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Abstract

The expected improvement (EI) algorithm is a popular strategy for information
collection in optimization under uncertainty. The algorithm is widely known to
be too greedy, but nevertheless enjoys wide use due to its simplicity and ability
to handle uncertainty and noise in a coherent decision theoretic framework. To
provide rigorous insight into EI, we study its properties in a simple setting of
Bayesian optimization where the domain consists of a finite grid of points. This
is the so-called best-arm identification problem, where the goal is to allocate
measurement effort wisely to confidently identify the best arm using a small
number of measurements. In this framework, one can show formally that EI is far
from optimal. To overcome this shortcoming, we introduce a simple modification
of the expected improvement algorithm. Surprisingly, this simple change results in
an algorithm that is asymptotically optimal for Gaussian best-arm identification
problems, and provably outperforms standard EI by an order of magnitude.

1 Introduction

Recently Bayesian optimization has received much attention in the machine learning community
[23]. This literature studies the problem of maximizing an unknown black-box objective function by
collecting noisy measurements of the function at carefully chosen sample points. At first a prior belief
over the objective function is prescribed, and then the statistical model is refined sequentially as data
are observed. Expected improvement (EI) [14]] is one of the most widely-used Bayesian optimization
algorithms. It is a greedy improvement-based heuristic that samples the point offering greatest
expected improvement over the current best sampled point. EI is simple and readily implementable,
and it offers reasonable performance in practice.

Although EI is reasonably effective, it is too greedy, focusing nearly all sampling effort near the
estimated optimum and gathering too little information about other regions in the domain. This
phenomenon is most transparent in the simplest setting of Bayesian optimization where the function’s
domain is a finite grid of points. This is the problem of best-arm identification (BAI) [2] in a multi-
armed bandit. The player sequentially selects arms to measure and observes noisy reward samples
with the hope that a small number of measurements enable a confident identification of the best
arm. Recently Ryzhov [22] studied the performance of EI in this setting. His work focuses on a link
between EI and another algorithm known as the optimal computing budget allocation [4], but his
analysis reveals EI allocates a vanishing proportion of samples to suboptimal arms as the total number
of samples grows. Any method with this property will be far from optimal in BAI problems [2]].

In this paper, we improve the EI algorithm dramatically through a simple modification. The resulting
algorithm, which we call rop-two expected improvement (TTEI), combines the top-two sampling
idea of Russo [21] with a careful change to the improvement-measure used by EI. We show that
this simple variant of EI achieves strong asymptotic optimality properties in the BAI problem, and
benchmark the algorithm in simulation experiments.
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Our main theoretical contribution is a complete characterization of the asymptotic proportion of
samples TTEI allocates to each arm as a function of the true (unknown) arm means. These particular
sampling proportions have been shown to be optimal from several perspectives [5,[13 10, 21} 9], and
this enables us to establish two different optimality results for TTEI. The first concerns the rate at
which the algorithm gains confidence about the identity of the optimal arm as the total number of
samples collected grows. Next we study the so-called fixed confidence setting, where the algorithm is
able to stop at any point and return an estimate of the optimal arm. We show that when applied with
the stopping rule of Garivier and Kaufmann [9], TTEI essentially minimizes the expected number of
samples required among all rules obeying a constraint on the probability of incorrect selection.

One undesirable feature of our algorithm is its dependence on a tuning parameter. Our theoretical
results precisely show the impact of this parameter, and reveal a surprising degree of robustness to its
value. It is also easy to design methods that adapt this parameter over time to the optimal value, and
we explore one such method in simulation. Still, removing this tuning parameter is an interesting
direction for future research.

Further related literature. Despite the popularity of EI, its theoretical properties are not well
studied. A notable exception is the work of Bull [3]], who studies a global optimization problem and
provides a convergence rate for EI’s expected loss. However, it is assumed that the observations
are noiseless. Our work also relates to a large number of recent machine learning papers that try to
characterize the sample complexity of the best-arm identification problem [6} 19} 2} I8} [15} 11} [12 [16+-
18]]. Despite substantial progress, matching asymptotic upper and lower bounds remained elusive in
this line of work. Building on older work in statistics [3}[13]] and simulation optimization [10], recent
work of Garivier and Kaufmann [9] and Russo [21] characterized the optimal sampling proportions.
Two notions of asymptotic optimality are established: sample complexity in the fixed confidence
setting and rate of posterior convergence. Garivier and Kaufmann [9]] developed two sampling
rules designed to closely track the asymptotic optimal proportions and showed that, when combined
with a stopping rule motivated by Chernoff [5]], this sampling rule minimizes the expected number
of samples required to guarantee a vanishing threshold on the probability of incorrect selection is
satisfied. Russo [21] independently proposed three simple Bayesian algorithms, and proved that
each algorithm attains the optimal rate of posterior convergence. TTEI proposed in this paper is
conceptually most similar to the top-two value sampling of Russo [21]], but it is more computationally
efficient.

1.1 Main Contributions
As discussed below, our work makes both theoretical and algorithmic contributions.

Theoretical: Our main theoretical contribution is Theorem[I} which establishes that TTEI-a simple
modification to a popular Bayesian heuristic—converges to the known optimal asymptotic
sampling proportions. It is worth emphasizing that, unlike recent results for other top-two
sampling algorithms [21]], this theorem establishes that the expected time to converge to the
optimal proportions is finite, which we need to establish optimality in the fixed confidence
setting. Proving this result required substantial technical innovations. Theorems [2]and 3]
are additional theoretical contributions. These mirror results in [21]] and [9]], but we extract
minimal conditions on sampling rules that are sufficient to guarantee the two notions of
optimality studied in these papers.

