄)∥ > ϵ,

ϵ/2 ≤ ∥∇f̄(θ(i), λ̄)∥ ≤ ϵ,

if m < i < q(m).

(55)

From473

∥∇f̄(θ(m+1), λ̄)∥ − ∥∇f̄(θ(m), λ̄)∥ ≤ ∥∇f̄(θ(m+1), λ̄)−∇f̄(θ(m), λ̄)∥
≤ L̄∥θ(m+1) − θ(m)∥
= L̄η(m)∥∇f̄(θ(m),λ(m))∥,

it follows that for all m ∈ M that are sufficiently large so that L̄η(m) < ϵ/4, we have474

ϵ/4 ≤ ∥∇f̄(θ(m),λ(m))∥. (56)

Otherwise the condition ϵ/2 ≤ ∥∇f̄(θ(m+1), λ̄)∥ would be violated. Without loss of generality, we475

assume that the above relations as well as (37) hold for all m ∈ M. With the above observations, we476

have for all m ∈ M,477
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ϵ

2
≤ ∥∇f̄(θq(m), λ̄)∥ − ∥∇f̄(θ(m), λ̄)∥

≤ ∥∇f̄(θq(m), λ̄)−∇f̄(θ(m), λ̄)∥
≤ L̄∥θq(m) − θ(m)∥

≤ L̄

q(m)−1∑

i=m

∥θ(i+1) − θ(i)∥

≤ L̄

q(m)−1∑

i=m

η(i)∥∇f̄(θ(i),λ(i))∥

≤ L̄

q(m)−1∑

i=m

η(i)(∥∇f̄(θ(i), λ̄)∥+ ∥∇f̄(θ(i),λ(i))−∇f̄(θ(i), λ̄)∥)

≤ L̄

q(m)−1∑

i=m

η(i)(∥∇f̄(θ(i), λ̄)∥+ L̄
√
n2am)

≤ L̄ϵ

q(m)−1∑

i=m

η(i) + L̄2√n2

q(m)−1∑

i=m

η(i)am

= L̄ϵ

q(m)−1∑

i=m

η(i) + L̄2√n2

q(m)−1∑

i=m

η(i)

⎛

⎝M1

∞∑

j=m

j∑

k=1

α(j)η(k) +M2

∞∑

j=m

α(j)

⎞

⎠

= L̄ϵ

q(m)−1∑

i=m

η(i) + L̄2√n2M1

q(m)−1∑

i=m

η(i)
∞∑

j=m

j∑

k=1

α(j)η(k) + L̄2√n2M2

q(m)−1∑

i=m

η(i)
∞∑

j=m

α(j)

The first inequality is by (55) and the third one is by the Lipschitz condition assumption. The seventh478

one is by (33). By (3), we have for all m ∈ M,479

q(m)−1∑

i=m

η(i)
∞∑

j=m

j∑

k=1

α(j)η(k) <
∞∑

i=1

∞∑

j=i

j∑

k=1

α(j)η(k) < ∞

and480

q(m)−1∑

i=m

η(i)
∞∑

j=m

α(j) <
∞∑

i=1

∞∑

j=i

α(j) < ∞.

It is easy to see that for any sequence {αi} with
∑∞

i=1 αi < ∞, if follows that lim inf
M→∞

∑∞
i=M αi = 0.481

Therefore,482

lim inf
m→∞

q(m)−1∑

i=m

η(i)
∞∑

j=m

j∑

k=1

α(j)η(k) = 0

and483

lim inf
m→∞

q(m)−1∑

i=m

η(i)
∞∑

j=m

α(j) = 0.

From this it follows that484

lim inf
m→∞

q(m)−1∑

i=m

η(i) ≥ 1

2L̄
. (57)
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By the triangle inequality, we have485

∥∇f̄(θ(m), λ̄)∥
=∥∇f̄(θ(m),λ(m))−∇f̄(θ(m),λ(m)) +∇f̄(θ(m), λ̄)∥

≥
∣∣∣∥∇f̄(θ(m),λ(m))∥ − ∥∇f̄(θ(m), λ̄)−∇f̄(θ(m),λ(m))∥

∣∣∣ .

By (33) and (56), if we pick m ∈ M such that L
√
n2am ≤ ϵ

8
, we have ∥∇f̄(θ(m), λ̄)∥ ≥ ϵ

8
. Using486

(37), we observe that487

f̄(θq(m), λ̄) ≤ f̄(θ(m), λ̄)−
q(m)−1∑

i=m

(
η(i)c1∥∇f̄(θ(i), λ̄)∥22

)
+

1

2
·NL̄M

q(m)−1∑

i=m

(η(i))2

≤ f̄(θ(m), λ̄)− c1
( ϵ
8

)2 q(m)−1∑

i=m

η(i) +
1

2
·NL̄M

q(m)−1∑

i=m

(η(i))2, ∀m ∈ M,

where the second inequality is by (56). By Lemma 8.13, f̄(θq(m), λ̄) and f̄(θ(m), λ̄) converge to488

the same finite value. Using this convergence result and the assumption
∑∞

m=0(η
(m))2 < ∞, this489

relation implies that490

lim sup
m→∞,m∈M

q(m)−1∑

i=m

η(i) = 0

and contradicts (57). !491

By Lemmas 8.12, 8.13 and 8.14, we show that Theorem 4.10 holds. To this end we write492

lim
m→∞

∥∇f̄(θ(m),λ(m))∥2

≤ lim
m→∞

∥∇f̄(θ(m),λ(m))−∇f̄(θ(m), λ̄)∥2 + lim
m→∞

∥∇f̄(θ(m), λ̄)∥2

≤ lim
m→∞

L̄∥λ(m) − λ̄∥2 + lim
m→∞

∥∇f̄(θ(m), λ̄)∥2.

By Theorem 4.6, we have493

lim
m→∞

L̄∥λ(m) − λ̄∥2 = 0

and by Lemma 4.9, we have494

lim
m→∞

∥∇f̄(θ(m), λ̄)∥2 = 0.

Therefore, we have495

lim
m→∞

∥∇f̄(θ(m),λ(m))∥22 = 0,

which is the statement in Theorem 4.10.496

8.6 Proof of Theorem 5.2497

In this section we assume that fi(·) is strongly convex.498

Lemma 8.15 If499

m2
∞∑

i=m

i∑

n=1

α(i)η(n) < ∞, (58)

there exists a constant M such that , for every m we have500

|∆(m+1)
1 |+ (1 + η(m)c)|∆(m)

1 |+ η(m)L̄M
√
n2am

1
2η

(m)2
≤ M. (59)
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Proof. The notation here is the same as the one used in the proof of Lemma 8.11. Showing (59) is501

equivalent to showing constant upper bounds for
|∆(m)

1 |
η(m)2

and
am
η(m)

.502

For an upper bound of
|∆(m)

1 |
η(m)2

, by (41) and (44), we have503

|∆(m)
1 |

η(m)2

=
|f̄(θ(m),λ(m))− f̄(θ(m), λ̄)|

η(m)2

≤ M3

η(m)2

D∑

j=1

(
|k(1)|NDM

1

ϵ2B

∣∣∣σ̄j − σ(m)
j

∣∣∣+N

∣∣∣∣∣
µ̄j

σ̄j + ϵB
−

µ(m)
j

σ(m)
j + ϵB

∣∣∣∣∣

)
.

(60)

We can see that it is equivalent to show that
|σ̄j − σ(m)

j |
η(m)2

and
|µ̄j − µ(m)

j |
η(m)2

have constant upper504

bounds because all other terms in the right-hand side of (60) are finite constants.505

By (39), we have506

|σ̄j − σ(m)
j | ≤

|k(1)| · M̃L̄,M

C

∞∑

i=m

α(i)
i∑

j=1

η(j) +
σ̄j + |k(1)||C̄|

C

∞∑

n=m+1

α(n).

Note that we have η(m) =
ζ

ϑ+m
and thus η(m)2 = O( 1

m2 ). Therefore, (58) implies that507

1

η(m)2

∞∑

i=m

i∑

n=1

α(i)η(n) < ∞. (61)

Inequality (61) implies508

1

η(m)2

∞∑

i=m+1

α(i) < ∞. (62)

This is by the fact that we assume
∑∞

n=1 η
(n) = ∞ in Assumption 4.3. We now apply the same509

kind of analysis to |µ̄j − µ(m)
j | to establish510

∣∣∣µ(m)
j − µ̄j

∣∣∣

=(1− α(1))...(1− α(m))

∣∣∣∣∣
µ(m)
j

(1− α(1))...(1− α(m))
− µ̄j

(1− α(1))...(1− α(m))

∣∣∣∣∣

≤(1− α(1))...(1− α(m))[

∣∣∣∣∣
µ(m)
j

(1− α(1))...(1− α(m))
− µ̄j

(1− α(1))...(1− α(∞))

∣∣∣∣∣+
∣∣∣∣

µ̄j

(1− α(1))...(1− α(m))
− µ̄j

(1− α(1))...(1− α(∞))

∣∣∣∣]

≤
∣∣∣µ̃(m)

j − µ̃(∞)
j

∣∣∣+
∣∣∣∣

µ̄j

(1− α(1))...(1− α(m))
− µ̃(∞)

j

∣∣∣∣ .

(63)

We define Am :=
∣∣∣µ̃(m)

j − µ̃(∞)
j

∣∣∣ and Bm :=

∣∣∣∣
µ̄j

(1− α(1))...(1− α(m))
− µ̃(∞)

j

∣∣∣∣. Recall from511

Theorem 4.6 that {µ(m)
j } is a Cauchy series. By (8), we have512
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|µ̃(p)
j − µ̃(q)

j | ≤ M̃L̄,M ·
q∑

m=p

m∑

n=1

α(m)η(n).

Therefore, the first term in (63) is bounded by513

|µ̃(m)
j − µ̃∞

j | ≤ M̃L̄,M ·
∞∑

i=m

i∑

n=1

α(i)η(n) < ∞.

For the second term in (63), we first define C := (1− α(1))...(1− α(u))... . Then we have514

C ·
∣∣∣∣

µ̄j

(1− α(1))...(1− α(m))
− µ̃(∞)

j

∣∣∣∣

=µ̄j |1− (1− α(m+1))...(1− α(∞))|

≤µ̄j

∞∑

i=m+1

α(i),

where the last inequality can be easily checked by induction. Therefore, the second term in (63) is515

bounded by516 ∣∣∣∣
µ̄j

(1− α(1))...(1− α(m))
− µ̃(∞)

j

∣∣∣∣ ≤
µ̄j

C

∞∑

i=m+1

α(i).

Hence (61) and (62) ensure
|µ̄j − µ(m)

j |
η(m)2

to be finite.517

For an upper bound of
am
η(m)

, by (24), we have518

am
η(m)

=
M1

∑∞
i=m

∑i
j=1 α

(i)η(j) +M2
∑∞

i=m α(i)

η(m)
.

We know that519

M1
∑∞

i=m

∑i
j=1 α

(i)η(j)

η(m)
< M1

1

η(m)2

∞∑

i=m

i∑

j=1

α(i)η(j) < ∞ (64)

and520

M2
∑∞

i=m α(i)

η(m)
< M2

1

η(m)2

∞∑

i=m

α(i) < ∞. (65)

The second inequalities in (64) and (65) are by (61) and (62). Note that given that η(m) = 1/m, (61)521

is equivalent to522
∞∑

i=m

i∑

j=1

α(i) 1

j
<

∞∑

i=m

α(i) ln(i) <
∞∑

i=1

α(i) ln(i) < ∞

This concludes the proof. !523

Lemma 8.16 Under the assumptions of Lemma 8.15, Theorem 5.2 holds.524

The proof for this Lemma of the high level follows the proof of Theorem 4.7 in Bottou et al. [5].525

Proof. Assumption 5.1 implies that526

f̄(θ̃,λ) ≥ f̄(θ̂,λ) +∇f̄(θ̂,λ)T (θ̃ − θ̂) +
1

2
c∥θ̃ − θ̂∥22, ∀θ̃, θ̂.

Therefore, f̄ has a unique minimizer f̄∗ := f̄(θ∗,λ) for any λ fixed. Note that θ∗ = θ∗(λ) but this527

dependency is irrelevant in the rest of the proof. Standard convex analysis argument establishes528
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2c
(
f̄(θ(m),λ)− f̄(θ∗,λ)

)
≤ ∥∇f̄(θ(m),λ)∥22. (66)

Recall that ∆(m+1)
1 := f̄(θ(m+1),λ(m+1))− f̄(θ(m+1), λ̄). We then have529

f̄(θ(m+1),λ(m+1))− f̄(θ(m),λ(m))

=
[
f̄(θ(m+1),λ(m+1))− f̄(θ(m+1), λ̄)

]
−
[
f̄(θ(m),λ(m))− f̄(θ(m), λ̄)

]

+ f̄(θ(m+1), λ̄)− f̄(θ(m), λ̄)

≤|∆(m+1)
1 |+ |∆(m)

1 |+ f̄(θ(m+1), λ̄)− f̄(θ(m), λ̄).

(67)

Therefore,530

f̄(θ(m+1), λ̄)− f̄(θ(m), λ̄)

≤− η(m)∥∇f̄(θ(m), λ̄)∥22 + η(m)L̄M
√
n2am +

1

2
η(m)2NL̄M

≤− η(m)c(f̄(θ(m), λ̄)− f̄(θ∗, λ̄)) + η(m)L̄M
√
n2am +

1

2
η(m)2NL̄M

=− η(m)c
(
f̄(θ(m),λ(m))− f̄(θ∗, λ̄) + f̄(θ(m), λ̄)− f̄(θ(m),λ(m))

)

+ η(m)L̄M
√
n2am +

1

2
η(m)2NL̄M

≤− η(m)c
(
f̄(θ(m),λ(m))− f̄(θ∗, λ̄)

)
+ η(m)c

∣∣∣f̄(θ(m), λ̄)− f̄(θ(m),λ(m))
∣∣∣

+ η(m)L̄M
√
n2am +

1

2
η(m)2NL̄M

=− η(m)c
(
f̄(θ(m),λ(m))− f̄(θ∗, λ̄)

)
+ η(m)c|∆(m)

1 |

+ η(m)L̄M
√
n2am +

1

2
η(m)2NL̄M.

(68)

The first inequality is by Proposition 8.8, while the second inequality is by the strong convexity531

property (66). Combining (67) and (68) yields532

f̄(θ(m+1),λ(m+1))− f̄(θ(m),λ(m))

≤− η(m)c
(
f̄(θ(m),λ(m))− f̄(θ∗, λ̄)

)
+ |∆(m+1)

1 |+ (1 + η(m)c)|∆(m)
1 |

+ η(m)L̄M
√
n2am +

1

2
η(m)2NL̄M.

By Lemma 8.15, there exists an upper bound M4 such that for all m sufficiently large,533

|∆(m+1)
1 |+ (1 + η(m)c)|∆(m)

1 |+ η(m)L̄M
√
n2am

1
2η

(m)2
≤ M4.

By subtracting f̄(θ∗, λ̄) from both side of (8.6), we obtain534

f̄(θ(m+1),λ(m+1))− f̄(θ∗, λ̄)

≤(1− η(m)c)(f̄(θ(m),λ(m))− f̄(θ∗, λ̄)) +
1

2
η(m)2(NL̄M +M4).

(69)

Inequality (69) has the exact same form used in classic convergence proofs for the strongly convex,535

diminishing step size case.536

We finally show by induction that537

f̄(θm,λm)− f̄(θ∗, λ̄) ≤ v

ϑ+m
(70)
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holds for all m, where538

v := max{ζ
2(NL̄M +M4)

2(ζc− 1)
, (ϑ+ 1)[f̄(θ(1),λ(1))− f̄(θ∗, λ̄)]}.

First, the definition of ζ ensures that it holds for m = 1. Assuming (70) holds for some m ≥ 1, it539

follows from (69) that540

f̄(θ(m+1),λ(m+1))− f̄(θ∗, λ̄) ≤ (1− η(m)c)(f̄(θ(m),λ(m))− f̄(θ∗, λ̄)) +
1

2
η(m)2(LM +M4)

≤ (1− η(m)c)
v

ϑ+m
+

1

2
η(m)2(LM +M4)

= (1− ζc

ϑ+m
)

v

ϑ+m
+

ζ2(LM +M4)

2(ϑ+m)2

=
ϑ+m− ζc

(ϑ+m)2
v +

ζ2(LM +M4)

2(ϑ+m)2

=
ϑ+m− 1

(ϑ+m)2
v −

(
ζc− 1

(ϑ+m)2
v

)
+

ζ2(LM +M4)

2(ϑ+m)2

≤ ϑ+m− 1

(ϑ+m)2
v

≤ v

ϑ+m+ 1
.

The first inequality is by (69), the second inequality is by the definition of η(m), the third inequality541

is by the definition of v, the sum of the latter two terms is non-positive, and the fourth inequality542

is because (ϑ + m)2 ≥ (ϑ + m + 1)(ϑ + m − 1). This shows that the algorithm converges at a543

sublinear rate. !544

9 Appendix B545

9.1 Conditions for stepsizes546

Here we discuss the actual conditions for η(m) and α(m) to satisfy the assumptions of Theorem 4.6,547

Lemma 4.7 and Theorem 5.2, respectively. We only consider the cases η(m) = 1
mk and α(m) = 1

mh ,548

but the same analysis applies to the cases η(m) = O( 1
mk ) and α(m) = O( 1

mh ).549

9.1.1 Assumptions of Theorem 4.6550

For the assumptions of Theorem 4.6, the first condition551

∞∑

m=1

α(m) < ∞

requires h > 1.552

Besides, the second condition553
∞∑

m=1

m∑

n=1

α(m)η(n) =
∞∑

n=1

∞∑

m=n

α(m)η(n) =
∞∑

n=1

η(n)
∞∑

m=n

α(m)

≈ 1

h− 1

∞∑

n=1

η(n)
1

nh−1
=

1

h− 1

∞∑

n=1

1

nk+h−1
< ∞

requires k + h > 2. The approximation comes from the fact that for every p > 1, we have554

∞∑

k=n

k−p ≈
∫ ∞

k=n
k−pdx =

1

1− p
x1−p

∣∣∣∣
∞

n

=
1

p− 1

1

np−1
.

Since k ≥ 1 due to Assumption 4.3, we conclude that k + h > 2.555

Therefore, the conditions for η(m) and α(m) to satisfy the assumptions of Theorem 4.6 are h > 1556

and k ≥ 1.557
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9.1.2 Assumptions of Lemma 4.7558

For the assumptions of Theorem 4.6, the first condition559

∞∑

m=1

∞∑

n=m

α(n) ≈
∞∑

m=1

1

mh−1
< ∞

requires h > 2.560

Besides, the second condition is561

∞∑

m=1

∞∑

i=m

i∑

n=1

α(i)η(n) =
∞∑

m=1

∞∑

i=m

α(i)
i∑

n=1

η(n) ≤ C
∞∑

m=1

∞∑

i=m

α(i) < ∞.

The inequality holds because for any p > 1, we have562

n∑

k=1

k−p ≈
∫ n

k=1
k−pdk =

1

1− p
k1−p

∣∣∣∣
n

1

=
1

p− 1
(1− n1−p) ≤ C

Therefore, the conditions for η(m) and α(m) to satisfy the assumptions of Lemma 4.7 are h > 2 and563

k ≥ 1.564

9.1.3 Assumptions of Theorem 5.2565

Recall that we have let η(m) = 1/m. For the assumptions of Theorem 5.2, the condition566

∞∑

m=1

α(m) ln(m) < ∞

requires h > 1. To see this, note that ln(m) ≤ Cmϵ for any ϵ > 0. Thus567

∞∑

m=1

α(m) ln(m) ≤ C
∞∑

m=1

m−hmϵ < ∞

if ϵ− h < −1. This yields h > 1.568

Therefore, the condition for α(m) to satisfy the assumptions of Theorem 5.2 is h > 1.569
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