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Abstract

Recent supply chains face higher volatility due to increased length and complexity. Cost
pressure from severe competition drives industries to outsource its production to Asia, which
in turn makes the supply chains long and complex. As a result, it is increasingly critical to
manage supply chains actively to reduce uncertainty in delivery lead time and increase service
rates. Often operating multiple delivery modes such as standard freight shipping and air is an
effective way of addressing both delivery lead time uncertainty and service rates. We propose
a model on how to operate multiple delivery modes in an optimal way and discuss a necessary
order tracking system such as radio frequency identification as a prerequisite for expediting in a
stochastic delivery lead time environment. We consider a serial supply chain and an expediting
option from intermediate installations to the very downstream of the chain. The goods move
stochastically among the installations and the system faces a stochastic demand. We identify
systems that yield simple and tractable optimal policies, in which both regular ordering and
expediting follow a variant of the base stock policy. We show that optimal expediting results
in a significant reduction in the total logistics cost and the reduction increases as variability
in delivery lead time increases. Furthermore, we show that expediting allows the system to be
operated in a leaner way due to the reduced regular order amount and provide various managerial
insights linking expediting, base stock levels, and expediting costs based on analytical and

numerical analyses.



1 Introduction

One challenge of multi-stage global supply chains is to reduce the total logistics cost and increase
the service rate when facing variability of delivery lead times which is the total time from placing
an order until the final delivery and comprises of the transportation between stages and temporary
storage along the supply chain. Such variability is caused by multiple sources such as an unex-
pected plane or cargo vessel arrival change, congestion due to work-load imbalances, extra work
due to misshandling and incorrect stocking, and waisted time due to equipment failures. Since
variability yields high unexpected cost in either inventory or backlogging, companies often expedite
outstanding orders either from the supplier or from intermediate stages by using more expensive
transportation modes such as air to reduce the total logistics cost. Large volume, high value elec-
tronics such as flat panels displays, high variety supplies such as special color paints, and seasonal
products such as clothes are examples of industries where freight shipping is intense and air freight
is used for expediting the delivery to reduce variability.

In order to expedite outstanding orders, proper visibility of orders in transit needs to be in place
due to the stochastic nature of delivery lead times. There are a number of order tracking solutions
available to improve visibility: from traditional approaches such as manual processing with bar-
codes to more recent technologies such as automatic processing with RFID'. Each solution has a
different value proposition in terms of information accuracy, processing time, initial investment,
maintenance, and labor cost. Optimally deployed expediting of outstanding orders results in an
improvement of the total logistics cost. Supply chain managers face two problems. First, they need
to decide to what extend to have visibility in the supply chain, and second, they need to decide
when, how much, and from where to expedite based on given visibility. This paper addresses these
two problems by studying optimal policies of expediting outstanding orders, its characteristics, and
dynamics in multi-staged supply chains. The value of visibility can be estimated from the identified
optimal policy, and, in turn, set the limit for an appropriate level of investment on visibility.

In particular, we consider a periodic review, single item inventory problem of a manufacturer.

There is a single supplier where the manufacturer periodically places regular orders. The stochastic
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demand is fulfilled by the manufacturer and excessive demand is backlogged. The entire chain
consists of multiple installations, and orders progress from one installation to another until delivered
to the manufacturer. The movements of outstanding orders among installations are stochastic,
hence the overall lead time is stochastic. Specifically, multiple movement patterns of outstanding
orders are captured in the model, and one of the patterns is chosen stochastically in each time
period. We assume that there exists an exogenous random variable with a known distribution
that governs the movement pattern that occurs at the current time period. The manufacturer
has the option to expedite orders from installations to the manufacturer at an extra per unit cost
according to the current demand situation. Because the lead time is stochastic, expediting an
order requires knowing its exact location. This location information can be provided, for example,
by an order tracking technology such as RFID. We reiterate that we consider the manufacturer’s
inventory problem, where all decisions, e.g., regular ordering and expediting decisions, are made
by the manufacturer and the corresponding logistics costs are also incurred by the manufacturer,
including investment and operations costs of the order tracking system. As a real-world example
of such a setting, consider a heavy equipment manufacturer with a plant near Shanghai which
procures high value electronic parts from a supplier near Seoul. The procured parts are delivered
by a 3rd party logistics provider through specified locations while the logistics cost is fully paid
by the manufacturer. The regular route can be from the supplier, the port of Incheon (a major
port of Korea), to Shanghai, while the expedited route can be either from a local airport near
the supplier to Shanghai, or from the supplier, Incheon airport, to Shanghai. Since the locations
are fixed, the manufacturer could install tracking mechanisms in all logistics locations to track the
inventory level. In order to asses the value of visibility, it is important to develop models capable of
exploiting data resulting from the tracking technology, and to find out optimal policies of expediting
and regular ordering in such models. In the absence of optimal policies, it is hard to assess the
value of visibility in the supply chain. As a result, we focus on deriving the optimal expediting and
regular ordering policies under certain conditions. Since the setting of our model is quite general
and the modeling scope is broad, finding the optimal policies in general is difficult. They generally

depend on state variables, hence they are nonintuitive and complex. However, analytical results



can be obtained for a certain subset of serial systems. We characterize conditions for a system to
allow simple optimal policies, and call such systems sequential since orders do not cross in time
under the optimal control. The sequential delivery property plays the key role in analyzing the
optimal policies. We also provide sufficient and necessary conditions for identification of sequential
systems. Within the realm of sequential systems, the optimal regular ordering and expediting
policies are derived. The optimal regular ordering policy is the base stock policy with respect to
the inventory position, and the optimal expediting policy is a variant of the base stock policy with
respect to the echelon stock up to a certain installation. In addition, we find that as the expediting
cost of a certain installation increases, the underlying expediting base stock level associated with
the installation is non increasing, which is intuitive. Interestingly enough, we also derive that as
the expediting cost for an installation increases, the expediting base stock levels for installations
beyond the installation in question are nondecreasing.

The contributions of our work are several. First, to the best of our knowledge, the presented
work is the first one to derive an optimal expediting policy of a multi-stage stochastic lead time
inventory model, which is a clear distinction over the existing literature. Second, the proof technique
is novel and nontraditional even though we rely on induction. After characterizing the sequential
systems, we formulate the optimality equation suited for these systems using the sequential delivery
property, and this leads to simple optimal policies. Optimality of these policies is proved in an
induction loop by studying the difference in the cost-to-go for different states. Third, we find
interesting directional dependencies of expediting base stock levels on expediting costs. Fourth,
based on a numerical study, we provide various interesting insights on the dynamics of the optimal
policy as parameters vary. Finally, an important managerial insight that the value of visibility can
be elevated, if utilized actively with new processes such as expediting, is inferable from this work.
Firms should strive for creative business processes in order to extract more value from visibility.

In the next section, we formally state the underlying model. We delineate the class of systems
in which orders do not cross in time in Section 3, and discuss the scope of such sequential systems in
the same section. We derive the corresponding optimal policies for the sequential systems in Section

4. In Section 5, we discuss directional dependencies of expediting base stock levels on expediting



costs, and in Section 6, we discuss dynamics of the optimal policies by means of a numerical
analysis. Section 7 summarizes the overall findings with a brief discussion on the selection criteria
of a proper tracking technology suitable to a supply chain. We conclude the introduction with a

literature review.

Literature Review

The most related models in the literature are divided in two groups: the stochastic lead time
models and the multi supply mode models. Among the early works on the stochastic lead time
models, ( )R ( ), and ( ) consider stochastic lead time that is
determined by a realization of a random variable. In their models they consider the age of orders
to determine the stochastic movement, and if the age of an order exceeds the realized value of
the random variable, then this order is considered to arrive at the destination.

( ) and ( ) are more recent publications on stochastic lead time
models. In their models, the supply system is Markov modulated describing the supply condition.
They also define an exogenous random variable, which determines the lead time of an order, but
their modeling of the stochastic lead time is more comprehensive than the earlier works since the
random variables determine the progress status of outstanding orders. Our model resembles the
stochastic lead time description of ( ) and ( )
however, they do not consider expediting.

The multi supply mode models such as emergency ordering or expediting models with determin-
istic movement transitions include ( ) ( ), ( ), ( )
and ( ) as the early works. They consider inventory systems with two supply modes of
instantaneous and one period lead time. Models with emergency orders among others include

( ) and ( ), but their modeling of emergency orders is

different from ours (emergency and expediting have different scopes). More related recent works are
(2000) and (2003). (2000)

extend the multi-echelon model by ( ) by allowing expediting between consec-

utive installations. ( ) generalize ( ) by



allowing supermodular expediting cost instead of a linear one.

Both ( ) and ( ) allow expediting
between arbitrary two installations. However, our model does not allow this since in our case orders
can be expedited only to the manufacturer. As an example, consider the same heavy equipment
manufacturer near Shanghai. The manufacturer may not be able to expedite from the local airport
near the supplier to Incheon airport due to the lack of domestic flights between the two international
airports. The manufacturer may only expedite orders to its own facility based on the inventory
information (from order tracking system such as RFID) at each installation. It is important to
note that it is nontrivial to prevent expediting between intermediate installations using the models
of ( ) and ( ). Therefore, our model
addresses a different situation from their models. Furthermore, the stochastic lead time modeling
considered herein is a fundamental leap from the deterministic cases in their models.

( ) study a similar setting by allowing expediting from intermediate installations
to the manufacturer. The most important distinction from the present work is that they consider
a deterministic delivery lead time model, whereas the present work has stochastic delivery lead
times, which poses non-trivial analytical challenges. Deterministic lead time is a special case of
the stochastic lead time model, but the scope of sequential systems, in which analytical results on
the optimal policy exist, is broader in the present work and it is a non-intuitive extension of the
sequential systems of ( ) due to the introduction of movement patterns, as described
later in detail in Section 3. Also, different movement patterns in the present work can address very
wide variations in the stochastic behavior of order delivery, so the modeling power is significantly
expanded in the present work. Furthermore, the deterministic model does not provide a model
to measure the value of visibility, but the present work provides a practical model to determine
whether to use a tracking system and to estimate how much to invest in a given setting.

( ) study the serial supply chain under the slap-and-ship RFID strategy.
The entire chain is viewed from the perspective of the end supplier and thus the holding cost
is not taken into account in the intermediate locations. The most clear distinction of

( ) from the present work is that they only consider the regular flow of items with



no expediting. In this paper, the supply chain is viewed from the point-of-sales location and it
is considering expediting. The latter property requires completely different models, policies, and
proof techniques.

( ) consider emergency ordering under RFID in a supply chain with multiple
stages, where the lead time is stochastic. RFID is used in a similar context as ours, i.e., to gain
real-time location information. However, their model is simpler than ours since they allow at
most one outstanding order at any point in time. Furthermore, rather than dealing with optimal
policies, they confine their study to the set of base stock policies and study the best base stock
levels. Therefore, the optimality of the base stock policy in their model is not guaranteed, and
thus the nature of their work is distinct from ours. For a further literature review on RFID related

inventory models, we refer the reader to ( ).

2 Model statement

We consider a single supplier with a single-item manufacturing facility facing random demand which
has a compact support with known distribution, and K —1 serial intermediate installations between
them. The supplier is denoted as installation K and the manufacturing facility is installation 0. The
intermediate installations are numbered from 1 (next to the manufacturing facility) to K — 1 (next
to the supplier). The manufacturer periodically reviews the inventory on hand and places a regular
order at the supplier by paying per unit procurement cost c. Unsatisfied demand is backlogged and
excessive inventory at the manufacturing facility is penalized. The planning horizon consists of T’
time periods. For simplicity, we assume that the system is stationary.

A movement pattern w describes the destination installation of outstanding orders for each
installation in the next time period. We define multiple movement patterns. For example, consider
a supply chain with K = 5, which has three illustrative movement patterns: slow, normal, and fast.
In the normal pattern, orders at installation ¢ move to installation ¢ —1 for ¢ = 1,--- | 5. In the slow
pattern, orders at installations 1, 3, and 5 fail to progress, thus orders at these installations stay at
the current location one more time period while orders at the remaining installations move to the

next downstream installation. In the fast mode, orders in installations 2 and 3 move to installations



0 and 1 respectively while orders in the other installations move to the next downstream installation.
Let us denote by W the set of all movement patterns, i.e., W = {wy,wa,ws,---}. There is an
exogenous random variable W with known distribution that selects a movement pattern in W. At
each time period, W realizes, and according to the realized movement pattern w, the outstanding
orders at installation i,1 < i < K, move to installation j = M (i,w), 0 < j < i, where M(-) is a
function that takes the origin installation ¢ and the realized movement pattern w as arguments.
Note that orders are not allowed to go backward to the upstream installations in this definition.
We define M (0,w) = 0, and before W is realized we denote the corresponding random variable
by M(i,W). The lead time of a regular order is stochastic and determined by multiple realized
movement patterns until delivery.

Let v; be the amount of inventory at installation i for 0 < i < K and (vg,vi,ve, -+ , V)
be the state vector. Based on the current state of the system from the order tracking system,
the manufacturer expedites outstanding orders if need be by paying per unit delivery cost d; for
expediting orders from installation 1.

The sequence of events in a time period is as follows. At the beginning of the time period,
the state information is given. Next, the manufacturer places a regular order with the supplier
(installation K) and that order arrives to the supplier. Next, the manufacturer makes decisions
on expediting for each installation, and the expedited orders arrive at the manufacturing facility
instantaneously. After that, demand D realizes for the current time period. Inventory holding or
backlogging cost is accounted for at the manufacturing facility after demand realization. Finally,
W realizes and regular delivery occurs just before the end of the time period. Then the next time
period begins.

We need the following assumption stating that regular orders should not cross in time. This

assumption is standard in the stochastic lead time literature.
Assumption 1 (Orders not crossing in time). M (i,w) > M (i — 1,w) for all i and w € W.

Let us define a related movement function N(j,w) = max{i : M (i,w) < 5,0 <i < K} for all j
and w € W, and let N(j, W) be the corresponding random variable before W is realized. Under

Assumption 1, a one-to-one mapping between M and N exists as the following example illustrates.



Example Consider an 8 installation system including the supplier and the manufacturer (K = 7).

At time ¢, assume that realized w of W drives the following movement.

i 0[1]2|3]|4|5|6]|7

M(i,w) |0|0]0|1]|1]|1|4]5

An equivalent information of the above movement can be expressed by N(j,w) as follows (See

Figure 1).

MS,w)=1

Figure 1: A regular movement driven by a realized w of W

Given installation j, we find N(j,w) by observing the farthest installation whose movement leads
to installation j or any downstream installation of j. O

Let us denote by M"(i, W) the n-period random movement function that represents the loca-
tion (an installation) after n regular movements of the outstanding orders at installation i, where
W is an n-dimensional random vector. We denote by w realizations of W which are also multi-
dimensional vectors. The dimension of W can always be inferred from the underlying usage. For-
mally, M1 (i, W) = M (i, W) where W is a random variable, and M"(i, W) = M(M"~ (i, W), W")
where W = (W', W") is a vector of length n, W' is a vector of length n—1, and W” is a random vari-
able. For convenience, we define L(x) = E[r(xz—D)], where r(-) is a convex holding/backlogging cost
function, and let Q*(W) denote N(M (K, W) —i,W) for i < M(K,W). Random variable Q*(W)
represents the maximum indexed installation that delivers its orders to the i’th downstream instal-

lation of the installation to which supplier K delivers its orders by a random movement. Random



variable Q*(W) is necessary to simplify the general state transition equation since it describes reg-
ular movement from the last installation, i.e., the supplier. Note that Q*(W) is only defined when

i < M(K,W). For example, Q' (W) has the following values based on Figure 1.

|0 112|3(4|5| 6 | 7

QW) |7]6[5|5[5|2]|n/a|n/a

Let the echelon stock z’ be the sum of the inventory from installation 0 to installation i: z° =
Zj’:o v;, and let 0° = (0,0,---,0) be a vector containing 4 zeros.

If there is no expediting, the state after a regular movement is a random vector (z'V ow) _
D, gNAW) _pNOW) . ,:UQI(W) —xQQ(W),mQO(W) —le(W)+u, OK*M(K’W)), where u is the regular

ordering amount. Let e; denote the expediting amount from installation 7. Including expediting,

the next state NS is

I8 N(1,W)
NS =(zNOoW) 4 Z ¢; — D,z VW) _ pNOW) _ Z S
i=N(0,W)+1 i=N(0,W)+1
N(i,W)
SNGW) _  NG=1LW) _ Z €
i=N(@i—1,W)+1
QW) QW) _ _
2@ QW) S QW) Q) oy Y g pRMEW)),
i=Q*(W)+1 i=QH(W)+1

Figure 2 illustrates the inventory at installation ¢ after a regular movement zV(&W) — gNG—1LW) _

SN

=N (i—1,W)+1 Ci° The complete optimality equation of the dynamic program reads

K K
Ji(vo, o1, -+ s vg) = min () diei + L(z" + > ei) + cu+ E[Je1(NS)]},
0<eg<utvg i=1 i—1 (1)
0<e;<v;
i=1,, K1

where J; is the cost-to-go at the beginning of time period t. For simplicity, let the terminal cost
Jr41(vo,v1, -+ ,vg) be a non-decreasing convex function in 2K, Solving this optimality equation
directly is difficult because of its high dimensionality and complex structure of constraints. In order

to analyze (1), we need to introduce further assumptions.
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Expediting

Figure 2: The next state transition

In the next section, we characterize a class of systems for which (1) has an alternative form

that leads to tractable policies.

3 Sequential Systems

The following assumption requires that orders almost surely reach installation O.

Assumption 2 (Eventual delivery of regular orders). Prob[USe {w : M"(i,w) = 0}] = 1 for every

istallation 1.

In terms of the finite state Markov Chain theory, Assumption 2 requires that installation O is
the only recurrent installation, and all the other installations are transient installations. In order

to analyze the system, we need the following assumption.

Assumption 3 (Nondecreasing time value of delayed expediting). d; — E[dM(i,W)] > di—1 —

Eldnsi—1,wy] for all i, where dy = 0.

Consider a unit at installation i. If we expedite it at the current time period, it costs d;. If
we defer expediting by a time period, the expected cost of expediting is E[das;,wy]- Therefore,
di — Eldy,wy] is the time value of delayed expediting of a unit at installation i by a time period.
Assumption 3 implies that this time value of expediting does not decrease as installation number

i increases. Next, we define a class of systems, in which all three assumptions hold.
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Sequential systems A system is sequential if Assumptions 1, 2, and 3 hold.
The following lemma shows a characteristic of sequential systems, and its proof is in the ap-

pendix.

Lemma 1. In sequential systems, d; — d; > E[dMn(l'7W) — dMn(LW)], for any i and j, i > j, and

n>1.
The following theorem shows a crucial property of sequential systems.

Theorem 1. Under the optimal control of reqular ordering and expediting, sequential systems

preserve the sequence of orders in time, i.e., the no cross-over property holds.

Assumption 1 guarantees that regular orders with no expediting do not cross in time. When
expediting is introduced, in general, orders might easily cross even under Assumption 1. Theorem

1 states that this is not the case for sequential systems.

Proof of Theorem 1. We prove by induction on time. First, we show that the theorem holds at time
T + 1. Since Jr,1 is a non-decreasing convex function in oK by definition, zero regular ordering
and expediting is optimal, and therefore the theorem holds.

Next, assume that the theorem holds for all time periods ¢’ > t. Also let us assume that the
realization of exogenous random variable W is observable with a proper tracking method after the
expediting decision and demand realization at time ¢. Note that the expediting decision is made at
the beginning of a time period, while the random movement realization happens at the end of time
period t. Consider a decision maker at the manufacturing facility facing the following two options

at time period t.

e Option 1: Expediting a set of units R, at time period ¢ in a way that order crossing happens,
i.e., there remains an outstanding unit after expediting all units ordered at an earlier time
than the most recently ordered unit in Rj, and then following the optimal expediting policy
from time period t + 1 according to the induction hypothesis so that order crossing does not

happen.
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e Option 2: Expediting a set of units Ry at time period t with |Ra| = |R1| so that no order
crossing happens, i.e., there are no outstanding units that are ordered earlier than the most
recently ordered unit in Ro, and then replicating Option 1 from time period ¢ 4+ 1 onwards,
i.e., placing the same amount of regular ordering as in Option 1, and expediting outstanding
orders so that the manufacturing facility has the same level of inventory as in Option 1 at

any time period from ¢ + 1.

Note that Option 2 is possible since the decision maker can simulate Option 1 with the knowledge
from the random movement realization at each time period after the expediting decision at time
t. Next, we show that the expected cost of Option 2 is less than or equal to that of Option 1 to
prove the induction step. In other words, if the decision maker expedites so that order crossing
happens at time period ¢, then there always exists a policy, Option 2, that leads to a non-higher
cost, and therefore we conclude that the optimal expediting policy is to expedite in a way that no
order crossing happens at time period t.

Note that units in R; are outstanding in Option 2, and similarly those in Ry are outstanding
in Option 1 at time period t. Consider a pair (uj,ug) such that u; € Ry and ug € Ry, where u; is
placed no earlier than us in time. Since |R;| = |R2| = R, we can find R such disjoint pairs of units,
that comprise R; and Rs. Let P be the set of such disjoint pairs. Formally, for any unit u; € Ry,
there is one and only one ug € Ry, such that (uj,us) € P. Consider the following algorithm for a
pair (u1,u2) € P, where the respective installations of u; and ug are ¢ and j in time period ¢, i > j.

This algorithm enables Option 2 to replicate Option 1.

1. Set a new index k to be j before the random movement is realized at the current time period

t. Also set a new index 7 = 0.

2. If the realized value of M (k, W) is 0 at the end of time period ¢ + 7 , then expedite u; at

time period t + 7 + 1 and terminate the algorithm.

3. Otherwise, if usy is expedited under Option 1 at time period ¢t + 7 + 1, then expedite u; at

time period t + 7 + 1 and terminate the algorithm.
4. Otherwise, update k < M (k,W) and 7 < 7+ 1. Go to step 2.

13



Let C1 and C5 be the cost under Option 1 and Option 2, respectively, to receive both uq and us in
the manufacturing facility eventually. We have C1—C2 = d;+E[dp-+1(j,w)| —dj— E[dpr+13,w)] > 0,
due to Lemma 1. Since this is true for all elements in P, the total cost of Option 1 is no less than
that of Option 2. This completes the induction step.

Recall that we assume that the random movement W is observable after the expediting decision
at time t. For any realization of W, we could still operate Option 2 with the algorithm provided
and it proves the existence of a non-inferior decision than Option 1. Therefore, regardless of actual

observability of W we know that Option 1 is sub-optimal and the proof is completed. O

For 1 <i < K, let J{(:) be the optimal cost-to-go that can be achieved by a restricted con-
trol space, in which expediting from installations i + 1,7 4+ 2,--- , K in time period ¢ is not al-
lowed. Note that the control space for J{ is restricted only in time period ¢, but unrestricted after

time period t. Note also that JX(-) = J,(-). We utilize Ji(-) with respect to a fictitious state

(21,071 v;,- -+ ,vg), where installation 0 has inventory 2°~!, and installations 1,2,--- ,i — 1 are
empty. The optimality equation for J}(x'~1,0°1 v;, - ,vg), 1 <i < K — 1, is given by
T 0 gy ug) = min  {dy; + L(yi) — iz ' — ca® + ez
P 1<y <ol 2>z
4 Bl (yi — D,0MEWI=1 GNOIGWW) o NOMGEW)+LW) NG w) - (2)

. ’:EN(M(K,W)—LW) _ l,N(M(f(,W)—Q,W)’ 5 ’

_ xN(M(f(,W)—l,W)’ (—)R—M(K,w))]}

where y; and z are decision variables: y; — 2! is the expediting amount from installation i and

2 — 2K is the regular ordering amount. For i = K, the constraints in (2) become < v < z,2 >

2 in order to allow expediting regular orders that have just been placed. Note that the equation

should be read appropriately, if M (i,w) = 0 for a realized value w of W.
By Theorem 1, in sequential systems expediting orders from installation ¢ is never optimal

before expediting all the outstanding orders at the downstream installation of installation ¢. With
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this fact, an alternative optimality equation equivalent to (1) is given by

Jt(UO,Ul,UQ, e ,’Uf() = min{Jtl(xoaUhUQa T 7UK)7
dlvl + Jtz(xlao7v27 te ,’U[(),
dlvl + d2U2 + J1§3(x270707U3a e ,’U[(),

) (3)

K-1 B B B

Z d;v; + JtK(fol, k-1, Vi),
=1

I_( — —

Zdivi + Jt(xK?()K)v }

=1

The first term J!(-) corresponds to expediting partially or fully from only installation 1, the second
term dyv; + JZ(-) captures expediting everything from installation 1, expediting partially or fully
from installation 2, and no expediting beyond, and so forth. The eventual optimal decisions for
regular ordering and expediting are determined by the minimum term in (3) since the system is
sequential. If the j-th term achieves the minimum in (3), the optimal decision for expediting is
to expedite all outstanding orders in installations 1, 2, ---,7 — 1 and to expedite y; — 271 from
installation j and nothing beyond installation j, where y; — 2771 is derived from the j-th term.

The optimal regular ordering decision is to place a regular order in the amount z — 2 that is

determined in the j-th term.

Characterization of Sequential Systems

In this subsection, we discuss how to identify sequential systems. We derive first a necessary
condition and then a sufficient condition for a system to be sequential. The following lemma,

whose proof is given in the appendix, is used later.
Lemma 2. Under Assumption 2, the following holds:
(a) limy, oo Prob[M™(i, W) =0] =1 for all i,

(b) limy,_yo0 Prob[M" (i, W) =k| =0, k # 0 for all i.
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The expediting costs should be nondecreasing in order for a system to be sequential as the next

proposition states.
Proposition 1. Sequential systems satisfy d; > d;—1, for all i.

Proof. Using j =i — 1 in Lemma 1 results in d; — d;—1 > E[dym,wy) — darni—1,w)]- On the other
hand, Eldym(;w)] = Xy deProbM™ (i, W) = K = Yy 4o dxProb[M™ (i, W) = k]+do Prob[M™ (i, W) =
0]. By taking lim, ;o and applying Lemma 2 we get limy, oo E[dpm(;w)] = do = 0. Therefore,
d; —d;_1 > 0 for all 7. O

Next we identify a sufficient condition.

Proposition 2. Suppose Assumptions 1 and 2 hold and the followings are true for alli andw € W :
o di—di—1>di—1 —di—2, and
o E[M(1,W)—-M(i—1,W)] <1.

Then, the system is sequential.

Proof. Because of Assumption 1, M(i,w) — M (i — 1,w) is a nonnegative integer. Recall that
orders do not go backward, i.e., M (i, W) < i. The first condition in the proposition implies
dnr(iwy = A (i—1,0) < (M (3, w) — M (i —1,w))(d; — di—1). Therefore, by taking expectations on both
sides, we have E[dy;w) — darii—1,w)] < E[(M (5, W) — M (i —1,W))(d; — di-1)] < d; — d;—1, which

is Assumption 3. O

We call the first property in Proposition 2 convexity since it implies that the expediting cost
differences are convex. Proposition 2 gives only sufficient conditions. We provide an example of a
system that is sequential but nevertheless is not convex. In other words, sequential systems also

include systems with non-convex expediting costs.

Example Consider a 5 installation system including the manufacturer and the supplier with four

movement patterns: wi, ws, ws, and w4. More specifically,
e w;: normal mode with probability p; such that M (i,w;) =i —1 for i =1,2,3,4,
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e woy: with probability ps such that M (i,we) =i —1 for ¢ = 1,3,4, and M (2,ws) =0,
e ws: with probability ps such that M (i,ws) =i —1 for ¢ = 1,2,4, and M (3,ws) = 1, and

e wy: with probability ps such that M (i,ws) =i —1 for i = 1,2,3, and M (4,wy) = 2,

3

as shown in Figure 3. The associated probability distribution is p; = 1—10,p2 = %0,]93 = 15, and
& T T T T /Ox‘o
4 3 2 1 0 4 3 2 1 0
W=w W=w,
& /OX.O/\O . /OXAO/\O/\O
4 3 2 1 0 4 3 2 1 0
W =w, W=w,

Figure 3: The movement patterns

Py = % The system is clearly non-convex if the expediting costs are d; = 10,ds = 19, d3 = 27, and
d4 = 34. To check that the system is sequential, let us compute d; — E[dM(Z-7W)] fori=1,2,3, and
4. We have di — Eldy,w)] = di — 0= 10, d2 — Eldy2,w)] = d2 — p1di — pado — p3di — pady = 10,
d3 — Eldy3,wy] = d3 — p1da — pada — pady — padz = 10.7, and dy — Eldp(a,w)] = da — p1ds — pad3 —

p3ds — pade = 11. Since d; — Eldps;wy] = di—1 — Eldpri—1,w] for all 4, the system is sequential. [

4 Optimal Policies for Sequential Systems

In this section, we focus on identifying optimal policies for sequential systems.

4.1 Preliminaries

We frequently use the following lemma from ( ), which originates in

(1959).

Lemma 3. Let f be conver and have a finite minimizer on R. Let y* = argmin f(z). Then,
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min  f(z) = a+ g(x1) + h(xz), where a = f(y*), and penalty functions g(x1) and h(xs) are

1 <w<z2

0 1 < y* flxe) —a z <y*

g(z1) = and h(zy) =
flz1)—a =1 >y* 0 9 >y~

For a nondecreasing convez f, we define a =0, g(x) = f(x), and h(x) = 0. On the other hand, for

a nonincreasing convez f, we define a =0, g(z) =0, and h(z) = f(x).

In Lemma 3, g is nondecreasing convex, while h is nonincreasing convex. The following lemma,

whose proof is given in the appendix, is an extension of Lemma 3.

Lemma 4. Let f1 be conver and b € R. We have b1<ni£1 {filx)+ fo(y)} = a1+ g1(b) + Ibn<in{h1 (y) +
<z<y <y

fa(y)}, where ay, hi, and g1 are defined as in Lemma 3 with respect to fi.

The following functions are required later in the derivation of the optimal policy. For 1 < i < K

and t < T, let us recursively define

fir(y) = diy + L(y) + E[Shraw) 01(y — D)), (4)

Szo,t =a;t+ E[SJO\J(@W),tHL

where 3, = S5,(-) = S5,(-) = 0 for all ¢, and S}y, = S}y, (x) = S7p, (x) = 0 for all 4. Here,
@i, Git, and h;; are defined according to Lemma 3 with respect to f;;. Starting from the last
time period 7', functions f;; and Sij’t can be obtained recursively. In particular, from (4) we can
compute f; 7, then from (5) we obtain Sil’T for all i. Next we compute f; 7—; from (4), and in turn,
SiT_l from (5) for all i. We repeat this procedure to define all f; ; and S}’t. For Sgt and Sf’t we use
a similar procedure. It is easy to check for all i and ¢ that f;(-) is convex for sequential systems,
and Sgt + Sl-{t(x) + 57,(x) = 0.

Functions f; ¢, S0 st

ies Si 4, and SZ-Qt can be interpreted as follows. Fuction f;; is the cost function

from expediting from installation ¢ in current and future time periods. Function Sgt represents
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the optimal cost attainable from echelon stock up to installation ¢ at time period ¢ and future
time periods following random movements. Function S}’t can be interpreted as the increment
in inventory cost resulting from expediting, and Sgt can be interpreted as the cost gains from
expediting in current time period ¢t and future time periods.

Let us denote by y'; a minimizer of f;(x): y;, € argmin f;¢(z). The following theorem is an

important property of f;; for sequential systems. The proof can be found in the appendix.

Theorem 2. For sequential systems there exists a y;, for every Yiyqe such that yi, > yiyq for all

7 and t.

The lemma shown below is used later in the derivation of the optimal policy. The proof is in

the appendix.

Lemma 5. For sequential systems, function g;¢(x) + Sﬁ/[(i w) () is convex for all i and t, and for

allwe W.

4.2 Optimal Policies
The optimal policy for sequential systems is highly structured and given in the following theorem.
Theorem 3. For sequential systems, the following policy is optimal.

a. Optimal expediting is determined by a set of base stock levels. FEach base stock level corresponds
to y;, for expediting from installation i at time t. The expediting policy compares 21 and Yiy

as follows.

o Ifri~l < Yit, then we expedite min{z? — 21 Yis — 21} from installation i.

e Otherwise, if z'~1 > Yyi, we do not expedite anything from installation .

b. The optimal reqular ordering policy is the base stock policy with respect to inventory position

2. Therefore, we place a regular order in the amount of max(0, z; — x) at time period t. The

optimal base stock level for regular ordering is given by the following statements.

e The base stock level for regular ordering is z; = argmin{hg ,(2) + cz + E[H11(2 — D) +

Si/[(f_(,W),t—&-l(z — D)} for alli and t.

19



e Function Hy(x) is convex and follows the recursive equation Hy(x) = m>in{h[(t(z) +cz +
z>x )

E[Hi41(z — D) + 512\4(1—(’W)’t+1(z - D)]} — S?—w(:c) —cx, and Hpyy(z) = Jpi(z,05).

To better understand the policy, we consider the following illustrative example consisting of
five installations. There are three movement patterns: wi,ws, and wg with probabilities p1, p2, and

1 — p1 — po, respectively. More specifically,
o wi: M(i,w;)=1i—1fori=1,2,3,4,
o wy: M(i,we) =i—1fori=1,3, and M(2,ws) =0 and M(4,ws) = 2, and
o w3 M(i,ws)=1i—1fori=2,3, and M(1,w3) =1 and M(4,ws) =4

as shown in Figure 4. Suppose that the regular ordering base stock level is z* = 210 and the

PR Y N . /Ok‘ /Oko Q P
4

o o [e]
4 3 2 1 0 4 3 2 1 0

3
W =w, W=w, w

1 0

I o o

W;

Figure 4: The movement patterns

expediting base stock levels are y; = 20, y3 = 50, y5= 85, and yj = 110. In the following table,

we summarize the mechanics of the optimal policy for a certain time period.

Installation 4 4 (Suppl.) 3 2 1 0 (Manuf.)
v; (2') before decisions 60 (185) | 45 (125) | 50 (80) | 40 (30) | -10 (-10)
Regular Ordering max(z* — 2%, 0) 25

Expediting max(min(y; — 21, v;),0) 0 0 50 40

Realized demand D 65

v' (z') after decisions and demand 85 (145) | 45 (60) | 0 (15) | 0 (15) 15 (15)
v; if the movement pattern W = w; 0 85 45 0 15

v; if the movement pattern W = wsq 0 0 130 0 15

v; if the movement pattern W = wg 85 0 45 0 15
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In order to prove Theorem 3, we need the following proposition, which is proved concurrently
with Theorem 3 within an induction loop in the subsequent proof. For convenience, we refer the

items in the following proposition as (c¢) and (d).
Proposition 3. For sequential systems, the following is true

c. Foreveryi=1,---,K,0<e<w;, andt > t, we have

i—1 [pi—1 i—1 ni—1
Jt(fC 70 ,Ui,Ui+1,"',Uk)—Jt($ +670 ,Ui—e,’l)i+1,"',’l)k>

= Spy+ Siy(a") + S (@ +e).

d. Function S]2\4(I—(7w)7t(x) + Hy(x) is convex for all t and w € W.

Because z' is nondecreasing in i and Y;; is nonincreasing in ¢, by Theorem 2, there exists at
most one i* € {1,2,---, K} such that 2 ~! < Yy, and > Yis 41,4 Theorem 3 states that we
expedite everything up to installation i* — 1, min{z® — xi*_l,y;‘l’t — 2" 71} from installation i*,
and nothing beyond installation ¢*. If such an * does not exist, then we do not expedite at all, or

we expedite everything up to installation K.

Proof of Theorem 3 and Proposition 3. We use induction. In the base case t =T + 1, the optimal
expediting and regular ordering policies are null. We can safely set the base stock levels for
expediting and regular ordering at negative infinity. Also, part (c) and (d) trivially hold when
t =T + 1. In the proof, we also show that Hy(z) = Jy(x,05) for all ¢.

Let us assume that on and after time ¢t +1 < T + 1, all parts in the theorem and proposition
hold, and Hyy1(x) = Je1(, ()R), and it is convex. Now we need to show the results for time period
t. As the first step, we study J;(z,05) in order to show Hy(z) = Jy(2,0%) and that it is convex. In

state (z,0%), at the beginning of time period ¢ we place a regular order of z — x units and expedite
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Y — « units out of the just placed regular order. Therefore, we have

Jo(,0%) = i {dgyg + Liyg) + cz + Bl (yg — D, OMEWI=1 o gy, OF ~M(Kw)y)y
—dgx —cx
- z<r2{n {dgyg + Llyg) + ¢z + E[Jis1(z — D,0%) + Su M(K,W),t+1
+ Shw) i1 Wk = D)+ Sty o (2 = DI} — dge — o

= doin {fi(yr) + ez + Bl (z = D 05 + 82 ke (2 — DI}

+ E[SR/I(KW)JH] —dgr —cx.

Note that the induction hypothesis on part (c) at ¢ 4+ 1 is used in the above derivation. By using

Lemma 4, we have

Jy(z,05) = min{hi 4(2) + ¢z + ElJesa(z = D, 0%) + 83 ey a1 (2 = D)} o

+ag + ElSy g w) i) T IR (%) —dgz — ca.

Note that S%t + Szl’(,t(x) + S%7t(x) =0 and Hyyi(2) = Jip1(x,05) from the induction hypothesis.
We have

Ji(z, ()I_{) = gg{hk’t(z) +cz+ E[Hiy1(z — D) + 5]2\4([—(,W)’t+1(z - D)} - Sf—{’t(x) — cx.

Since this coincides with the definition of Hy(z), we conclude that Hy(z) = Jy(x,0X). Furthermore,
from the induction hypothesis on part (d) the right-hand side of (6) is convex, hence H¢(x) is
convex.

Let us now prove part (d). By adding S?

(R ) t(a;) to both sides of (6), we get

Sh(& )@ )+Jt(x,6K):1g£{hkt( 2) + ¢z + ElJa (2 — D,0%) + 82, MWy (2= D)}

Tag + E[SJO\/I(K w), t+1] + sz\/l(l?,w),t(x) + gk,t(fﬂ) —dgr —cz,
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which is convex because 5%, V(K )t () + 9 () is convex by Lemma 5 and E[J41(2 — D,0%) +

512\4(1—(7W)7t+1(z — D)] is convex by the induction hypothesis. This completes the proof of part (d).

To prove parts (a) and (b), we apply part (c) to

I

Jt+1( D OM(z w)— xN(M(i,w),w) — i, :L,N(M(i,w)-i-l,w) o :L,N(M(i,w),w) . )

in (2) for i < K with a realized value w of W on and after time period ¢ + 1 repeatedly to obtain

Jt+1( D OM(Z w)— 7$N(M(i,w),w) — i, $N(M(i,w)+1,w) o xN(M(i,w),w) . )

)

= Sty er1 T Sartiw) i1 — D) + 512\4(i,w),t+1($N(M(i’w)’w) - D)
+ Jt+1(xN(M(i,w),w) o D, (‘)M(i,w)7 l,N(M(i,w)—&-l,w) - J}N(M(i’w)’w), o )

= S%(z‘,w),tﬂ + 511\4(z‘,w),t+1(?/z‘ - D)+ Si/[(aw),t-i—l(‘rN(M(i’w)’w) - D)

M(K,w)—1
+ Z {Shes1+ S t+1($N(]_Lw) — D)+ S‘?ytﬂ(mN(J””) - D)}
J=M (i,w)+1
+ JtJrl(xN(M(K',w)—l,w) - D, (—)M(R,w)—17 5 xN(M(f(,w)—l,w)’ (—)R_M([(,w))

= SNty art T Sigiay s Wi — D) + Sipgiay 442 (VM) — D)

M(K,w)—1
+ Z {s] 1 TS t+1( U=t )+S (@ NGw) — D)}
J=M(i,w)+1

N(M(Kw)-1,
+ Sg/[(f(,w),t+1 + Sjl\/[(f(,w),t+1(x (M(Ew)=10) _ D) + 512\4(K,w),t+1(z - D>

+Jep(z — D, 0%).

Let us gather in @) all of the terms in the above equation that only contain constants and state

variables not involving any decision variables. Then we can rewrite

)

Jt-‘,—l( D OM(z w)— 1 N(M(i,w),w) _ i, xN(M(i,w)Jrl,w) - wN(M(i,w),w) . )

= Sjl\/l(i,w),t+1(yi D)+ SM(K )t+1(z — D) + Jey1(2 = D, GK) + Q.
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Substituting this into (2) and w for W, we obtain

JH 70 v, u)

= min Adyyi + L(yi) — diz* ™! — ek + ez
i<y <at 220K

+ BlSyw) o1 — D) + Sy apr (7 = D) + Jipa (= = D,0%) + Q) (7)
_ , A 2 K
- xiflgy?lglilazzxf({fi’t(yz) + 2+ ElSy w412 = D) + Jea(z = D,07)]}

+ E[Q] — diz"™! — cxk,

for i < K. When i = K, we have

Ug) = min  {dgyg + L(yg) — dga™ !

) —cx® 4 ez
eR <y p<z,2>a"

+ E[Jt+1(yf( - D7 (_)M(K7W)_17 Z =YK, OR—M(K,’UJ))]}

min - {dgyg + Llyg) — dgz"""

- — ez +cz
KTl <yp<z,2>aK

& 8
+ Bl (z = D05+ 8% e wrins + Shgmy e - D) &)
+ 83k w1z — D)}

=  min  {fg(yg)+cz+ ElJ(z — D,0K)
K<y <z,2>aK

+ Sirg e G~ DI+ Bl gy ) = dga™ " = ea®.

By applying Lemma 4, we have

&) = min {g () + ez + Bl (2 = D,0%) + 83 g ) 1 (2 = DI}

) ) (9)

TR T E[S?\/I(I_(,W),t-i-l] + gk,t(xKil) —dga™ ™t — e

We now consider part (a) of the statement. From (7) for i < K the optimal expediting quantity
is determined by

min_ {fi+(vi)},

zi=1<y; <a?
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and for i = K from (8) by

min {ryr)}-

oK —1<y o <max{zX zF}
Because f;+(y;) is convex for all ¢, this states that the base stock policy is optimal for expediting
for every i. This completes the proof of part (a).
Next, we show part (b) of the theorem using (3). Note that the optimal regular ordering is
determined by Ji(-), 1 < i < K or Jy(#X,0%) which corresponds to the minimum term in (3). Now

we show that all of these lead to the same optimal decision. From (6) and (9), the optimal regular

ordering quantity for Jf_((xkfl, 0K-1, v) and Jy(zK, 0%) is determined by
min {hg () + ez + ElJua (2 = D, 0%) + 82 &y ean (2 — DI} (10)
>

On the other hand, if the minimum term is attained at i < K, the optimal regular ordering

quantity is determined from (7) by

min {cz + B[S g w17 = D) + Jis1(z = D, 0f Y1 (11)

2>k

Note that hg ,(2) is nonincreasing convex, and hg,(z) = 0 for z > y;—w(e argmin{ fz ,(y)})-
Therefore, if 2/ > yz , then (10) and (11) lead to the same minimizer z/. If z; < Y o from
Theorem 2, we have z{ < y;, for all ¢, which results in expediting everything in the supply chain
including the fresh regular order at the current time period by part (a). In this case, (10) determines
the regular ordering quantity since we are expediting from the supplier. As a result, (10) always
determines the optimal regular ordering. Because Hyi1(2—D) = Ji11(2—D,05) and Hy1(2— D)+
s,

(Row)t +1(# = D) is convex for any realization w of W by part (d), the unconstrained minimizer

z; of (10) is well defined, and (10) states that the optimal regular ordering policy, which is the base
stock policy with respect to 2K Hence part (b) is proved.

Finally, let us prove part (c¢). At time period ¢, we know that parts (a), (b), and (d) hold. Also,
from the induction hypothesis, we assume (c) holds on and after time period ¢+ 1. We show in the

appendix that (c) holds at time period ¢ using all these results. Once part (c) is proved at time ¢

with all the induction hypothesis, the induction step of the entire proof completes. ]
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5 Results on the Expediting Base Stock Levels of Sequential Sys-

tems

In this section, we provide an insightful result on the variation of the magnitude of the expediting
base stock levels as the expediting cost varies. As expediting cost varies, we expect the expediting
base stock levels to also vary. For example, as d; increases, y;",t should be nonincreasing to compen-
sate for the higher cost of expediting. However, this increment in d; might increase the need for
expediting from elsewhere. Indeed, we show that the expediting base stock levels are nondecreasing
for installations beyond installation ¢ as d; increases. On the other hand, the variation in d; does
not effect the base stock levels of the downstream installations.

The results in this section are applicable only when derivatives and integrals in expectations
are interchangeable. If the holding and backlogging cost function has bounded derivatives, all
functions under consideration have this interchangeability property, since all functions considered
are Lipschitz. We assume in this section that this is the case. By Lemma 3.2 in

( ), derivatives and integrals in expectations are interchangeable. The main result of this

section follows.

Theorem 4. For a sequential system we have

ay;t 8y2<t
L<0 and — >0
od; = " 94, =

for j <.
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The following diagram illustrates this theorem.

Y7 o no change

y;_; no change

as d; T yr 1
Yiyr T
Yiyo T

Sequential systems have monotonic base stock levels as in Figure 5. As d; increases, y; decreases
because higher d; directly discourages expediting from installation ¢. However, the reduced y;
results in less safety stock in the manufacturing facility, which again calls for more expediting from
beyond installation ¢, and hence increased y; for j > 4. The fact that y; for ¢ <¢—1 do not change

follows from their definition since in order to derive them, d; is not needed. We prove this in several

As d; increases ... .

BSLs for installations Yig
beyond i becomes flatter

no change

K =~ —i+2 i+1 i-1 i-2 0

d;: expediting cost per
unit from installation i

Figure 5: Directional sensitivity of base stock levels

steps using the following two lemmas.
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Lemma 6. In sequential systems, fori > j > 1,

—-1<
B 8dj oy o

oS}
8 z,t(y) < O

Proof. We use induction. Note that S}’T(y) = g;7(y) — diy and f; 7(y) = d;y + L(y). In the base

8 98ir(y) . X . 9 95l .
case we have —1 < 34, By < 0 since when y < y} and j = 1, oy = —1, and otherwise
0 aSil,T(y) -0
od; dy -

Kh . . . . .
Assume that —1 < 8%].%1(9) < 0 for a given ¢ and all j such that ¢ > j > 1. We have

oy U By [@SM(i,W),t+1(y — D)].

o8}
When y <y, we have Sz{t(y) = —d,y since g;+(y) = 0. Therefore a%j 5;(3/) =0 for j < i, and
oS}
8?11_ Bz(y) = —1 for j = 4. On the other hand, when y > y,, we have Si{t(y) = fit(y) — diy — a;y.

For j <, since M (i, W) < i by definition, it follows that

0 955, (v) 2 0 .,
L5 oy T Elag gy ma —- D) <o0.
Sod, oy " [adj gy w1y~ D) <0

Note that we interchanged integrals and derivatives on several occasions. O

Lemma 7. In sequential systems, for all i we have

9 Ofiay)

>0
od; 0oy —
and fori>j > 1,
0 9fuuly) _
od; oy —

Proof. From Lemma 6 for all j < ¢ we obtain

o 0
—-1< E[@%SM(i,W),t+l(y - D)] <0.
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If j =4, we have

9 Ofit(y) J 0 ,
od, 0y 1+ E[ad,- &ySM(z,W),tJrl(y D)] >0,

and, otherwise if j < i, we have

iafi,t(y) _ 9 0 4

= B[— — ) _ < 0.
adj ay E[ad] aySM(z,W),t—l-l(y D)] <0

This establishes the proof. O

Proof of Theorem /. First it is obvious that changes in d; do not affect f;; for j =1,2,...i for all ¢

since M (k, W) < k for all k. From Lemma 7, we have %af Zé;(y) > 0, and this implies i;gf < 0 for

all 4. Similarly, %%ﬁy) < 0 implies ayé;t > 0, for j < ¢ by Lemma 8, which is in the appendix.

The proof is complete. O

6 A Numerical Study of Sequential Systems

In this section we present a numerical study focusing on two aspects. In the first part, we present
numerical results when system parameters vary for a fixed W. Second, we present a numerical
analysis for different sets of movement patterns W. We consider a three installation system, which
includes a supplier, an intermediate installation, and a manufacturer with random movement pat-
terns and demand. For three installation systems, there is a total of 5 different movement patterns,
i.e., wy, wo, -+, ws, as depicted in Figure 6. By combining all or some of these movement patterns
and by assigning probability distribution to each of these patterns, different sets of movement pat-
terns, i.e., W1, Wa, ---, Wy can be developed as shown in Figure 6. We first present the results
with W1 in the first part to study the dynamics of optimal policies as system parameters vary, and
then we present the results with all sets of movement patterns with fixed system parameters to
study the effect of different movement patterns. Practical meanings of different sets of movement

patterns are discussed later.
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Different sets of movement patterns

Independent  Frequent error Frequent error Frequent system Fast delivery is Combination of

Movement patterns probability (W) atint. ins. (W,) at supplier (W3) down (W,) possible (Wg)  all (Wg)
Normal , . ) . ) ]
pattern (w,) p 60% 60% 60% 60% 40%
Down at i ]
int. ins. (wy) p(l-p) 40% 15%
Down at i )
supplier (w,) (1-p)p 40% 15%
Down at . ) )
Both (w,) (1-p) 40% 159%

Fast Delivery

() 0 40% 15%

Figure 6: Different sets of movement patterns

6.1 Variation of system parameters

In this section, we present a numerical analysis of nine carefully designed representative cases in
addition to the base case of the three installation system to study the dynamics of optimal policies
as system parameters vary.

Time of delivery is a geometric random variable with delivery probability p at each time period.
Formally, on order at an installation has probability p to be delivered to the next installation in
a single time period. Demand follows the symmetric triangular or uniform distribution in range
(0, D). In our numerical experiments D is fixed at 100 for simplicity. The per unit expediting cost
is dg for expediting from the supplier and d; for expediting from the intermediate installation. The
inventory and backlogging costs are c1, co, respectively per unit. These parameters are stationary.
A single simulation run has 5,000 time periods, and 50 independent runs are tested in each case
to get less than 2% of the double side confidence interval length with respect to the total cost per
period. An optimal policy is computed by conducting such a simulation with every combination of
z in the multiple of 10 and y; and y2 in the multiple of 5 from -1,000 to 1,000. It is based on the
assumption that the manager in practice will keep the base stock levels as simple numbers with
reasonable precisions.

As summarized in Figure 7, the nine cases have variations in the system parameters from the
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base case, namely Case 0. Case 1 has a higher variability in the delivery lead time due to lower
p; Case 2 has a lower variability in the delivery lead time due to higher p; Case 3 has a higher
variability in demand due to the uniform demand distribution instead of triangular; Case 4 has
higher inventory and backlogging costs; Case 5 has the reversed cost structure, where the inventory
cost is higher than the backlogging cost; Case 6 has higher expediting costs; Case 7 has higher
expediting costs from the supplier (dz) representing a stronger sequential system case; Case 8 has a
higher expediting cost from the intermediate installation (d;) representing a non-sequential system
case; Case 9 has equal expediting costs from both installations (dy = d;) representing a stronger

non-sequential system case.

’ Case No. H D ‘ demand dist. ‘ da ‘ dy ‘ c1 ‘ ca ‘
0. Base case 0.5 | triangular 211 |1]2
1. Higher variability in delivery 0.2 triangular 2 1 1] 2
2. Lower variability in delivery 0.8 triangular 2 1 1] 2
3. Higher variability in demand 0.5 uniform 2 1 1] 2
4. Higher inventory and backlogging costs 0.5 triangular 2 1 1214
5. Reversed cost structure (inv/backlogging) || 0.5 | triangular 2111211
6. Higher expediting costs 0.5 triangular 41 2 |12
7. Stronger sequential system case 0.5 triangular 4 1 1] 2
8. Non-sequential system case 0.5 triangular 2 1151 2
9. Stronger non-sequential system case 0.5 | triangular. 2 2 1] 2

Figure 7: Nine representative cases for the numerical study

For each case, base stock policies are applied and optimal base stock levels are numerically
obtained for both of the situations with or without expediting. In particular, without expediting,
only the base stock level for regular order z is obtained along with the total logistics cost, which
is the sum of expediting, inventory, and backlogging costs. With expediting, base stock levels for
expediting, yo and yi, are also obtained. Figure 8 summarizes the results of the numerical study,
where T.C. stands for the total cost per period and C.I. stands for the 95% confidence interval
length with respect to the total cost per period (both sides).

In each case, if expediting is optimally used, the total cost reduction is significant (at least 20%
in these cases) and the resultant base stock levels z are smaller than the ones without expediting

suggesting that the system becomes leaner with expediting and achieves higher service rates. In
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Case H T.C.(w/o exp) ‘ C.L ‘ z H T.C.(w/ exp) ‘ C.L ‘ z ‘ Y1 ‘ Y2 H Cost saving ‘

0 123 1.1% | 270 67 0.6% | 210 | 50 | 50 46%
1 365 1.9% | 650 91 0.5% | 290 | 55 | 55 75%
2 61 0.8% | 190 48 0.7% | 170 | 40 | 40 21%
3 134 1.1% | 270 80 0.6% | 210 | 50 | 50 41%
4 251 1.1% | 290 98 0.5% | 180 | 55 | 55 61%
5 101 0.9% | 190 71 0.6% | 170 | 30 | 30 30%
6 123 1.1% | 270 92 0.8% | 240 | 40 | 40 25%
7 123 1.1% | 270 7 1.0% | 220 | 45 | 30 37%
8 123 1.1% | 270 75 0.6% | 210 | 40 | 55 39%
9 123 1.1% | 270 83 0.6% | 220 | 35 | 55 33%

Figure 8: Results of the numerical analysis

Case 0 (the base case), optimal expediting could save 46% of total logistics costs. Due to the linear
cost structure of the base case (do = 2d;), it is expected to observe ya = y;. In Case 1 (higher
variability in delivery), if there is no expediting, the total cost increases significantly (about three
times from 123 to 365) above the base case due to increased variability with much higher base stock
level z. However, through expediting, the system is much more effectively hedging the risk from
increased variability. The cost increase from the base case is only about 35% (from 67 to 91) and
the corresponding reduction in the total cost is 75%, much higher than 46% of the base case. It
is expected that the value of visibility through expediting should be higher with higher variability
in the delivery lead time, which is confirmed by this numerical case. Also, the expediting base
stock levels y; and yo are higher than in the base case, suggesting more expediting is necessary
with increased variability in the delivery lead time. In Case 2 (lower variability in delivery), the
total cost is reduced from 123 in the base case to 61 even without expediting due to the decreased
variability in delivery. Despite of this, the introduction of expediting saves 21% of the total cost,
although this is lower than 46% in the base case. Also, the base stock levels are all lower than in the
base case meaning that the system needs less safety stock due to decreased variability in delivery.
In Case 3 (higher variability in demand), increased variability in demand leads to higher total cost
and does not affect the base stock levels of optimal policies for both with and without expediting.
The cost saving is 41%, slightly less than the base case. In Case 4 (higher inventory and backlogging

costs), as expected twice higher inventory and backlogging costs than in the base case lead to about
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double the total cost without expediting. With expediting, however, the total cost increase above
the base case is only 46% (from 67 to 98), and the total cost saving is about 61% higher than
46% of the base case. More interestingly, the base stock level for regular ordering z is lower than
in the base case while expediting base stock levels y; and g2 are higher, which suggests that it is
optimal to place leaner regular orders but to use more expediting when facing higher inventory
and backlogging costs. In Case 5 (reversed cost structure), because inventory cost is higher than
in the base case while backlogging cost is lower, the optimal policy is minimizing inventory pile
up at the manufacturer and hence less expediting is present than in the base case, therefore all of
the base stock levels are lower than in the base case for both with and without expediting. By the
same reasoning, the total cost reduction percentage is also lower than in the base case. In Case
6 (higher expediting costs), because the expediting cost is higher, the optimal policy places more
regular orders and reduces the amount of expediting. Therefore, the base stock level for regular
ordering z is higher than in the base case but expediting base stock levels y; and ys are lower.
Also, the total cost saving percentage is smaller due to more expensive expediting. In Case 7 (the
stronger sequential system case), higher expediting cost do makes the stronger sequential system,
and it results in higher y; than ys as predicted by theory, suggesting more expediting from closer
intermediate installation (y;) than the farther suppler (y2). Directional movements of the base
stock levels are due to the increase in ds as discussed in Case 6. In Case 8 (the non-sequential
system case), the system is non sequential, so it is hard to guarantee that the base stock policy
is an optimal policy. Nevertheless, expediting with numerically chosen optimal base stock levels
results in 39% of the total cost saving, slightly less than 46% of the base case. An interesting
observation is that now yo is higher than y; suggesting more expediting from the supplier that is
relatively cheaper on the per unit cost of expediting. In Case 9 (the stronger non-sequential system
case), dy further apart from ds, results in reduced y; and increased z with respect to the base
case, suggesting more regular ordering and less expediting from the more expensive intermediate
installation. As the system becomes increasingly non-sequential, the gap between y; and y» also
increases.

Next in Figure 9, we provide the results of the sensitivity analysis on parameter p with respect
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to the base case, case 1, and case 2. As probability increases we find that the total cost saving also
reduces gradually. Also, a deviation of 0.05 in p from the base case, where p = 0.5, results in about

5% deviation in total cost saving.

’ D H T.C.(w/o exp) ‘ C.L ‘ z H T.C.(w/ exp) ‘ C.L ‘ z ‘ Y1 ‘ Y2 H Cost saving ‘
0.2 (Case 1) 365 1.9% | 650 91 0.5% | 290 | 55 | 55 75%
0.4 165 1.3% | 330 74 0.5% | 220 | 55 | 55 55%
0.45 142 1.3% | 290 71 0.5% | 210 | 55 | 55 50%
0.5 (Case 0) 123 1.1% | 270 67 0.6% | 210 | 50 | 50 46%
0.55 109 1.2% | 250 63 0.5% | 200 | 50 | 50 42%
0.6 96 1.1% | 230 60 0.8% | 190 | 45 | 45 38%
0.8 (Case 2) 61 0.8% | 190 48 0.7% | 170 | 40 | 40 21%

Figure 9: Results of the sensitivity analysis

6.2 Variation of movement patterns

In this section, we provide the numerical results with different sets of movement patterns based on
Figure 6. The simulation setting (e.g., number of runs, finding optimal base stocks) is identical to
the previous section. System parameters (i.e., demand dist., dy, da, c1, c2) are identical with the
base case in the previous section. Different sets of movement patterns were carefully chosen to have
practical meanings. First, W captures where each delivery as an independent event with a similar
delivery probability. Set of movement pattern Wy is where the operations at the intermediate
installation is relatively unreliable causing frequent delays. The next set, W3 is where significant
production and operation variability exists at the supplier. Set Wy, is the case of the supplier
and intermediate installations linked through a common system (e.g., IT, labor union) causing
simultaneous failures. Set Wj is where supplier uses frequently expedited transportation at no
additional charge due to extra space or as a value-added customer service. Lastly, W4 combines
situations from Wy to Wy. Figure 10 summarizes the numerical results for each set.

Without expediting, W1 has the highest total cost since it has the highest variability in the
delivery lead time. Set W, has the second highest total cost without expediting since it has
relatively higher variability. Since inventory cost is lower than the backlogging cost, set W5 has

the lowest total cost, in which unexpected fast delivery is possibly resulting in more inventory

34



’ Set H T.C.(w/o exp) ‘ C.L ‘ z H T.C.(w/ exp) ‘ C.L ‘ z ‘ Y1 ‘ Y2 H Cost saving ‘

W, 123 1.1% | 270 67 0.6% | 210 | 50 | 50 46%
Wjy 72 1.1% | 190 49 0.7% | 170 | 40 | 40 32%
W3 72 1.0% | 190 55 0.7% | 180 | 35 | 35 24%
W,y 98 1.3% | 220 60 0.7% | 200 | 45 | 45 38%
W5 46 0.4% | 150 43 0.6% | 140 | 35 | 35 %
Wg 79 0.8% | 200 o7 0.7% | 170 | 45 | 45 28%

Figure 10: Results of the numerical analysis on different sets of movement patterns

stocking than backlogging.

Expediting saves the total costs for all sets of movement patterns. Except Wi, where expediting
yields only a 7% increase due to the similar nature between expediting and the random movement,
expediting reduces more than 20% of the total cost. Expediting also reduces the regular ordering

base stock levels for all sets which results in a leaner system.

7 Conclusion

In this paper, we consider an optimal policy for expediting and regular ordering of a stochastic lead
time model with multiple intermediate installations. Since in general the model exhibits complex
and nonintuitive policies, we confine our interest to a class of systems defined by conditions on
expediting cost and movement patterns of regular orders. We call such systems sequential since
outstanding orders, including expediting, do not cross in time. For sequential systems, the optimal
policy for regular ordering is the base stock policy with respect to the inventory position, and
the optimal policy for expediting from an installation is the base stock policy with respect to the
echelon stock of the downstream installations.

The numerical study suggests that expediting optimally results in a significant reduction in the
total logistics cost, and the system is operated leaner due to the decreased optimal base stock level
for regular ordering while achieving a higher service level due to expediting. As variability in lead
time, inventory cost, and backlogging costs increase, the impact of expediting and the total cost
saving also increase.

( ), who considered a non-expediting system, found that the optimal reg-
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ular ordering policy does not require any state variable information, and that the only relevant
information is the inventory position and the lead time distribution. Our results indicate that
the optimal regular ordering policy and expediting require the real time state information, since
expediting and regular ordering have to be considered concurrently. In other words, the stochas-
tic movement of regular orders in our model requires new information systems to capture state
information to enable optimal expediting decision making in real time.

There are multiple tracking systems that can be used for this purpose. 2D bar code, GPS, and
RFID are typical examples of such tracking technologies. In determining the most suitable type
of a tracking system, several criteria should be considered at the same time. First, the speed to
capture the state of the system should be fast enough relatively to the length of the time period.
Second, initial investments and operating costs should not exceed the total cost saving that can be
achieved through expediting. Third, the information accuracy should be high enough not to send
false signals to the decision maker.

RFID is a good candidate due to its relatively low deployment and maintenance costs. Tags
are currently below 10 cents and reader costs range in a few thousand U.S. dollars. With tags
attached on units of goods (e.g., pallets or cases) and readers installed at each installation, real-
time location information of outstanding orders is available to the manufacturer. Minimal labor is
an additional benefit and accuracy is getting improved everyday. However, the final decision of the
suitable tracking system should be made according to the business case based on a detailed cost
benefit analysis as suggested by the proposed model.

For expediting to be optimal, it is also important to estimate the distribution of the stochastic
lead time, which can be accomplished by observing movements of orders for multiple time periods
by leveraging the order tracking system. It may be possible to estimate the initial distribution
based on business insight and constantly updating it for some initial time horizon. However, if
a time period is a week or even longer, then it could take significant time to estimate a reliable
distribution, which may be sufficient to threat business profitability, for example, in the electronics
industry. Therefore, an important consideration is also how to estimate the distribution faster and

more accurately. The choice of the tracking system should reflect this consideration. One additional
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benefit of RFID is that it provides abundance of real-time information for better estimation of the
delivery lead time distribution and movement patterns since RFID tags can store extra information
such as the dwell time in each installation.

Without expediting, according to the result by ( ), adding visibility does
not bring additional value to inventory control. Therefore, we need to actively use new information
to unveil additional benefits, and this should be done through quantitative analysis as

( ) also assert.