Algorithmic: On the algorithmic side, we substantially improve a widely used algorithm. TTEI can
be easily implemented by modifying existing EI code, but, as shown in our experiments, can
offer an order of magnitude improvement. A more subtle point involves the advantages of
TTEI over algorithms that are designed to directly target convergence on the asymptotically
optimal proportions. In the experiments, we show that TTEI substantially outperforms an
oracle sampling rule whose sampling proportions directly track the asymptotically optimal
proportions. This phenomenon should be explored further in future work, but suggests that
by carefully reasoning about the value of information TTEI accounts for important factors
that are washed out in asymptotic analysis. Finally—as discussed in the conclusion—although
we focus on uncorrelated priors we believe our method can be easily extended to more
complicated problems like that of best-arm identification in linear bandits [24]].
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2 Problem Formulation

Let A = {1,...,k} be the set of arms. The reward Y,,; of arm ¢ € A at time n € N follows a
normal distribution N (u;, 0?) with common known variance o2, but unknown mean ;. At each
timen = 1,2,...,anarm [,, € A is measured, and the corresponding noisy reward Y,, ; is observed.

The objective is to allocate measurement effort wisely in order to confidently identify the arm with
highest mean using a small number of measurements. We assume that p; > po > ... > uyg, i.e., the
arm-means are unique and arm 1 is the best arm. Our analysis takes place in a frequentist setting, in
which the true means (1, . . ., 1) are fixed but unknown. The algorithms we study, however, are
Bayesian, in the sense that they begin with prior over the arm means and update the belief to form a
posterior distribution as evidence is gathered.

Prior and Posterior Distributions. The sampling rules studied in this paper begin with a normally
distributed prior over the true mean of each arm i € A denoted by N (p11 4, 0% ;), and update this to
form a posterior distribution as observations are gathered. By conjugacy, the posterior distribution
after observing the sequence (I, Yirn, o oiIn-1,Y,, 1,,_,) is also a normal distribution denoted
by N(pin. i me»). The posterior mean and variance can be calculated using the following recursive
equations:

p {%n%un,i +0Y0) /(0,7 02 if L, =1,
n+1l,4 — ’ ’

/Ln,h if In 7é i7
and ) o
R /(0,7 +077) ¥fln:z.,-
ntl 0% if I, # .

We denote the posterior distribution over the vector of arm means by
I, = N(pn,1, ‘7721,1) ® N (pn,2, 02,2) ® -+ ® N(n,k, Ur%,k)

and let 0 = (601, ..,0). For example, with this notation
Eo~11,, [Z 911 = Z,Uru
icA icA

The posterior probability assigned to the event that arm ¢ is optimal is

Qi = Py, <92- > maxgj) . (1)

J#i

To avoid confusion, we use § = (61, .., 0x) to denote a random vector of arm means drawn from
the algorithm’s posterior II,,, and i = (g1, . . ., g ) to denote the vector of true arm means.

Two notions of asymptotic optimality. Our first notion of optimality relates to the rate of poste-
rior convergence. As the number of observations grows, one hopes that the posterior distribution
definitively identifies the true best arm, in the sense that the posterior probability 1 — a, 1 assigned
by the event that a different arm is optimal tends to zero. By sampling the arms intelligently, we hope
this probability can be driven to zero as rapidly as possible. We will see that under TTEI the posterior
probability tends to zero at an exponential rate, and so following Russo [21], we aim to maximize the
exponent governing the rate of decay, effectively solving the optimization problem

. . 1
min  limsup —log (1 —ayp1).
sampling rules 5,500 N '

The second setting we consider is often called the “fixed confidence” setting. Here, the agent is
allowed at any point to stop gathering samples and return an estimate of the identity of the optimal. In
addition to the sampling rule TTEI, we require a stopping rule that selects a time 7 at which to stop,
and decision rule that returns an estimate i, of the optimal arm based on the first 7 observations. We
consider minimizing the average number of observations E[7] required by an algorithm guaranteeing
a vanishing probability & of incorrect identification, i.e., P(i, # 1) < ¢. Following Garivier and
Kaufmann [9], the number of samples required scales with log(1/d), and so we aim to minimize
lim su Efr]
30" log(1/9)

among algorithms with probability of error no more than 4. In this setting, we study the performance
of EI when combined with the stopping rule studied by Chernoff [5] and Garivier and Kaufmann [9].
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3 Sampling Rules

In this section, we first introduce the expected improvement algorithm, and point out its weakness.
Then a simple variant of the expected improvement algorithm is proposed. Both algorithms make
calculations using function f(z) = x®(x) + ¢(x) where ®(-) and ¢(-) are the CDF and PDF of
the standard normal distribution. One can show that as z — oo, log f(—x) ~ —2/2, and so

fl—z) =~ e~/ for very large x. One can also show that f is an increasing function.

Expected Improvement. Expected improvement [[14]] is a simple improvement-based sampling
rule. The EI algorithm favors the arm that offers the largest amount of improvement upon a target.
The EI algorithm measures the arm I,, = arg max;c 4 v ; where v, ; is the EI value of arm ¢ at time
n. Let I} = arg max;c 4 fin,; denote the arm with largest posterior mean at time n. The EI value of
arm ¢ at time n is defined as

Un,i é ]Ea’\‘nn |:(9l - un7]:)+:| :

where 27 = max{z, 0}. The above expectation can be computed analytically as follows,

i = fn,I; i — M, Iz i — M, Iz
Up,i = (,un,i _ Nn,];;) ) <,un,ba Hon, n) + