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Abstract
We consider single item lot sizing with minimum order quantity where each period has an additional
constraint on minimum production quantity. We study special cases of the general problem from the
algorithmic and mathematical programming perspective. We exhibit a polynomial case when capacity is
constant and minimum order quantities are ordered in non-increasing order. Linear programming extended
formulations are provided for various cases with constant minimum order quantity.

1 Introduction

The single item economic lot sizing problem is to find the production lot sizes of one item over several periods
with the minimum cost. In this paper, we consider the single item lot sizing problem with minimum order
quantity (MOQ). MOQ is an order requirement imposing that the amount of the production has to be at
least a certain quantity when the period has a positive production. The MOQ requirement can be a hard
constraint if it is due to business requirements such as the product required to be shipped in containers or
pallets. However, it can be used as an alternative to fixed ordering cost or setup cost, as both of them prevent
small orders that cause high per unit fixed or setup cost [1]. Hence, the MOQ requirement is an alternative
way to achieve economies of scales in production and transportation [2]. Musalem and Dekker [1] and Zhao
and Katehakis [2] provide real world cases where MOQ is used.

Given T periods, demands dy, - - - ,dr must be satisfied by a sequence of production schedules, where the
production level in period ¢ must be at least /; and no more than w;, if it is positive, for all ¢ =1,--- , 7. For
notational convenience, let d; ; = Ziﬁ d; be the summation of the demand from period i to jfor1 << j <T.
The feasibility set of the single item lot sizing problem with MOQ is a set S(Is, u;) € RT defined as
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where z; is the production level in period ¢. When there is no MOQ, we denote the set as S(0, us) and when
the MOQ’s are constant, we denote the set as S(I,u;). When there exists no upper bound, we denote the
set as S(l;,00). Similarly, S(I,u), S(l,00), S(#,u) are defined. In the literature, based on our convention,
S(0,u;) and S(@,u) is referred as capacitated lot sizing, and S(), 00) is referred as uncapacitated lot sizing.
Any feasibility set with a lower bound such as S(l;,u), S(I,u), or S(lt, 00) is referred as lot sizing with MOQ.

In our work, we consider time-dependent and constant MOQ with constant capacity on a finite time
horizon. For the lot sizing problem with time dependent MOQ, we present a polynomial algorithm for the
single item lot sizing problem with non-constant and non-increasing MOQ with non-increasing linear costs.
The algorithm is based on the well-known dynamic programming algorithm of Florian and Klein [3], and it
iterates over a set of tuples of parameters to find a solution to a production sequence. For each tuple, it
preprocesses the demand and finds the production schedule greedily. For the lot sizing problem with constant
MOQ), we present linear programming extended formulations for the lot sizing problem with constant MOQ
and upper bound with non-increasing linear costs.

Since the seminal works of Manne [4] and Wagner and Whitin [5], the lot sizing problem has been extensively
studied. In this review, we focus on the lot sizing problem such that demand is deterministic and order quantity
is the only decision. To decrease the scope of the review further and to align it with the work presented herein,
we consider



1. polynomial algorithms for the single item lot sizing problem with MOQ, and

2. polyhedral study and linear programming extended formulations for the lot sizing problem and related
problems.

Since Anderson and Cheah [6] introduced the MOQ constraint for the multi-item lot sizing problem, there
have been several studies on polynomial algorithms for the single item lot sizing problem with MOQ. Lee [7]
provided the first polynomial algorithm for S(I,00). Li et al [8] exhibit a polynomial algorithm for S(l;, 0c)
with non-increasing cost and MOQ. Okhrin and Richter [9] also studied an algorithm for S(I, c0). Okhrin and
Richter [10] provided a polynomial algorithm for S(I,u) with constant holding cost. Hellion et al [11] also
studied S(l,u) with concave costs. Our polynomial case for S(l;,u) is different from the other polynomial
cases as no previous study considered non-constant MOQ together with upper bounds. The polynomial cases
for the lot sizing problem with MOQ are summarized in Table 1, considering only the different capacity and
MOQ requirements.

Constant capacity Uncapacitated
] S(l,u) : Hellion et al [11] S(l,00) : Lee [7]
Constant MOQ Okhrin and Richter [10] Okhrin and Richter [9]
Non-constant MOQ | S(l;,u) : Section 2 in this paper | S(l¢, 00) : Li et al [§]

Table 1: Polynomial cases with MOQ

Polyhedra and LP extended formulations for the lot sizing problem also have been studied in the literature.
Pochet [12] studied valid inequalities and facets of S(0,u). Pochet and Wolsey [13] gave a tight and compact
reformulation for S(0, «) in the presence of the Wagner-Whitin cost. Constantino [14] studied the polyhedron
of a relaxation of S(I,u). Van Vyve [15] provided LP extended formulations for S((,u) with backlogging.
Anily et al [16] provided an LP extended formulation for multi-item lot sizing where each item belongs to
S(B,u). Pochet and Wolsey [17] proposed a compact mixed integer programming reformulation whose linear
programming relaxation solves S(), ;) when capacities u;’s are non-decreasing over time. To the best of our
knowledge, an LP extended formulation for the single item lot sizing problem with MOQ has not yet been
studied. Recently, Angulo et al [18] studied the semi-continuous inflow set of a single node of the type S(I;, c0).
They provided an LP extended formulation for the semi-continuous inflow set. Our work is distinguished from
the work in [18], since S(I,u) is very different from the set they considered.

Our contribution can be summarized as follows.

1. In addition to the cases that are already proved to be polynomial, we identify that S(I;,u) with non-
increasing linear costs and non-increasing [;’s can be solved in polynomial time, by providing a polynomial
algorithm for the first time in the literature.

2. We provide various LP extended formulations for S(I,u) and S(I,00) with non-increasing costs. The
proposed formulations are the first LP extended formulations for the single item lot sizing problem with
the presence of MOQ.

The rest of the paper is organized as follows. Section 2 provides a polynomial time algorithm for S(I;, ) with
additional assumptions on the orders of the lower bounds and objective cost coefficients. Section 3 develops the
linear programming extended formulations for S(I,u) and S(I,00) with non-increasing production and fixed
costs. In Section 4, we present the computational experiments for the proposed algorithm and formulations.

2 Polynomial Case

In this section, we show that S(l;,u) with a linear cost function can be solved in polynomial time if we
additionally assume the following.

Non-increasing cost P1

Non-increasing lower bound [



We also assume that the demand satisfies d; < u for all £. The reader is referred to the book by Pochet and
Wolsey [19] for the justification of this assumption after an appropriate preprocessing of d;’s. The key idea
of the preprocessing is that, when d; > wu;, the amount of demand d; — u; exceeding ws in time ¢ must be
fulfilled prior to t, and forwarding d; — u; units of demand from ¢ to ¢ — 1 does not affect the solution space
and optimality. For our problem, we execute d;_; := d;—1 + max{d; — u,0} and d; := min{u,d;} for t =T
down to 2. We refer to this procedure as DemandForward.

Demand assumption 0<di<wuforallt=1,---,T

In the rest of the paper, we consider an optimal solution z* and the corresponding inventory I* defined as
I ={I},1;,--- , I}} with I} = Z§=1 xf —dy+. We assume that =* delays the production as much as possible.

Hence, among all optimal solutions, we select the one that delays the production as much as possible.

Delayed optimal assumption Optimal solution z* delays production the most among all possible
choices of optimal solutions

We stress that this is not really an assumption but we single it out here since we will often refer to it.
In the lot sizing literature, many polynomial algorithms use the concept of a production sequence and the
dynamic programming algorithm proposed by Florian and Klein [3]. We next briefly summarize the concepts
and terms. Let period ¢t with I; = 0 be a regeneration point and let Sy, be a subset of a feasible production
plan between two consecutive regeneration points a and b. We call Sy, a production sequence. Note that S
has I, =, =0and I; >0 fort =a+1,---,b— 1. We assume that S,; cannot be broken into two or more
production sequences with equal or lower cost. Note also that any optimal production plan can be decomposed
into a set of consecutive production sequences. Hence, a dynamic programming algorithm can be used to find
an optimal set of production sequences.

However, for lot sizing with MOQ, we cannot assume zero ending inventory for every production sequence.
The authors in [11] pointed out that the production sequence including last period T' can have strictly positive
ending inventory. They also proposed a modified network by adding nodes for production sequence S,r, for
a < T, with positive ending inventory.

The rest of this section is organized as follows. In Section 2.1, we present an algorithm that gives an
optimal solution for production sequence Sg, with I = 0. In Section 2.2, we present an algorithm that gives
an optimal solution for production sequence S, with I7 > 0. Finally, we summarize the overall algorithm in
Section 2.3.

2.1 Case: S, with I; =0

Let us consider the case when S,;, ends with zero inventory. In this section, we show that an optimal solution
has a certain structure. The overall algorithm enumerates all possible cases, and for each case the best solution
is obtained. For constant MOQ and capacity, Okhrin and Richter [10] presented a similar structure.

We first describe some properties of a production sequence Sg;, of an optimal solution 2*. Similar properties
are presented for constant MOQ in [7, 8, 10], whereas the following two lemmas are for non-constant MOQ.

Lemma 1. For a period i such that {; < 2} < u, we must have z} € {0,u} for ¢ > i.
Lemma 2. Let i be the first period such that z7 > lz. Then, x} € {0,1,} for t <.

The proofs, which are given in Appendix A, are based on contradictions to the delayed optimal assumption.
Based on Lemmas 1 and 2, we extend the result in [10] to non-constant and non-increasing MOQ. That is,
Sap can be decomposed into up to three phases based on the quantity produced by z*:

1. periods producing either 0 or I;,
2. a period with l; < z} < wu, and
3. periods producing either 0 or u.

Let 7* be the last period with positive but strictly less than u production, ¢* be the first period with production
of u, and k* be the last period with positive production. We also define n* to be the number of periods such



that o7 = u for a + 1 < ¢ < b, or equivalently for ¢* < ¢ < k*. We note that n* is equivalent to K in [10] for
lot sizing with constant MOQ. Based on r*, ¢*, and k*, we decompose S,; into four sub-sequences:

A:Z{a—I—l,u-,r*}, ASZ{T*+17"'7(I*_1}7 A;:{q*’...7k*}7 Zz{k*—l—l,-u,b}.

Figure (1a) illustrates these concepts. Observe that Ay, Af, A7, or A} might not be defined depending on
r*,q*, or k*, as depicted in Figure (1b). Detailed cases for the existence of the sub-sequences and all possible
combinations of (r*, ¢*, k*) are available in Appendix C.

Ay Ap A Ay
| 0 | \ ; A | A;— Aa;(
xeOu  x=o0
| . |
xy € [l u) i Xy € [l u)
xi=0
xt €{0,1,} L x; €{0,1,} x; =0
)\ \ - A
a+1 rr—=1r"r"+1 qg-1q" k* b a+1 r'—=1r" k'+1 b
(a) =™ with A}, Ag, Ay, and Aj (b) z* only with Ay and Aj,

Figure 1: Sub-sequences of S, defined by z*

Note that we know the existence of (r*,¢*, k*,n*) but we cannot derive them explicitly. To find this
unknown tuple (r*, ¢*, k*,n*), we consider all possible choices of (r, ¢, k,n). Given a solution z, let A,, Ao, A,
and Ay be the partition of the periods in Su, based on 7,¢q, and k, defined similar to Ay, Ag, A7, and Aj,
respectively. That is, A, ={a+1,--- , 7}, Apg={r+1,--- ,q—1}, Ag={q, - ,k},and A = {k+1,--- ,b},
in which the existence of each set depends on r,¢q, and k. Let n be the number of periods such that z; = u for
te A,

Let us assume that we are given a tuple (7, ¢, k,n). Note that A,., Ay, A4, and Ay, require further structure
on demand in addition to d; < u for all ¢, which is assured by the execution of DemandForward. Hence, we
modify the demand further by Algorithm 1. The main principle of Algorithm 1 hinges on the same arguments
that let us assume d; < w;. Using this principle with l;,0,u, and 0 as upper bounds for the demand in
Ay, Ao, Ay, and Ay, respectively, we modify the demand while we also consider the fact that exactly nu units
are produced in A,. In summary, the modified demand d after Algorithm 1 satisfies

upper bound requirement: a_lz <l fort G_A,,,_Jt =0 fort € Ag U A, dy <wuforte Ag,
same total demand: 3,4 dp + 3 e q, &t = das1,r +dg g = das1,p = dat1,p,
total demand in Ag: ZteAq d; = quk = nu,

while not affecting the solution space with respect to the original demand d given (r,q, k,n). In detail, in Step
0, we first copy d to d and check if the tuple (r, g, k,n) can give a feasible solution. The algorithm returns a
null set if the tuple is not valid. In Step 1 (for A), we forward demand d 1, to period k. In Step 2 (for 4,),
the algorithm returns a null set since qu < nu implies positive inventory. Otherwise, we forward the extra
demand qu — nu to period r. In Step 4 (for Ayp), we forward Ja+17q,1 to period r. In Step 4 (for A,), if the
tuple is valid, we forward the demand to satisfy d, <w and d; < I; for t € A, \ {r}.

Example. Let us illustrate Algorithm 1 with an example. Consider production sequence S, with d =
{4,2,3,4,11,12}, »r = 3,q = 5,k = 5, and n = 1. For simplicity, let us assume constant lower and upper
bounds [ = 7 and u = 12. Note that we have A, = {1,2,3}, Ao = {4}, A, = {5}, and A) = {6}. See Figure 2
for the illustration of each step. In this illustration, we omit the calculation for returning a null set, as all of
the conditions are not satisfied.

Step 1 We forward the demand in Ay to period k. Hence, ds == ds +dg =11+ 12 = 23 and dg := 0.
Since ds > u, we apply DemandForward and obtain d = {4,2,6,12,12,0}.



Algorithm 1 PreGREEDY(d,r, ¢, k,n)
Input: d (original demand), (r, ¢, k,n) (defining A,, Ay, Aq, and Ay)

Output: either (i) d (modified demand) or (ii) (§

Step 0 d :=d, if u + Dieanfry it <datig-1 oru(n+1)+37,c 4\ bt < dat1,p Teturn 0
Step 1 dj, := di + diy1.p, di := 0 for t € Ay, DemandForward(d)
Step 2
if qu < nu return ()
else if qu > nu
A =dg —nu, t:=q
while A >0
§:=min{A,d;}, d, :=d, +6,ds :=dy — 6, A=A -0, t:=t+1
end while
end if

Step 3 d, :=d, + Jr-‘rl,q—h d; :=0for t € A.
Step 4
if dgy1, >u+ Z;;;H l; return (
else - - - -
dr—1 = d, 1 +max{d, — u,0}, d, = min{u,d,}

fort =r — 1, cee 7C{,—|— 2, dt—l = dt—l + max{dt — lt,O}, Czt = min{lt,czt}
end if

if dyyq > lyyq return ()

Step 2 We check if the total demand in A, is equal to nu = 12. Since dg, = ds5 = 12 > nu, we set
B := 0 and forward nothing. The modified demand remains d = {4,2,6,12,12,0}.

Step 3 We want to have d;, = 0 for t € Ay and forward the demand in Ay to period r. Hence,
d3 :=d3 +dys =6+12 =18 and dy := 0. The modified demand is now d = {4,2,18,0, 12, 0}.

Step 4 We want d to satisfy d, = d3 < wuand d; <, for allt € A,.\ {r} = {1,2}. Hence, we sequentially
set (i) d3 := min{ds,u} = min{18,12} = 12 and dy := da + (18 = 12) = 2+6 = 8, (ii) d2 := min{ds, l2} =
min{8,7} =7 and d; :=dy + (8 = 7) =4+ 1 =5, (iii) d; := min{dy, 1} = min{5,7} = 5.

Hence, we obtain d = {5,7,12,0,12,0} given (r,q, k,n) = (3,5,5,1).

O
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(a) Original demand (b) After Steps 1 and 2 (c) After Step 3 (d) After Step 4

Figure 2: Illustration of PreGREEDY

After obtaining the modified demand d, we find the best solution for the given tuple (r,q, k,n), based on
a greedy strategy. The algorithmic framework is presented in Algorithm 2. In Algorithm 2, Steps 1-7, 8, 9-12,
and 13 tackle A,, Ag, Ay, and Ay, respectively. In detail, for periods in Ay and Ay (in Steps 8 and 13), the
production is set to zero to satisfy the property of Ag and Ay. For periods in A, (in Steps 1-7), the algorithm
is based on a greedy strategy. Starting from ¢ = a + 1 up to r, the production z; is set to I; only when there
is not enough inventory to cover the demand in period t. Observe that we check if I, < d,, — I,_; in Step 6.



This is because given tuple (r, g, k,n) cannot produce a solution for S, if I, > d. — I,_;. See Lemma 18 in
Appendix B for the proof. For periods in A, in Steps 9-12, the algorithm is based on a backward strategy.
Starting from ¢ = k down to ¢, the production z; is set to u only when the productions up to period k cannot
cover dy j.

Algorithm 2 GREEDY (d,r,q, k,n)

Input: d (modified demand), (r,q,k,n) (defining A,, Ao, A,, and Ay)
Output: either (i) (z,z) (solution and objective value) or (ii)

1: Tgy1 maX{la+1,Ja+1}, jaJrl & Tgy1 — CZaJrl

2: fort_:a—l—Qitor—ldo ~ - -

3 if I, 1 >d; t}}en Tt 0, I <_7]t—1 —d;

4 else It<—lt,It<—It_1+lt—dt

5: end for_ - - - - - -
6: if l,. <d.—I.,_1thenx,. < d.—1I,_ 1,1, < I, 1+ 2, —d,
7: else return ()

8
9

!$t<—0,jt<—frfort:r+17...’q_l

: m < 0 (counter)
10: for t = k down to ¢ do
11:  if dy, >u-mthen z < u, m<— m+1
12: end for

13: v, < O0fort=k+1,---,b, update T

Example (continued). Let us illustrate GREEDY with the previous example. We are given A, = {1,2,3},
Ao = {4}, A, = {5}, Ax = {6}, and the modified demand d = {5,7,12,0,12,0}.

1. For period 1 of A, in Step 1, z1 := max{l;,d;} =7 and [, = 1 — d; = 2.

2. For period 2 of A,, we check [; = 2 < 7 = dy in Step 3. Hence, in Step 4, zo := ly = 7 and
jQ Z:j1+1'27622 =2.

3. For period 3 of A,, we check l3 =7 < ds—1Io = 12—2 = 10 in Step 6. Hence, z3 :=d3—I, = 12—2 = 10
and I3 ;= + 73 —d3 =2+10—12=0.

4. For period 4 of Ay in Step 8, we set x4 := 0 and Iy := I3 + x4 — dg = 0.

5. For period 5 of A, in Step 9, we set x5 :==u =12 and I5 := I, + 25 —d5 = 0+ 12 — 12 = 0.

6. For period 6 of Ay, in Step 13, we set zg := 0 and I := I5 + z6 — dg = 0.

Hence, we obtain z = {7,7,10,0,12,0} and I = {2,2,0,0,0,0} from GREEDY with d = {5,7,12,0,12,0}, r =
3,q =5,k =5,and n = 1. Observe that the inventory based on the original demand d is I = {3,8,15,11,12,0}.
O

In the following two lemmas, we establish feasibility of the solution produced by GREEDY and then show
that GREEDY with optimal parameters (r*, ¢*, k*,n*) produces an optimal solution, where the proofs are
available in Appendix A.

Lemma 3. Suppose that d is from Algorithm 1 and [, < d, — I,_y is ensured in Algorithm 2. Then, given
(r,q,k,n) and d, Algorithm 2 produces a feasible solution.

Lemma 4. Let 2* and I* be an optimal solution and the corresponding inventory with underlying values d
and (r*,¢*, k*,n*). Then, GREEDY (d,r*,q*, k*,n*) produces an optimal solution.

*

Example (continued). Let us consider GREEDY with optimal parameters r*,¢*, k*,n*. The optimal
solution that satisfies the delayed optimal assumption is z* = (7,0,7,0,10,12). Hence, we obtain r* = 5,
q* =6, k* =6, and n* = 1. Let us consider r = 5,¢ = 6,k = 6, and n = 1. Note that the parameters
fit Case 7 of (16) in Appendix C and we are given A, = {1,2,3,4,5}, A9 = 0, A, = {6}, and 4; = 0.

Note that d = (4,2,3,4,11,12) is obtained by PreGREEDY with these parameters and is different from



the previous example since before we used r = 3,¢ = 5,k = 5 and n = 1. By executing GREEDY with
(ryq,k,n) =(5,6,6,1), we obtain = = {7,0,7,0,10, 12}, which is equivalent to z*. O

The overall algorithm is presented in Algorithm 3, where we simply iterate through all possible combinations
of (r,q,k,n). For each (r, ¢, k,n), we obtain a feasible solution x with objective function value z by GREEDY
and update the best solution and objective function value during the algorithm. Observe that, by Algorithm 3,
we consider all possible cases of (16) in Appendix C. The ’for’ loop in Algorithm 3 is constructed in such a
way that combinations of r,q, k,n not fitting into one of the eight cases are automatically discarded by the
loop itself.

Algorithm 3 EnumerateMOQ

Input: (d,---,dp) (demand), Sy
Output: zpes: (best solution), zpest (best objective function value)

Thest < ®7 Zpest € OO

forne[0,k—q+1],q€[r+1,k], ke [rb],r€la+1,b] do
d <+ PreGREEDY (d,r,q, k,n)
if d is returned successfully then (z,z) + GREEDY (d,r,q,k,n)
if £ # 0 and 2 < zpes; then update Tpes; and zpess

end for

We are ready to show the optimality of the solution produced by Algorithm 3.

Lemma 5. For a production sequence Sy, either (i) the optimal solution is €441 = dgy1 if doy1 € {0}U[la41, u]
and a + 1 = b; or (ii) the solution xpes: from Algorithm 3 is an optimal solution.

Proof. The statement is trivial if b = a + 1 since there is only one period in this production sequence. Hence,
for the rest of the proof, let us assume that b > a+1. Let * be an optimal solution. Observe that we can pick
r,q,k and n such that A, = A}, Ay = Ag, Ay = A, Ay, = A, and n = n*, since we enumerate all possible
choices of r, ¢,k and n in Algorithm 3. Then, by Lemma 4, xpes: is an optimal solution. U

2.2 Case: I7 >0 for S,r

Let us consider production sequence S, with I7 > 0. We start with a property of 2*, which is similar to the
property described by Hellion et al [11] for constant MOQ.

Lemma 6. For production sequence S,r with I, > 0, we have z} € {0,1;} for t € S,r.

The proof is omitted and is similar to the proof of Lemma 2. Let d the modified demand obtained by
executing DemandForward where [;’s are the upper bounds. Based on Lemma 6, we present a greedy algorithm
that returns an optimal solution for production sequence S, with I7 > 0.

Lemma 7. Let us consider the following greedy algorithm: for t = a +1,--- , T, (i) z; = I if [;_1 < d, (ii)
¢ = 0 otherwise. This algorithm gives an optimal solution to S, with I > 0.

Proof. By Lemma 6, we must have x; € {0,l;} for t € S,r. Observe that the structure is the same as the
structure of A} in Section 2.1. The same proof technique of Lemma 4 can be applied to show that the greedy
algorithm produces an optimal solution. O

2.3 Summary of Overall Algorithm

In Sections 2.1 and 2.2, we developed the algorithms that find an optimal solution for S, with I = 0 and
Ser with I, > 0. Now, the dynamic programming algorithm of Hellion et al [11] can be used to solve the
overall problem with Algorithm 3 and Lemma 7 as subroutines. The modification from the conventional DP
of Florian and Klein [3] is that for each S,7, we have two types of nodes: one with I} = 0 and the other one
with I7 > 0. Using this approach, we can solve the overall problem optimally.



We end this section by deriving the run time analysis of the overall algorithm. For Algorithm 3, the
complexity of the for loop for r, k, ¢, n is O(T*). Since the run times of GREEDY and PreGREEDY are linear
in T, we conclude O(T®) for Sq, with I = 0. For the greedy algorithm in Lemma 7, it is easy to show that
we have O(T) steps. For the overall problem based on the DP, since we have O(T?) production sequences, the
time complexity is O(T7). We summarize all of the findings of this section in the following theorem.

Theorem 1. Algorithm 3 and Lemma 7 provide a polynomial algorithm that finds an optimal solution for
the capacitated lot sizing problem with non-increasing linear costs and non-increasing MOQ in O(T7) steps.

3 Linear Programming Extended Formulation

In this section we present LP extended formulations for the single item lot sizing problem with MOQ in
presence of constant lower and upper bounds [ and u. We also extend the result to the case when fixed
cost is present. The reader is referred to the works in [13, 20] for LP extended formulations of other cases
without MOQ. Our LP extended formulations for S(I,u) and S(I,00) are different from all known results as
the previous works study S(0,w).

We again employ the non-increasing cost structure, the demand assumption, and the delayed optimal
assumption from Section 2 for an optimal solution. Let us define the quotient and the remainder of the
division of u by I:

k:ﬁJ and € = u — kl.

We study four special cases:

Case 1: S(l,u) with u =1[.

Case 2: S(l,u) with v = kI, where k > 2.

Case 3: S(l,u) with u =kl + ¢, where k > 2 and 0 <e < [.
Case 4: S(I,00)

,U
u

For each case, the complete formulation is derived as follows. Recall that lot sizing with MOQ can have
an optimal solution with positive ending inventory. For S,r with I, > 0, we can use an explicit formula,
proposed by Hellion et al [11], to calculate the optimal objective function value. For Sy, with I = 0, we
formulate an LP. Then, using the structured shortest path techniques from [20], the LP can be extended into
a larger LP that solves the entire problem. Since all four cases can be extended using the shortest path based
formulation and S, with I} > 0 case can be solved easily, in this section we focus on the LP formulation for
production sequence Sqp with I = 0 for the four cases.

We start with Case 1. Suppose that [ = u. In this case, any positive production is equal to [. Note that, if
dq+1, is not a multiple of [, we cannot have zero ending inventory at b. Hence, we assume d,1,, mod [ = 0.
For t € Sap, let y¢ be a decision variable defined by y; = 1 if production is positive in period ¢. Note that we
have Y 7_. 41!yt > day1,; for period j in order to have non-negative inventory. Since [ is constant and y;’s

are binary, the constraint can be strengthened to Z{:a 1Yt > [d”%—‘ Hence, we formulate the following

integer program for production sequence Sgp.

B =min I( Z PeYt) (1a)

t€Sab

s.t. Z Ye > {%W, J € Sab, (1b)
t=a+1

Yyt € {Oa l}a t € Sa (IC)

It can be easily shown that the LP relaxation of (1) is integral, since the matrix of (1) is a lower triangle
matrix and the right hand side of (1b) is integer. A rigorous argument is provided later in Lemma 25 for a
more general case.



The rest of this section is organized as follows. In Section 3.1, we consider the case u = kl which is then
extended to u = kl + € in Section 3.2. In Section 3.3, we derive the LP extended formulation for S(I, c0).
Finally, in Section 3.4, we consider fixed cost for all the LP extended formulations derived in this section.

3.1 Case: S(l,u) with u =kl

Let us assume that u is a multiple of [. Suppose that we know the last period i such that the production is
positive but strictly less than w. Then, we can decompose production sequence Sy, into two sub-sequences:
Ar={a+1,---,i} and A, ={i+1,---,b}. Note that z, € {0,1} for t € A;\ {i}, ! < z; < u, and x; € {0,u}
for t € A,. We first formulate an LP based on the assumption that we know period i. Later, we extend the
LP with fixed 7 to a larger LP for production sequence Sg; by letting the model choose 1.

Let us first derive the LP based on the assumption that we know period 7. The main idea of the derivation
of the LP given fixed i is as follows. First, we derive the amount of the demand that must be forwarded from
A, to A, by considering the fact that x; € {0,u} for t € A,. Next, we calculate the fractional amount of the
demand that cannot be covered by multiple I’s in A;, by considering the fact that x; € {0,1} for t € A; \ {i}.
Finally, the exact fractional production in period i is derived. Let us define

gi = d1‘+1’b mod u. (2)

If 6° = 0, we need to produce u units prior to i + 1 in order to make positive inventory at period 4. If 5t >0,
by delaying the production as late as possible, we need to have ¢ units of inventory in period i. We show that
x* satisfies certain property based on the value of §°.

Lemma 8. An optimal solution x* must satisfy

i1y — 00 = LMJu if 57 > 0,

u

digrp—u=(ZE2 1)y if §' = 0.

ZteAu xf = {

The proof is available in Appendix A. By Lemma 8, we forward 8" from A, to A;. Hence, §' must be
covered in A; and §* can be also interpreted as the amount of forwarded demand from A, to A;.
Next, let us consider the production up to period ¢ — 1. Recall that the production is either 0 or { up to

period i — 1. Hence, any feasible solution must produce at least [d““li“l—‘ periods producing [ up until period
i — 1. Let us define

1 da i—
()01 — ’V%—‘l — da+1,i—1 = l — (da+1,i—1 mod l) (3)

to be the minimum inventory possible in period i — 1 for i > a + 1. If i = a + 1, then ' = 0. Lemma 24 in
Appendix A shows that ¢° is the optimal inventory in period i — 1 if period i has infinite capacity.

For now, let us assume that period i has infinite capacity. We ensure the upper bound requirement for
period i by a constraint later. Considering the definition of ¢ and Lemma 24, we can interpret d; + 6° —
as the exact amount to be produced in period 4, if we forward 4°. However, there are cases §* in (2) may not
be the exact quantity to be forwarded. Hence, we define, if 7 < b,

‘ 5 if 6' > 0and d; +0' — ' > 1,
§'=¢ 0 +u ifd>0andd;+06 —¢' <l (4)
u if 6 =0,

to be the forwarded demand from A, to A;. If i = b, we set §° = 0. The derivation of §* in (4) is available in
Appendix D.

Next, let p’ be the fractional amount of demand that cannot be covered by multiple I’s in A;. Recall that
5% units of demand has been forwarded to A;. We define

p' = (dgs1,i +0") mod 1. (5)

For t € Sgp, let y; be a decision variable defined by



| 1 if there is positive production in ¢
Y= 9 0 otherwise.

We derive the following constraints to satisfy the demand.

1. For j € A;\ {i}, we produce either 0 or [ while total production by period j is greater than or equal to
dq+1,5- This can be written as Z§=a+1 lys > dg41,5. Since [ is constant and y;’s are binary, the constraint

can be strengthened to Zz:aﬂ ye > [dw%—‘

2. In period i, we must satisfy Zizaﬂ Ty = dgy1,i + d%. Recall that p’ is the amount that cannot be
covered by multiple of I’s. Hence, p’ must be covered in period i. Before we derive the constraint, we
first strengthen the upper bound of z;.

(a) The upper bound of x; can be strengthened from u = kl to (k — 1)l + p'.

(b) In period i, we must satisfy Zi:a—l—l 2y = dgi1,; + 0. Recall that p’ is the amount that cannot be
covered by multiple of I’s. Hence, p’ must be covered in period i. This implies z; < (k — 1)l + p°.
Then from (Zt atl 7)) + 2 = day14 + 6%, we derive Zt ap1 Tt = dat1 + 6 —x; > dagri +

5t — p — (k — 1)l. Dividing by I, we obtain Zt at1 T = ‘“’“7'%’ (k —1). Hence, we have

i—1 at1 i — . 7
Zt a+1 Yt = 2it—at1 ot > “f —(k—1). Smce we assume y; = 1, we obtain » ,_ .,y >

a+1t+6 p _k._|_2

3. For j € A,, we can derive I; = I; + Z;Hl zp—dig1; =0+ Zt i1 Tt —diy15 >0 to ensure feasible
inventory, since I; = 6*. This gives > ], ., #; > dip1,; — 0'. Dividing by u, we obtain 7 _, 4 =

J ¢ dit1,=0" ; ) ; i
il L 2> 2—_ Since u is constant and y;’s are binary, the constraint can be strengthened to

j di+11 761
Zt=i+1 Y = [ m —‘

Finally, we define

1 ] da 1— da [ 5i* ¢
N = dasi 4+ 6 — max{ [ L), +17+z P k1) (6)

to be the amount of production in period i, where A\* > [. It is worth to note that A’ is correctly defined only
for a valid choice of i.

Example. Let us consider production sequence {1,2} with d = {6,3}, I = 5, and v = 10. If i = 1, then
pt =4, 6' =3, and \! = 9. However, if i = 2, then p? = 4, 62 = 0, and A2 = —1. Based on the definition of 1,
setting ¢ = 2 implies that x1 € {0,5}, which is infeasible since d; = 6. O

Observe that dg41; is the demand we must satisfy by the end of period 4, since ¢ is forwarded from A,.
The maximum operator is the minimum inventory we need by the end of period i — 1. In the maximum

operator, the first term ensures the fulfillment of demand up until period ¢ — 1, while the second term defines
the minimum quantity to satisfy the upper bound constraint in period i. Note also that the second term has

w — k + 1 instead of % — k + 2 since we are assuming x; > I. Hence, A’ is the amount we
need to produce in period 1.
With all the parameters and constraints derived, we obtain the following integer program.

a' = min Z(Z peye) + ps(N = 1) + u( Z Dtyt) (7a)
teA; teAy,

st Zyt [ﬂ] jefat1,-- i1}, (7h)

t=a+1

: da it 51 —p
S ez iy (7
t=a+1

10



j .
diyy.; — 0" ) _
Z ytz ’V +1J —‘7 jE{Z-i-l,"' 7b}7 (7d)
t=i+1 u
Yi = 17 (76)

Yt € {07 1}7 te Sab (7f)

Observe that period ¢ appears twice in the objective function. The first term captures Ip; with y; = 1 from
(7e), while the second term calculates the cost of the additional production beyond [ in period i.

In the following two lemmas, we first present that a feasible solution to (7) has a matching feasible solution
to the original problem, where the proof is given in Appendix A. Then we show integrality of (7).

Lemma 9. Let y be a feasible solution to (7) with given ¢. Then, there exists a corresponding feasible solution
x with the same objective function value. Further, for an optimal solution y* to (7), the corresponding solution
z* and I* satisfy I} = 6° and I} = 0.

Lemma 10. The LP relaxation of (7) is integral.

Proof. Note that the RHS of (7b) and (7d) are integer. Also, by the definition of p’ in (5), the RHS of (7¢) is
integer. Finally, it can be shown that the matrix of (7) is totally unimodular. See Lemma 25 in Appendix B.
Therefore, the LP relaxation of (7) is integral. O

We can extend the formulation using the shortest path network to solve the entire S,;, without the assump-
tion that we know 7. Let us redefine variables and sets. For i € Sy, let

i 1 if period 7 is fractional,
1 0 otherwise,

and, for t € Sgp,1 € Sap, let

%

yi = { 1 if period i is fractional and period t has a positive production,
P =

0 otherwise.
In addition we define
Al ={a+1,--- i}, for i € Sgp, and A, = {i+1,---,b}, for i € Sap.

We extend the IP formulation (7) by adding constraint to select only one 2% and forcing yi’s to be zero for 2*’s
equal to zero. The integer program for production sequence Sg; is defined as follows.

b
B=min Y [ pwd) + N = D2 +u( Y piy})] (8a)
i=a+l  teAl te Al
J . d o
s.t. Z yp > [%m—‘zz, jefa+1,---,i—1},i€ S, (8b)
t=a+1
N ((darri 0 = :
Z yl’fLZ <+1,—;p_k+2) Zz, iESab7 (SC)
t=a+1
Lty 6
Z yZZ’VL_‘Zla je{i+]~a"'7b}ai€‘gab7 (8d)
t=i+1 u
y; = Zi7 1€ Sab7 (86)
yz < Zi, t € Sap,t € Sap, (8f)
b .
> =1, (8¢)
i=a+1
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yi €{0,1}, t € Sap,i € Sap, (8h)
Zi e {0,1}, i € Sap, (81)
where the costs assiciated with period ¢ with A\; < [ is replaced with oco.
Lemma 11. The LP relaxation of (8) solves production sequence Sgp.

The proof is given in Appendix A. As mentioned earlier in this section, we use the shortest path formulation
given in [20] for the entire time horizon. With Lemma 11, it is easy to apply their model and extend the
formulation for the entire time horizon t =1,--- ,T.

3.2 Case: S(l,u) with u=Fkl+¢

In this section, we study the case u = kl+¢, where € > 0 is allowed. The formulation and the other settings are
almost identical to the model in Section 3.1, except for (7c) and (6) the constraint for period i and parameter
A?, respectively. This is because the derivations of (7b) and (7d) are independent of whether u is multiple of
l. For this reason, we describe only the changes from the model in Section 3.1.

We start with the constraint for period i. Note that we must satisfy Z;:aﬂ Ty = dgy1, + 6°. Recall that
p" is the amount that cannot be covered by multiple of I’s and p* must be covered in period i. Before we derive
the constraint, we first strengthen the upper bound on x;.

1. If e < p?, then the upper bound on x; can be strengthened from u = kl + ¢ to (k — 1)l + p'.
2. If ¢ > p’, then the upper bound on z; can be strengthened from u = kl + ¢ to kl + p’.

Hence, we consider the two cases € < p’ and € > p’ to derive the constraint for period .

1. Case: € < p'
From (E;;iﬂ xt) + @ = dgy1,i + 6, we derive

e Tt = dag1i + 0 — 3 > dagrs + 00— pt — (k= 1),

where the inequality holds since z; < (k — 1)l + p’. Dividing by [/, we obtain Zi;(llﬂ o> w -

i—1 i—1 dag1,i+8"—p’ .
(k —1). Hence, we have 3,0, 4 = > y_ouq & > S0 = — (k —1). Since we assume y; = 1, we

obtain Zi:aﬂ Y > w —k+2.

2. Case: € > p’ o
We obtain Y ;_. 1Y = M — k + 1 by using the same approach as in the previous case except

by using inequality x; < kl + p® instead of z; < (k — 1)l + p°.

Finally, we define

da+14 + 6 — max{ {d““l‘i”} d““’i#i_pi —k+1}  ife < pf,

N = (9)

dat1. + 6% — max{ {d”?i’l—‘, d““’iJ[‘S —° _k} if € > p?,

to be the amount of production in period 4, where A\* > {. The main principle of this definition is the same as
the one in Section 3.1. Hence, we obtain the following mathematical program.

ol =min 1Y pye) +piN = 1) +u( Y pan) (10a)

teA; teA,
J dyrr s
st 30y S jefatl, i1}, (10D)
t=a+1 l
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i

dot1,i+ 06" —p'
Sy i ), (100)

t=a+1 l
j .
diy1,j —6° o
S s [l =8, el (00
" u
t=1+1
Yi = 1, (106)
ye € {0, 1}, t € Sap, (10f)

where indicator function 1¢, .,y is defined to distinguish the two cases. For the feasibility of a solution to
(10), we present the following analogous lemma to Lemma 9.

Lemma 12. Let y be a feasible solution to (10) with given i. Then, there exists a corresponding feasible
solution z with the same objective function value. Further, for an optimal solution y* to (10), the corresponding
solution z* and I* satisfy I = 6° and I} = 0.

The proof is omitted and is similar to the proof of Lemma 9. Observe that (7) and (10) have exactly the
same structure except (i) the right hand side of (7c) and (10c) and (i) A* in the objective functions. Hence,
using the results in Section 3.1, (10) can be extended to formulate an integer program for S,; in the same way
as (7) is extended to (8). Further, the LP relaxation of the new integer program solves production sequence
Sap by Lemma 11.

3.3 Case: 5(l,00)

In this section, we present the LP extended formulation for S(I,c0), where z; € {0} U [l,00). Recall that we
only consider production sequence Sg, with I; = 0. We start this section by describing some properties of an
optimal solution x* that are similar to Lemmas 1 and 2 in Section 2, where the proofs are omitted and are
similar to the proofs of Lemmas 1 and 2.

Lemma 13. For a period ¢ such that «} > [, we must have =} € {0,1} for ¢t <.

i

*
?

Lemma 14. For a period ¢ such that =] > [, we must have z} =0 for ¢t > 4.

From Lemmas 13 and 14, we observe that S,; can be decomposed up to three phases:

1. periods producing either 0 or [,
2. one period with =¥ > [, and
3. periods with no production.

Suppose now that we know the period such that x} > [, and let ¢ be such a period. If there is no such
period, then we define 7 to be the last period with positive production. Hence, for z*, we have either of the
following cases:

1. zf € {0,1} for t <4, xf > 1, zf =0fort >, or

%

2.z €{0,l}fort <i,af =1,y =0fort>i
We show two properties of z* in the following two lemmas, where the proofs are given in Appendix A.
Lemma 15. Given period ¢ such that z7 > [, we must have Zi;(llﬂ x; = l{%—‘ Further, I} | =

d i—
l’r%—‘ _ da+1,i71-

Lemma 16. Given period ¢ such that z7 > [, we must have ] = dat1,5 — l{d““li“l—‘
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Formulations Number of variables | Number of constraints
Case Reference | Sgp Overall Sab Overall
S(l,u) with i =u | (1) o(T) | O(T?) o(r) | O(T?)
S(l,u) with I >u | (8) o(T?) | O(T?%) o(Tr?) | o(T%
S(l,00) (12) o(r?) | o(T) o(r?) | o)
Table 2: Size of the LP extended formulations
Let us define p
P B a+1,0—1
N = doi1s z[il ] (11)

to be the amount of production in period i. Let y;, for t < ¢, be a decision variable defined by

1
Yt = 0

For the constraints, we use the same principle from the previous sections for each period j < i. Hence, we
obtain the following integer program.

if there is positive production in ¢,
otherwise.

i
Ozi = min l( Z ptyt) —|—pi)\i (12&)
t=a+1
J d )
st Y ytz[%ﬂ, jefatl, i1}, (12b)
t=a+1
yr € {0,1}, te{a+1,---,i—1} (12¢)

We present the feasibility of a solution to (12).

Lemma 17. Let y be a feasible solution to (12) with given é. Then, there exists a corresponding feasible
solution x with the same objective function value.

The proof is omitted and is similar to the proof of Lemma 9. Observe that it can be easily shown that
the LP relaxation of (12) is integral. Identical techniques to those in Section 3.1 can be used to obtain an LP
formulation over the entire time horizon.

We end this section with a comparison of (12) and the previous formulations. Recall that (7) of S(I,u)
with v = ki, (10) of S(I,u) with u = kl +¢, and (12) of S(I, 00) are comparable since all of them are assuming
that we know period i. Observe that (7b), (10b), and (12b) have the same form. This is because all of them
are related to the periods producing 0 or I. Let us compare (12) and (7) in detail. Recall that we assume
xy = 0 for t > i for S(I,00) and x; € {0,u} for t > i for S(I,u). For this reason, A\*, the production quantity
in period ¢, in (6) and (11) are defined differently. Hence, it is not trivial to obtain (12) from (7) by setting
u = oo and by dropping (7c¢) — (7e).

3.4 Fixed cost

We consider fixed cost for all of the previous results in this section. Let f; be the fixed cost in period t for
t=1,---,T. If production is positive in period ¢, then cost f; occurs regardless of and in addition to the
quantity produced in the period. Recall that all the models presented in the previous sections rely on the
fact that it is best to delay the production, due to the non-increasing cost. Hence, in order to use the same
principle, we employ the following assumption on the fixed cost.

fizfoz--2>2fr

Observe that, for all the models in this section, the parameters and constraints do not rely on the production
cost p1,---,pr and the binary variables y;’s represent whether positive production occurs in each period.

Non-increasing fixed cost
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Hence, we can easily include the fixed cost in the objective functions without modifying the parameters and
constraints. The new objective functions for each case are as follows:

min - > s (fe + Py for (1a),
min ZtGA; (ft +1lpo)ye + [fi + pi( N = D] + ZteAu (ft + upt)y: for (7a) and (10a), and
min Yy (fe + o)y + (fi + piX') for (12a).

4 Computational Experiment

In this section, we present a computational study of Algorithm 3 for S(I;,u) and the LP extended formulation
for S(I,u) with k = 2. All experiments were performed on Intel Xeon X5660 2.80 GHz dual core server with
32 GB RAM, running Windows Server 2008 64 bit. All algorithms are implemented in C#, where the LP
extended formation is solved by CPLEX.

To test the performance of the algorithms, we randomly generate 10 instances for each T’ € {50, 60, 70} for
S(l¢,u) and 10 instances for each T' € {20, 30, 40, 50, 60, 70} for S(I,u). Hence, we have 30 instances for S(l;, u)
and 60 instances for S(I,u). The instance generation procedure is similar to those in [10, 11]. Given mean
and standard deviation of the demand pg = 100 and o4 = 60, respectively, we generate d; ~ N(ug,04) for t =

1,---,T, while we make sure d; > 0. In order to generate non-increasing cost, we set p; = Round (5(10— %)) /5

fort =1,---,T. For MOQ and capacity of S(l;,u), we set u = pq + o4 and Iy = pg — Round(%) for
t=1,---,T. For MOQ and capacity of S(I,u) with k = 2, we set | = ug and u = 2I.

Due to the large size of the LP extended formulation, for S(I,u) with T' > 50, we only consider variables
and constraints associated with production sequences Sy, with |Sgs| < 10. In Table 3, we present the execution
times (in seconds) of (i) Algorithm 3 for S(l¢,u) and (ii) Algorithm 3 and the LP extended formulation for
S(l,u) with k = 2. For each instance class and each algorithm, we report the minimum, average, maximum
execution times over 10 instances.

S(le,u) S(l,u) with u = 21
Algorithm 3 Algorithm 3 LP LP with Sap, [Sas] < 10
T || Min Avg Max || Min Avg Max | Min Avg Max | Min Avg Max
20 0.1 0.1 0.2 1.1 1.4 4.2
30 0.7 1.0 1.4 6.9 7.7 8.2
40 3.5 4.7 6.7 | 399 433 489
50 7.5 9.0 11.8 8.8 114 16.1 3.1 3.5 4.3
60 || 23.4 26.6 34.2 || 26.9 329 46.3 4.8 6.1 8.1
70 || 62.0 68.4 854 | 71.0 82.7 114.2 8.5 9.8 10.3

Table 3: Performances of Algorithm 3 and the LP extended formulation

The execution times of Algorithm 3 grow slower than its theoretical bound O(T7) for both S(I;,u) and
S(l,u) instances, where the execution times for S(l;, u) instances are smaller than those for S(l, u) instances.
This is because the production bounds [I;,u] are tighter for the generated S(l;, u) instances and this enables
the algorithm to skip the calculation for several shortest path nodes. By comparing the execution times of
Algorithm 3 and the LP extended formulation for S(I,u), we observe that Algorithm 3 outperforms. However,
if we solve the LP extended formulation only with production sequences Sy, with |S,p| < 10, the execution
times of the LP extended formulation reduce substantially. Even though we consider only production sequences
with less than 10 time periods, the obtained solution was always optimal.

5 Conclusions

We identified the first polynomial case for the lot sizing problem with time dependent MOQ. On the practical
side, the non-increasing cost and non-increasing MOQ often occurs in procurement contracts. Note that these
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non-increasing assumptions on cost and MOQ play important role in our proofs. However, a future research
could consider to relax one of the assumptions.

We also proposed the first LP extended formulations for the lot sizing problem with the presence of MOQ
requirement. The proposed formulations only work with constant MOQ and capacity and non-increasing cost
assumptions. Hence, LP extended formulations with time dependent setting or non-ordered costs could be a
future research direction.
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APPENDIX

A Proof of Lemmas

Proof of Lemma 1

For a contradiction, let us assume that there exists a period j such that l[; <z} < w and i < j. Let us define

0 = min{z; —1;, If,- - ,I]’-‘_l,u—xj} > 0. Observe that (i) 7 —¢& > 1;, (ii) 2} + 6 <, and (iii) I; =6 > 0
for t =1, -+ ,j. Hence, we can postpone ¢ units of production from period 7 to period j. This contradicts the
delayed optimal assumption. O

Proof of Lemma 2
We have two cases.

1. Case: |; <z} <u
For a contradiction, let us assume that there exists a period j such that [; < 27 = u and j <. Let us

define 6 = min{x} —{;, I7, -+, [/ y,u —x7} > 0. Observe that (i) 2} — ¢ > I;, (ii) 2] + 6 < u, and (iii)
Iy —d>0fort=4j,---,i— 1. Hence, we can postpone ¢ units of production from period j to period i.

This contradicts the delayed optimal assumption.

2. Case: 27 =u
For a contradiction, let us assume that there exists a period j before i such that I[; < z; < w. This
contradicts the selection of period 1.

Therefore, we have z} € {0,;} for t <. O

Proof of Lemma 3

We need to show x; € {0} U [ly,u] and I; > 0 for all t. Note that we are given I, > 0. We use induction to
show I, > 0 based on I;_; > 0.

1. Fort € A, \{r},if [,_y >dy, then I; = I, 1 —d; > 0. If [,y <dy, then I; = I; 1 +1; —d; > I;_; since
dy <1;. Hence, for both cases, I; > 0 for t € A, \ {r}. Also, clearly z; € {0,1,} for t € A, \ {r}.

2. For period r, we only consider the case [, <d,—1I_1. Itfollows &, =d, —I,_1 > 1, zr =d, — I,_1 <
d<u andIr—rler,«fdr—rlJr(d 717« 1) dr—O

3. FortGAO,wehavedt—O Also, I, = 0. Hence, we have I; = I,_1 = 0 and z; = 0.

4. For t € A4, we have dt+1 < ZZ t+1 x; by Algorithm 2. Also, Iq 1 > 0. Then, for t € Ay, we have
I, = Z:_qx dqt = (nu — qk) + Zz e dqt Zf_tﬂ T; — dt+1 k> 0. Also, x; € {0,u} for t € A,.

5. For t € Ay, we have d, = 0. Also, I, =0, and we have I; = I,_; = 0 and 24 = 0.

We showed that I; > 0 for all . Note that Algorithm 2 produces z satisfying z; € {0} U [l;, u] for all ¢. Hence,
Algorithm 2 produces a feasible solution. O
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Proof of Lemma 4

Let # and I be the solution and the corresponding inventory from Algorithm 2 with input parameters
d,r*,q*,k*, and n*. Note that we must have z; = x} for t € A} U A} by the definition of Af, A;. Hence, it
suffices to check the periods in A} and Aj.

Let us first consider A7. Observe that Steps 9-12 of Algorithm 2 postpone the production as late as possible
while ensuring the inventories are non-negative. Observe also that x produces exactly n times in Aj. Hence,
Algorithm 2 produces an optimal solution in A7.

Let us next consider A%. Let h be the number of periods such that = and z* are different, and let
H = {i1,42, - ,in} be the set of periods such that z and z* are different. We consider several cases.

L If 2, = l;; and 2}, = 0, then we have I;, 1 < d;, from Algorithm 2. Then, I}, = I} | —d;, =
I;, 1 —d;, <0 implies z* is infeasible.

2. If z;; =0 and x] =1l;,, we consider the case when z;, =[;, and x], = 0. We generate a new solution &
such that (i) Z; = xf for t # iy,49, (ii) &;, = 0, (iil) &;, = l;;. Solution & is the same as x* except that
the production of z* in period i is postponed to period i5. We have Z; = x4 for t < i5 — 1, which implies
I, >0 for t < iy— 1. Further, since IZ = I and #; = zf for t > iy, we also have I, = I for t > iy.
Observe that &;, = l;; € [lw,u] since [;, > l . Therefore, # is a feasible solution and z* is postponed.

This contradicts the delayed optimal assumptlon. This case shows that z;, = 0 and ], = [;,

We next consider period i3 with the given remaining case x;, = x;, =0, zj =1l;,, and x], = l;,. Consider the
following procedure started with ¢ = 3 (corresponding to i.).

Step 1 Let 2y = 0 and zf = [, for t € {i;]j = 1,--- ,¢ — 1}. If ¢ = h, we terminate the procedure.
Otherwise go to Step 2.

Step 2 If z;, = [;, and z} = 0, then we generate & by postponing the production of z* in period 7.1
to period i..

Step 3 If x;, = 0 and z] =; , we increase ¢ by 1 and go to Step 1.

Observe that the above procedure asserts that z; = 0 and x} = I; for ¢t € H\ {ij,}. Next, we have the following
sub-cases.

1. Let iy, < 7*.

(a) Let x;, = l;, and o], = 0. In this case, we can postpone the production in period i1 to period
ip, using the same technique as in the previous case when x;; = 0,2z} = l;1, zi1 = li2, and 2}; = 0.
This contradicts the delayed optimal assumption.

(b) The remaining case is z;, = 0 and z}, = l;,. Observe that z; = 0 and z} = I, for t € H, v; = x}
fort € A%\ H. By Lemma 19 in Aplelle B, we must have I = 0 and I, = 0 since now we are
executing GREEDY with optimal parameters. However, since z; < zj for t € A%\ H, we cannot
have I, = I*. This contradicts Lemma 19.

2. Let 4, = r*. Again, note that z; = 0 and =} =I; for t € H \ {ix}. In order to have the same inventory
I* = I,, we must have z, > x). Observe that zy < zf for t < r* — 1, and z, > z}. By Lemma 20 in
Appendix B, x and x* have the same cost in A%.

Therefore, Algorithm 2 produces an optimal solution for A¥, and x has as low cost as x*, and thus x is an
optimal solution. O
Proof of Lemma 8

Note that >, , @y must be a multiple of u by the definition of A,. Hence, we can write >, x; =
diy1p — 8" — qu, where ¢ is an integer. We have two cases.

1. Let us first consider the case 6% > 0.
(a) If ¢ = 0, we have nothing to prove.
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(b) Ifq <0, then Y, , f = dit1,5—06"+|qu| > diy1, implies I > 0, which contradicts the assumption
of a production sequence.

(c) If ¢ > 1, then we have I > qu = gkl. Since d; < u for every ¢, we derive ), , =} =dit1p — -
qu < (b—i—q)u—6° < (b—i)u. This implies that * must have at least one period in A, such that
z* = 0. Then, by Lemma 23 in Appendix B, z* can be postponed. This contradicts the delayed
optimal assumption.

2. Let us now consider the case §° = 0. Recall that ZteAu Ty =dig1,p — 8 —qu = di+1,6 — qu for this case.

(a) If ¢ = 1, we have nothing to prove.

(b) If ¢ = 0, then ZteAu x; = dit1,p and I = 0 imply I7 = 0. Hence, Sq can be broken into two
sequences. This contradicts the definition of a production sequence.

(c) If ¢ < 0, then ZteAu xrf =dig1p—qu = dit1+]|qu| > dip1,p implies I > 0. This is a contradiction
since S, would not be a production sequence.

(d) If ¢ > 2, since d; < u for every ¢, we can derive » ;4 @y =diy1 —qu < (b—1i—q)u < (b—1i)u.
This implies that * must have at least one period r in A, such that z} = 0. Then, by Lemma 23
in Appendix B, z* can be postponed. This contradicts the delay assumption.

The above two cases end the proof. O

Proof of Lemma 9

Let us define x by
lye  forte A\ {i}
=1L A fort =1
uyy fort e A,.

The proof of the first statement consists of two parts: (i) upper and lower bound constraints of x and (ii)
non-negative inventory over all periods.

1. For the upper and lower bound constraints, observe that z; satisfies the constraint for all ¢, ¢ # ¢. For
x;, we have to distinguish four cases based on (6).