Appendix

Proof of Lemma 1. The statement clearly holds when i = j. By Assumption 3, for i > j we have

di — di—1 > Eldywy — darii—1,m)]
di—1 — di—2 > Eldyii—1,w) — darii—2,w)]
djt1 — dj > Eldye1,wy — dagw]-

By summing the above inequalities we obtain d; —d; > E[dps(;,w) —dar(;,w)]- Assumption 1 ensures
M((i,W) > M(j,W) for i > j, thus setting : = M (i, W) and j = M (j, W) and taking expectation

results in

Eldywy — dugwyl = Eldyaawy,wey — daoagwy,wnl = Eldarziwy — daezgw))-

Therefore,

di —dj > Eldpywy — dywy] 2 Eldazewy — dazgw))-

Note that M™(i, W) > M"(j, W) for every n, which follows from Assumption 1 and the definition

of M™. By applying the above relation repeatedly, we obtain

di — dj > Eldymawy = dyn ),
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which completes the proof. O

Proof of Lemma 2. Part (a): We have {w : M"(i,w) = 0} C {w : M"*1(i,w) = 0} since an order

can stay at installation 0 for one time period. From Assumption 2 it follows

1 = Prob[u;? {w : M"(i,w) = 0}] = lim Prob[M" (i, W) = 0].

n—0o0

Part (b): Clearly >, Prob[M"(i,W) = k] =1 and by taking the limit we get

> lim Prob[M™(i,W) = k] =1,
k

n—oo

or equivalently

1= Znh_{go Prob[M" (i, W) = k] +nh—>H§o Prob[M™ (i, W) = 0].

k#0

Since limy, oo Prob[M" (i, W) = 0] = 1 by part (a), we conclude ), o limy, oo Prob[M" (i, W) =
k] = 0. O

Proof of Lemma 4. We first fix y and minimize over = as a function of y, then minimize over y.

We obtain
i {£1(e) + £2(0)} = min{{ min fi(0)} + £2(0)}
= min{a; +g1(b) + hi(y) + fa(y)} (12)
<y
= a1+ g1(b) + min{h(y) + f2(y)},
<y
where, in (12), we use Lemma 3. O

Proof of Theorem 2. We first provide the following preliminary results. For a convex function
f:R =R, let 9f(z) be its subdifferential at x, which is a set. For two sets S and Sy, we denote
S1 < 59 if there exists so € So such that s1 < so for any s; € Sp, and there exists s; € 57 such

that s; < s9 for any so € So. We provide useful lemmas below.
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Lemma 8. Let fi and fo be convex functions. If 0f1(x) < Ofa(x) for all x € R, then
arg min fi(z) > arg min fo(x).

Proof. Let u € argming fi(z). Then 0 € 9f;(u). It follows that 0 < z for every x € dfa2(u). This

implies that the minimum of f5 is smaller than or equal to u, which completes the proof. O

Lemma 9. Let f1 and fo be convexr functions, and let g1 and go be their penalty functions as in

Lemma 3. If 0f1(z) < 0fa(x), then 0g1(x) < dga(x).

Proof. We have dgi(x) = 0f1(z) if « > maxargmin f;, and 0 otherwise. Similarly, we have
0g2(x) = 0fz(x) if x > maxargmin fo, and 0 otherwise. From Lemma 8, we have argmin fo <
argmin fi. For z < argmin fo, we have g1 (z) = dga(z) = {0}. On the other hand, for arg min fo <
x < argmin f1, we have dg1(z) = {0} and 9f2(z) = dg2(x) > {0} since Jf2(x) is non-decreasing,
therefore dg1(z) < 0ga(x). For x > argmin fi, we have dg1(z) = 0f1(x) < dfa(x) = dga2(z) by

definition. This completes the proof. O

Lemma 10. Let f1, fa, f1, and fo be convex functions. If dfy(x) < dfa(x) and dfy(x) < dfa(x),
then d{f1 + fi}(x) < O{fa + fo}(x).

Proof. For any real number u € 9{f1 + fl}(x), there exist v € df1(z) and w € df;(x) such that
u = v +w. Likewise, for any u' € 0{fz + fo}(x), there exist v’ € dfa(x) and w’ € dfa(x) such that
u = v 4 w'. Since 8f1(x) < dfs(x), we have v < v and from df)(z) < dfs we obtain w < w’. Tt

thus follows u = v +w < v/ +w’ = «/. This completes the proof. O

Lemma 11. Let f; and fo be convexr functions, and let Fy(x) = E[fi(z — D)] and Fy(z) =
E[f2(xz — D)]. If 0f1(x) < dfa(x) for every x, then OF(x) < 0Fs(x) for every x.

Proof. Let x be fixed and C' be the compact support of demand D. The ‘convex’ mean value
theorem asserts that for every d € C, and 1 > h > 0, there exists t —d < z < o« < x — d + h such

that

0t fi(2) < filzx —d+h) — filx —d)

> h Sa_fi(a)v
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where 97,07 are the left, right derivatives, respectively. Due to convexity and the fact that
{7ylx —d <y <ax—d+1,d € C} is compact, it follows that there exists M (x) > 0 such that
Ot fi(z) > M(x), 6~ fi(a) < M(x) for every z, . This implies that

|fi($—d+h) —fi(x—d)
h

| < M(x),

for each 0 < h < 1 and d. We also have [ M(x)dD = M(z). This implies that we can use the

dominated convergence theorem which implies

lim /fi(x—d+h]z—fi(33—d)dD(d):/ lim fi(x_d"'h})L_fi(x_d)dD(d)‘

h—0,h>0 h—0,h>0

The statement now follows from the basic definitions, the assumption df;(-) < dfa(:), and by

applying similar arguments to [z — h, x]. This completes the proof. O

We prove Theorem 2 by induction on ¢ that df;+(y) < 0fi11+(y) for every y and i. For the
base case (t = T'), we have Of; r(y) < 0fiy1,7(y) for all i because f; r(y) = d;y + L(y) and d; is
nondecreasing in ¢ by Proposition 1. In the induction step, for a fixed t + 1 < T', we assume that

Ofit+1(y) < Ofiy14+41(y) for all ¢ and y. We have

fir(y) = diy + L(y) + E[Sys.w .01y — D)]
= diy + L(y) + Elgrmwy+1(y — D) — dywy (v — D)
= (d; — Eldyam))y + L(y) + Elgae,w) 41 (Y — D) + Eldy,w)] E[D], and

fir1,1(y) = (dit1 — Eldyiraw))y + L(Y) + Elgmir,w) 41 (y — D)) + Eldyiv1,wy] E[D].

Note that 9[(d;—E[d,w)])y] < 0[(di+1—E[dps(i+1,w)])y] by Assumption 3, and 0 E[gas¢i,w) 41 (y—
D)] < 9 Elgm(i+1,w)441(y — D)] for all i since the induction assumption 0 furw)41(y — D) <

Ofs(ir1,w) 041 (y — D) is equivalent to dgnrs,wy,e+1(Y — D) < 09nr(iv1,w),i+1(y — D). Therefore we

get Ofik(y) < 0fiy1,k(y) for all i. The proof is thus completed. O

Proof of Lemma 5. The proof is by induction on ¢. In the base case t = T we have g; () +
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S]Zw(i,w),T(x) = Gi,7(%) + hpriwy,r(z) — L(x). Consider the following two cases.

(Case 1) If & < Y ;) 7 then gar(iw)r(x) = 0, thus gir(x) + harw),r(®) — L(z) = gir(z) +
It () = arryr — L(x) = gir(2) + dpr(iw)® — @ar,w),r 1S convex,

(Case 2) If x > y7, then hjr(z) = 0, thus g;7(x) + hyrw)r(x) — L(z) = fir(z) —air +

Pty (7)) — L(x) = dix — a1 + hagiw),r(T) is convex.

From Theorem 2 it follows y; < y&(i w) T since ¢ > M(i,w). If y'p < y}k\/l(i w) T then g; r(x) +

512\4(1'@)1(33) is globally convex because it is convex on two partially overlapping intervals, which

are r < y}*w(i’w)’T and z > y;p. When y; p = y}kW(i,w),T = y*, then by Proposition 1, we have

Noir(V™) + dn(iw)y™ — an(iw),rt < Hdiy™ — air + hagiw),r (Y}

Since g; () is nondecreasing and h p(; ), 7(2) is nonincreasing, we obtain 0hps(; w),r(z) < 9g:1(7),
hence global convexity. This completes the base case.

Now let us assume that g;41(x) + Sﬁ/[(i7w)7t+1(x) is convex for all w € W and all ¢, and for
some t + 1 < T. We need to prove that g;.(z) + S%amu)’t(x) = 9it(%) + hpr(iwye(®) — L(w) +

E[S?

M2t 41(z — D)] is convex for any w € W and for all i. Again consider the following two

cases.

(Case 1) If z < y}‘w(i’w”, then gu(;w),() = 0. Thus

9.4() + hag(ie)o(x) = L(x) + ES3ps( ) 1 (x — D))
= git(x) + fM(z‘,w),t(CU) — QM (i,w),t — L(z) + E[S?\ﬂ(i,w),tﬂ(ﬂﬁ — D)]
= gi,t(l') + dM(i,w)55 — apf(iw)t T E[S&m,w),tﬂ(fﬁ — D)+ E[S%/IQ(i,w)7t+1(x - D)]

= git(w) + dM(i,w)»”U = M (i,w),t SR{[?(i,w),t—i-l

1S convex.
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(Case 2) If z > y;,, then h;(x) = 0. Thus

9i (@) + har(iaw) 1(x) = L(@) + B[S} 12 1) 11 (x = D)]
= fiu(w) —a; + hM(i,w),t(fU) — L(z) + E[SJQ\/IQ(i,w),t—f—l(x - D)]
= di = @i + har(i,) 4 (2) + ElSh(iw) i41(® = D))+ E[STp2i 141 (€ = D)]
= div — ait + har(iw) () + El9aw)+1(T — D) — dag(wy(z — D)

+ S%JQ(Lw),t—i-l(x - D)]

is convex since gs(iw)+1(7 — D) + Sﬁ/ﬂ(i w) ++1(x — D) is convex by the induction hy-

pothesis.

Now we apply a similar logic as in the base case. From Theorem 2 we obtain y;, < 97\4(1 w) it since
P> M@ w). I g7, < gy w)p» then git(z) + SJQW(i ) ,(z) is globally convex because it is convex
* *

for two partially overlapping intervals, which are z < y}k\/l( W)t and z > yr,. Ly, = Uiy =Y

%

then

hM(i,w),t(x> - L(x) =+ E[S]2\42(i’w)7t+1(x - D)] x < y*

914(%) + S350 (%) = ,
9ip(®) = L(@) + ElS}2(; 00) 441 (€ = D)} T >y

Since g; () is nondecreasing and hps(; ) (%) is nonincreasing, we have 0hpr(; ) (7) < 0gir(2),

which means global convexity of g;.(z) + Sij(i w) () when y;, = Vi w) This completes the

7t'

proof. O

The remainder of the proof of Theorem 3 and Proposition 3. We show part (c) at time period ¢ by
assuming parts (a), (b), and (d) hold on and after time period ¢ and part (c) holds on and after
time period t + 1. We compare two states (z'~1, 01 vy, vi11, -+ ,v5) and (271 + e,07 1 v; —
€,Vit1, ", UR).