(a) Case: [d‘“ﬁ’“l < d”+1*il+6 L _k+1

The upper bound of x; is derived from

i = gy + 00— 1(t 1y i R < Ikl — 1=kl =,
where the inequality holds since p’ < I. The lower bound of z; follows from

i = day 00— (e )y = R — > k== (k- 1)l >,
where the two inequalities hold since p* <[ and k > 2, respectively.

(b) Case: d“*;‘i‘l > d“’“”ﬁ 2 —k+1

The upper bound of z; is established by

i = day1i+ 00 — [‘“ﬂ#]mdaﬂﬁai—z(w—kﬂ):(pi—z)+kzgkz=u,

where the last inequality holds since p’ < I. For the lower bound of x;, we have two cases.
i. If (i) 8" = 0 or (ii) 0* > 0 and d; + &' — @' < [, then we have ¢° > u. We also have

1 da 1— ] da 1— i
i =dgprs+ 0 — [%]z > dyi1iq + 00— [%]l S l+d>u—l=Fk-1I>1

where the first strict inequality holds by the property of the ceiling function.
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ii. I8 > 0 and d; + 0 — ' > I, then d; + 8 — ' > 1. We derive
wi =dat1;+0" - { = lwl_da-‘rlz 1+d; + 68— [%—‘l
> doy1,i-1+ 9 +1— d““liﬂ*l—‘l
=dgt1,i-1+ [M l—dari1 41— [M—‘l_l
where the third equality (third line) holds by the definition of ¢? in (3).
Hence, we showed [ < x; < u for all cases.

2. To establish non-negativity of inventory, we have three parts.

(a) For j € A;\ {i}, we have Z{:aﬂ Ty = Z{:a-u lyy > dqy1,5, where the inequality holds by (7b).
or period %, let us consider or period ¢ — 1 and (7¢). By plugging (7e) into (7c), we have
b) F iod 1, 1 ider (7b) f iod i — 1 and (7c). By plugging (7e) i 7 h

da+t1,i—1 i—1 dat1,i+8" —p'
Zt at1 Yt = { 1 —‘ and Y-,y 2> ] —k+ 1

Note that a feasible solution y must satisfy

Zt a1 Yt = max{ er_l}’ d”l'i—;y_pz —k+1}

By multiplying by [, we derive

atli— dat1,:+8" —p'
Zt a+1$t Zt a+1lyt>max{[ 7 1—‘7 +1’;L L —k+1}.

Hence, we obtain

dat1,i— doi1,i+6"—p*
Zt ar1 Tt — dat1,i-1 = max{[ 5 1—‘, e —k+1H —dgy1,i-1.

Now, we derive
L = Ltz —d
e [ 2] o801y ]
+ [dam 45 —max{[ atlis ] dot1,i+0" =" —k+1}l] .
= doy1; —dag1,i-1+0" —d;i = 5’ > 0.

Y

Hence, I; > 6* > 0.
(c) Lgt us ponsider j € A,. Since we know I; > 6%, we obtain I; + Z{:Hl xp > 0+ Z{:i+1 Ty =
o0t + Zi:H_l uYt > dat1,j, where the last inequality holds by (7d).

Hence, any feasible y has a corresponding feasible solution z. -
Let us next consider the second statement. From case 2(b) of this proof, we know I} > §'. Since we want
to show I} = ¢*, let us assume I} > ¢ for a proof by contradiction. We derive

I_l;k = ZteA, Ty + ZtGA TP —dat1p
= (ZteAl Ty —day1, i) + (ZteA TP — z+1,b)
= I + (X iea, Tt — dit1p)
> 8+ (Ciea, T — dit1p)
= 0
Note that fl’; > 0 contradicts the property of a production sequence. Also, we consider S,r with I7 = 0.

Hence, we must have I_i* = ¢*. We can also show I, 4 = 0 by changing the inequality to equality in the above
derivation. 0
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Proof of Lemma 11

Observe that (8) can be decomposed into b — a sub-problems given 2%’s satisfying (8g). Let us define linear
program LP(z) for given period i and z* € [0, 1], and let LP*(z%) be the optimal objective function value of
LP(z).

LP*(') =min 1) pi) +pi(N = DF +u( D piyf) (13a)
te Al teAj,
e
st Y yiz [ﬂ]z jefa+1,--,i—1}, (13b)
l
t=a+1
: 1 da 7 5i —pt 1
I (139
t=a+1
Lo rdig, — 00
Z yf&Z [L-‘sz JE{Z+1a7b}7 (13d)
t=1+1 u
yi =2, i € Sab, (13e)
y; < Ei, te Sabai € Saba (13f)
0<y <1, t € Sap,i € Sab (13g)

We first show that, given i and z; € [0, 1], we have LP*(z%) = a'z’. Let us consider LP(2%) based on three
different values of z'.

1. Case: z' =1
Observe that LP(1) is equivalent to (7). Hence, LP*(1) = o’ = a'z".
2. Case: 28 =0

Due to (13f), we have LP*(0) = 0 = a'z".

3. Case: 0 < 2zt < 1
Let *! be an optimal solution to LP(1). We claim that §° = a‘y** is an optimal solution to LP(z?).
For a contradiction, suppose that j® is not an optimal solution and, instead, 7' is an optimal solution
to LP(z%) with §* # j'. Let us define j = ;. By plugging §* = o/’ into (13), we obtain a problem

o
equivalent to (7), and thus §° is an optimal solution to LP(1). Note that we have y** = Z—l #* Z—i =9
(a) If §° has strictly greater optimal objective function value than ¢, then §® also has strictly greater
optimal objective function value than y**. Hence, y** is not an optimal solution to LP(1). This is
a contradiction.
(b) If §* and §" have the same optimal objective function value, then both §* and y** are optimal to

LP(1). Hence, * is an optimal solution to LP(z%).
We obtain LP*(2%) = Z'LP*(1) = o'%" for 0 < ' < 1.

Hence, we conclude that LP*(z) = a'z® for given i and any z* € [0,1].
Next, observe that the LP relaxation of (8) can be rewritten as

b
min{ > LP*(z')z": (8¢),0 < 2" < 1}. (14)
i=a+1

Further, since we have LP*(2) = a'%*, (14) is equivalent to

b b
min{ Z otz Z 2'=1,0<2" <1}, (15)
1=a+1 i=a+1

which is clearly integral. Hence, the LP relaxation of (8) gives an optimal solution for production sequence
Sab- O
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Proof of Lemma 15
Let us consider the first statement. For a contradiction, suppose Zi;i T > l[%w, or equivalently,
Zt ar1 Tt 2 l(l + [%D = I[M—‘ + 1. Let r be the last period with positive production before 7.

Then, we know that Zt a1 Th = D teap1 T > Z{M—‘ + [ for any period s such that r < s <¢— 1. Let

Z be the same solution as x* except that Z postpones [ unites of production of x* from period r to i. Then,
for period s such that r < s <i—1,

Z::a+1'ft Z+Zt a1 LF >l[ a+17 1-‘ zl’Vdn,ﬁl—l,s—‘

holds, which proves feasibility of Z. Hence, x* is postponed and this contradicts the delayed optimal assump-
tion.

1
The second statement can be derived from I i atl Ty — dgy1,i—1- O

Proof of Lemma 16

a+1z 1

From Lemma 15, we know that Zt ar1 Tt =1 —‘ From Lemma 14, we know that z; = 0 for ¢ > .

7

substituted from Lemma 15. O

dat1.i— dat1i— .
Hence, we must have o} =d;p — I} { = d;p — (l[%—‘ — da+1,i71) = dag+1,b — l[%y where ¥ ; is

B Additional Lemmas

Lemma 18. If [, > d, — I,_; in Algorithm 2, then GREEDY cannot produce a solution for production
sequence Sgp.

Proof. Note that I, > d, —I,_, implies that we must produce at least [, in order to prevent negative inventory.
Hence, we have I, = I,_1 +1, —d, > 0. However, since d from Algorithm 1 satisfies ZteA dy = nuand d; =0

for t € Ag U Ay, we know that I, > 0 implies I, > 0. Since the ending inventory I is positive, the algorithm
fails to produce a solution for production sequence Sgp. O

Lemma 19. Let z* be an optimal solution with parameters d, r*, ¢, k*, and n*, and let I* the corresponding
inventory with the modified demand d. Then, I} =0, I} =0, I; =0 for te AFUA;.

Proof. Observe that we have Zt ar1 At = Zt o1 de = Zt, 1 d¢ since there is no demand after period k for
d. Hence, we must have I} = 0. Since 2} = 0 for t € A}, I} = 0 implies IZ =1I; =0 for t € A}. Similarly,
since dgp, =n* -u = ZteA; xy, we must have I* . = 0. This implies I and I; = 0 for t € A since z; = 0 for
t € A}. Therefore, given d,r*,¢*, k*, and n*, we must have [ = 0, Ik =0,I; =0forte AjU Aj.

Note that Lemma 19 does not contradict the requirement that inventory is positive in a production sequence
for an optimal solution. This is because Lemma 19 is based on d while the production sequence requirement
is with respect to d. O

Lemma 20. Let & and x be feasible solutions. If there exist two periods ¢ and j such that (i) Z; > z; for
t <4, (il) &y = x4 for ¢ <t < j, and (iii) &y < x; for t > j, then & cannot have lower cost than x.

Proof. Let A = {t|#; > z,t < i} and B = {t|Z; < x¢,t > j}. Let also ey = & —ay > 0 for t € A and
6 = xy — Ty > 0 for t € B. Observe that, since we consider a production sequence, Z; and x have same ending
inventories of 0, which implies ), , &s = >, 5 6. Then, we derive

ZiGSab DiT; — Ziesab pix; = ZteA DPit€t — ZteB pt(St
>DiY et —Pj2wep 0t (pe > pi for t <iand py, <p; fort > j)
=Dpi ZteA €& —DPj ZteA g (since ZteA €t = ZtEB dt)

= (pi — pj) ZteA &t
> 0.
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Hence,  cannot have lower cost than x. O

Lemma 21. Let h be a period in 4; such that I > [ and xj, = 0. Let 7 < h be the latest period such that
r; =land xy =0 fort =r+1,--- h. Let T be the same solution as z* except z, = 0 and let I be the
corresponding inventory. Then, I; >0 fort=a+1,--- ,h.

Proof. Since h € A;, we know that I; > [ implies 2* has at least two periods with positive production up until
period h. Hence, we have periods with positive production that can be reduced to zero.

1. For period t € {a+1,---,r —1}, observe that I; = I} since 2* and Z are the same up until period r — 1.

2. For period t € {r,--- ,h}, we know I' > I >--- > Iy | > I} >l since I} > [ and zj = 0. Then, we
derive I, = I =1 >1I; —1>0fort =r,--- ,h.

Hence, Z has positive inventories up to period h. O

Lemma 22. For ¢ > 1, if I} > ¢kl, then we can reduce gkl units of replenishments of z* in A; while
maintaining non-negative inventory up to period .

Proof. Let Z be a solution, which initially is set to *. We alter T iteratively. We can first reduce the production
of Z in period ¢ by setting Z; = I + (z} mod [). Observe that, in order to reduce gkl units total, the remaining
amount to be reduced is gkl — (zF — Z;) > (¢ — 1)kl + 2l, where the inequality holds since zf — z; < (k — 2)l.
Observe also that I; > gkl — (zF — ;) > (¢ — 1)kl + 21 > I. Hence, we satisfy the condition of Lemma 21 with
h =i and additional restriction < 4, and we can reduce the production by [ at a period in {a+1,--- ,i—1}.
By iteratively applying Lemma 21 and continuously updating z, we can reduce the production by [ at each
iteration until we have 0 < I; < [. This implies that we can reduce gkl units of z* in A; with non-negative
inventories up to period i. U

Lemma 23. For ¢ > 1, suppose I; > gkl. Then there cannot exist a period in A, with no production.

Proof. Let us assume that there is a period in A, with no production. As in the proof of Lemma 22, let Z
be a solution initially set to z*. By Lemma 22, we can reduce up to ¢kl units of * in A; while maintaining
feasible inventories up to period i. Let us reduce kl of Z in A; and let B be the periods that are reduced, i.e.,
B = {t|0 = %y < 7 = 1,t € A;}. Let r be the earliest period that has zero production in A,. Let us set
Z, = kl.

1. Wehave I, >0 fort=a+1,---,i by Lemma 22.

2. Note that zf =ufort =4i+1,--- ,r—1 by the definition of r and A,,. Note also that, by the assumption,
dy < u. Hence, we have 0 < I; < I;4 < Ij40 < --- < I,_; since I; > 0.

3. Observe that Z::a+1 Ty = Z;:a-i—l o} since we postpone kl in B to period r. This implies I; = I} > 0
fort=mr,---,0.

Therefore, T is feasible and x* is postponed. This contradicts the delayed optimal assumption of x*. O
Lemma 24. If period i has infinite capacity, and thus d; + 6* can be covered in period 4, then Ir | = ¢

Proof. Suppose I} | # ¢' for a contradiction. Since I} ; must be at least ¢?, I¥ | < ¢’ implies that z* is
infeasible. Hence, let us assume I} ; > ¢°. Since all productions in A; \ {i} are [, inequality I} ; > ¢’ implies
Ir | > ¢' +1. Let r be the earliest period before i — 1 such that =7 > 0 and I} > for t =r,--- i — 1.

1. If such an r exists, we can postpone I from period 7 to i — 1. Let Z and I be the postponed new solution
and the corresponding inventory. Then, it is easy to see that (i) I; = I; =1 >0fort=r,--- i—1, and
(ii) Z, = xX +1 =1 or 2l since z} € {0,1} for r € A;\ {i}, satisfying upper bound constraints. Hence, =*
can be postponed and this contradicts the delay assumption.

2. If r does not exist, we consider two cases.

(a) Case: zf | =

We move [ units from period ¢ — 1 to i. Since we assume period ¢ has infinite capacity, =* can be
postponed. This contradicts the delayed optimal assumption.
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(b) Case: zf_; =0
Let s be the last period before i — 1 such that % > 0. Note that [} > I7 > .- >1I7 > ' +1
sincex; =0fort=s+1,---,4—1landd, <lfort=s+1,---,i—1 by the demand assumption. Let
us generate Z by postponing [ units from period s to i —1. Then, it is easy to see that I, = I} —1 > 0

fort=s,---,i—2and I;_; = I { > 0. Hence, * can be postponed and this contradicts the delay
assumption.
Hence, we must have I} | = ¢ O

Lemma 25. The matrix of (7) is totally unimodular.

Proof. Let us add slack variables s,11,---,8p to (7). By (7e), we have y; = 1. Plugging this into (7¢), we
obtain an equation system with (b — a) rows and 2(b — a) columns. Let A be the corresponding (b — a) by
2(b— a) matrix. In other words, A is the augmented form of the matrix of (7) with slack variables. A has the
structure depicted in Figure 3a. The gray, lined, and the empty cells represent the elements with 1, —1, and
0, respectively. Observe that each row of A represents a period. Let us generate matrix B by the following
elementary row operations on A:

1. new j* row := j*" row - (j — 1)*" row, for j =a +2,--- i
2. new jt" row := j" row - (j — 1)*" row, for j =i +2,--- ,b.

This yields matrix B with the structure presented in Figure 3b. To generate A from B, we execute
1. new j* row := j*" row + (j — 1)*" row, for j = a+2,--- ,b— 1 such that j # i + 1.

Since A and B can be generated from each other only by elementary row operations, matrices A and B are
row equivalent. By a well-known result, B is totally unimodular since it contains no more than one 1 and no
more than one —1 in each column. Therefore, A is totally unimodular.

X . Slack variables X . Slack variables
a+1 - i—=1 @ i+1 - o b a+1 - i—=1 @ i+1 - o b

a+1| 1 -1 a+1| 1 -1

b 1 e e 1 1 b 1 11

(a) Augmented matrix of (7) (b) Row equivalent matrix of (7)

Figure 3: Structure of the matrices

C Possible Cases of A7, Aj, A7, and A}

q7

In this section, we present all possible cases of A7, Aj, A7, and A} based on r*,¢*, k*. Observe that we have

r* < ¢* < k* based on the definitions of r*, ¢*, k*. Hence, we have

1. if ¢* = a+ 1, then r* is not defined and A* = A =0,
2. if r* +1=g¢*, then A5 =0,

3. if r* = k*, then ¢ is not defined and Af = A; = (), and
4. if k* = b, then A} = 0.
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Considering the above cases together, we have the following all possible combination of (r*,¢*, k*) and the
existence of A}, Ag, A7, and Aj.

Case 1. If r* = k™ < b, then A} and Aj, are naturally defined.

Case 2. If r* = k* = b, then A is defined.

Case 3. If " < k" <b,a+1<q", and r* +1 < ¢", then A}, Ay, A7, and Ay, are defined.
Case 4. If r* < k™ <b,a+1<qg", and ¢* = 7" + 1 then A7, A7, and A} are defined.
Case 5. If r* < k™ <band a+1=g", then A}, and A} are defined.

Case 6. If k" =b, a+ 1 <q", and 7" +1 < ¢", then A7, Ag, and A} are defined.

Case 7. If k" =b,a+1 < q", and ¢* = r* + 1, then A} and A are defined.

Case 8. If k* = b and a + 1 = ¢*, then A} is defined.

(16)

D Derivation of ¢’

In this section, we derive 6° in (4). We have the following three cases.

1. If 6° > 0 and d; + 6" — " > [, then the actual amount needed in period i is greater than or equal to the
lower bound /. Hence, we can satisfy the lower bound requirement. The upper bound requirement is
assured by a constraint later. Therefore, in this case, we do not need to adjust the forwarded demand.

2. If 8 > 0 and d; + &' — ' < [, then positive production in period i implies I} = I7 | + x} —d; >
<pi +af—d; > <pi +1—d; > 6°. Note that Ir > 5 >0 implies I = I} —|—Zt€A“ Ty —dig1p =1 —6">0.
Hence, we have positive ending inventory and S, is not a production sequence. To prevent this, we
need to forward more demand from A, to A;. Since the productions of A, are a multiple of u, we can
only forward a multiple of u. Hence, we forward the minimum amount u to A;. This increases the total
amount of forwarded demand from 6 to §* + w.

3. If 6° = 0, then we have I7 = 0 and this contradicts the definition of a production sequence. To prevent
this, we forward u to A;. Observe that we must have d; +u—¢* > d;+u—1>d; +(k—1)l > (k—1)l > 1.
Hence, forwarding u instead of 6° = 0 satisfies the lower bound constraint.

Based on the arguments above, we define §%in (4). Note that, if ° = 0, then we have d;+8'— ' = d;+u—p' > 1
regardless of the relationship of d; + 0% — ¢ with respect to I. For this reason, we do not have to have two
cases for 6 = 0.
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