For convenience in the remainder of the proof, let A denote (x*~1, 0" v;,v;41, -+ ,vz) and
let B denote (2~ +e,0°7 1, v; — e, v41, - ,vg). Also, let AT and BT denote the next states of

A and B under the respective optimal control (they depend on the underlying realization but we
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do not show this dependency). Let w be the realized value of W at the current time period and
let j denote M (i, w). Finally, let Aj and B;.L denote the next states of A and B under respective

optimal control given w at the beginning of the next time period. We consider three cases.

Casel Ify;, < 2'~1, then no expediting is necessary. If j > 0, then the two states in the next time
period ¢+ 1 are AT = (z/~! - D, 0I—1 pNGw) _ pNG—-1w) GN(+Lw) _ pNGw) ... pNM(Kw)w) _
g NM(Kw)=Lw) 4y GE=MEw)) and Bf = (@' +e-D,00, NOw) _ pNG=1w) _ g g NG+1Lw) _
T

xN(j,w)7 L. 7:CJ\f(M(I?,w),w) _ L N(M(Kw)—1,w) +u, (—)R—M(K,w))

, where u is the regular ordering quan-

tity, which is the same for both states. For j > 0, the induction hypothesis implies
Jip1(AN) = T (B ) = 89,01 + Sj (@™ = D)+ 83,1 (2" + e — D). (13)

On the other hand, if 7 = 0, then the two states at time period ¢t + 1 are the same and they are

A(J]r _ B(J)r _ (:L,N(O,w) _ D’$N(1,w) _ NOw) ... 7xN(M(I_(,w)—1,w) _ xN(M(I_(,w)—Q,w)’ 2 NM(Kw)w) _

GNMEw)—Lw) 4y gE-M(Kw))  Gince S01i1 = Sos1(@™t = D) =55, 4(z" ' +e— D) =0by

definition, (13) still holds. Using (13) we get

E[Jt+1(f4+) - Jt+1(B+)]

= E{Z Prob[M (i, W) = jl{Ji41(AT) = Jep1 (BT)|M (i, W) = j}]
— E[Z Prob[M(i,W) = jl{Jes1(A}) — Jup1(B)}]

= E[Y | Prob[M (i, W) = jl{S341 + S}y (@' = D) + 53141 (2" + e — D)}]
J

= BlSY w1 + Suawy e (@ = D)+ STy e (@ + e = D)),

No expediting implies J;(A) = L(z*~1) + min {c(z — %) + E[Ji11(AT)]}, and Jy(B) = L(z*~! +

2>k

e) + min {c(z — %) + E[J1(BT)]}. Since the minimizations in the above equations have the
2>k

same optimal control with respect to regular ordering, Ji(A) — J:(B) = L(z"1) — L(z*~! + ¢) 4+
P p g g,

ElSYwyain T Shtawy a1 @ = D) + 83y w4 (@ + e = D).
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Because y;;, < 271, we have h;(x'"1) = 0 and h;+(2"~! + €) = 0. Therefore,

L(;ci—l) _ L(xi—l +e)+ E[ng’w)’tH + Sll\/l(i,W),t+1($i_1 ~D)

+ 3wy (@ +e— D)

= dig' ™+ L") + E[SJI\/I(i,W),tH(ﬂ?i_l — D) —diz" ' = L(z" ! +e)
+ ElSRw)er1 + Shawyean (@ +e— D)

= fie(a'™) —dia"™h — L(z""! +e) + E[Sgﬂi,W),tJrl + 512\4(i,W),t+1(96i*1 +e—D)]

=a;t+ it ) + hig(2h) — dip™ — Lz + )
- E[Sg/[(i,W),t-i-l + 512\4(1',W),t+1(93i_1 +e—D)]

= Git + gi,t(xi_l) + hi,t(wi_l +e)—dix't — Lzt +e)

+ EISS6wy e + Sty asr (@ e — D).

Case 2 Ifzi ! < Yip < '~ 4 ¢, then expediting Yir— 2! from installation 4 is optimal in state

A and no expediting is optimal in state B. We have

)

AF = (g, = D0 2O g NG NG

N(M(K,w),w) N(M(K,w)—1,w) + U,OR_M(R’U))),

x — T

Bf = (@ 4 e— D071, aNGw) _ pNG-Lw) _ g gNGHLw) _ pNGw)

il

xN(M(f{,w),w) N(M(K,w)—1,w) + U,GK—M(R,w))

— T

for 7 > 0, and

N(M(K,w)—1,w) N(M(K,w)—2,w)

A(—)l— _ Ba— _ (xN(O,w) _ D,.%'N(l’w) _ xN(O,w)’ ez — 7

L NM(Kw)w) _  N(M(Kw)—1w) + u’()l_(—M(I_(,w))
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for j = 0. From the induction hypothesis, Jt+1(A ) = Ji1(B; ) = SYii1 + Sji(yi — D) +

871"t +e— D) for j >0, and therefore

E[Jt+1(A+) - Jt+1(B+)]

=F ZProb (i, W) = jl{Jes1(AT) = Jp1 (BT M (i, W) = j}]
ZProb (i, W) —]]{Jt+1( ) Jt+1(B+)}]
ZProb (i, W) =j{S t+1+S a1 (Ui — )+S (2 ! +e—D)}]
= E[Sgi(i,W),t—H + SJIW(Z‘,W),t—i-l(th - D)+ Si/f(i,W),tH(xiil +e— D).

We have Ji(A) = diy;, + L(y;,) — d; 21+ min {c(z — %) + E[Jip1(AD)]}, and Ji(B) = L(z~! +

2>k
e)+ mir}({c(z — %)+ E[Ji11(B1)]}. Therefore, Jy(A) — J,(B) = diyt, + L(y},) — dix*™t — L(z"~1 +
z>x ) )

€)+ElS3 w41 T Sarw) 1 U= D)+ 3wy 01 (277 He— D)) Because 2771 < yfy < 2’ e,
we have g@t(aﬂ_l) =0 and hi,t(azz_l +e) =0, and

diyiy + L(y;) — dix'™' — Lz +e)
+ Bl wy i1+ Suewyn Wi = D)+ Sk (' +e = D)),
= fir(yie) — diz'™ = L(z'™ +e) + E[S M(w)+1 T 52 M(i,W), t+1( “l4te— D)
=iy — dia"™" = L@ + ) + Bl w01 + Sk (3 +e— D)
=ajt+ gi,t(llz'i_l) + hi,T(xi_l +e)—dix" L — Lz +e)

+ E[S?M(i’w)vt o+ Sﬁm,ww L@ e - D).

Case 3 1If y/, > 27! + e, then we expedite min(vi,y;t — z'71) from installation i in state A

and min(vi,y;t — 271 — €) from installation i in state B. Therefore, in the next time period,
states AT and B* are the same and the only cost difference between J;(A) and Ji(B) is d;e =
di(z' +e) — diz'™1. Thus, J;(A) — J3(B) = di(2" ! + €) — dsjz' !

Because y;, > #'~! 4 e, we have gi;(2'"') = 0 and g;+(¢'~' 4+ €) = 0. Note that S, ,, +
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Sjia (@) + S5, (x) =0,0r S}, (2) = =59, — 57,1 (x). We conclude that

di(z" ' +e) — dia !

=a;t — Qit + gi,t(xi_l) - gi,t(:vi_l +e)+ hi7t(xi_1 +e)— hi,t(xi_l +e)
+di(a" ! +e) —dia’!

= it gia(r ) hia (e €)= fia(e' T ) i o) = dia!

= aip + git(@ ) + hig(z +e) —di(z +e) — L(z' " +e)
_ E[S}\4(i7w)7t+l(xi—l Ye— D) +di(zi ! +e) — !

= a;t + gi,t(xi_l) + hi,t(wi_l +e)—dixt ™t — Lz +e)
- E[SJI\/I(i,W),t-i-1(xi_1 +e—D)]

=a;t+ it )+ hig(2 o) —dia' T = L@ +e)

+ E[Sgﬂi,W),tJrl + S%(i,wmﬂ(aﬂ;l +e— D)]
Finally, Cases 1, 2, and 3 can be summarized as

Jt(wi_l, (_)i_l’ Vi, Vit 1" ’,UK) o Jt(mi_l +e, (_)i—l’ Vi — €,Vi41," " 7'Uf{)
=aig+ git(@ ) + hig(z +e) —dix' Tt = L@ +e)
0 2 i1
T E[SM(i,W),tH + SM(i,W),t_H(mZ +e— D)]

= Sgt + Si{t(xi_l) + Szt(a;i_l +e).
Therefore, part (c) is proved, and this completes the induction step of the entire proof. ]

Glossary of notation

e |- |: the number of elements in a set
e A\ B: set difference {z : x € A and = ¢ B}

e K: installation index number of the supplier; there are total K + 1 installation in the system

including the supplier, intermediate installations, and the manufacturer

46



T': the planning horizon

v;: the amount of inventory at installation i for 0 < i < K and

(v, v1,v2,- -+ ,vj): the state vector. Based on the current state of the system from the
d;: per unit expediting cost d; from installation ¢ to the manufacturer

L(z): E[r(z — D)], where r(-) is a convex holding/backlogging cost function,

x': echelon stock; the sum of the inventory from installation 0 to installation i: z* = Zj’:o Vj,
0% a vector containing i zeros, or (0,0, - ,0)
u: regular ordering amount

e;: expediting amount from installation ¢
w: a movement pattern or a vector of movement patterns with an appropriate length
W: set of of all movement patterns, i.e., W = {wy, wa, ws, -}

W: an exogenous random variable or a vector with an appropriate length with known distri-

bution that selects a movement pattern in W

M (i, w): a function that represents the destination of regular movement originally at instal-

lation ¢ based on the realized movement pattern w

N(j,w): maximum indexed installation among the installations that delivers its orders to
installations indexed less than or equal to j depending on the realized movement pattern w;

N(j, W) is corresponding random variable

Q' (W) denote N(M (K, W) —i,W). Q4(W) is a random variable representing the maximum
indexed installation among the installations that the regular movement will deliver its orders
to i-th downstream installation of the installation to where the supplier (K) will deliver its

orders by regular movement
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e M"™(i,W): the n-period random movement function that represents the location (an in-
stallation) after n regular movements of the outstanding orders at installation i, where W
is an n-dimensional random vector; The dimension of W can always be inferred from the
underlying usage. Formally, M'(i, W) = M (i,W) where W is a random variable, and
M™(i, W) = M(M" (i, W), W") where W = (W',W") is a vector of length n, W’ is a

vector of length n — 1, and W” is a random variable.
e NS: the next state
e J;: the cost-to-go at the beginning of time period ¢t

) th() the optimal cost-to-go that can be achieved by a restricted control space, in which

expediting from installations j + 1,5 +2,--- , K in time period ¢ is not allowed
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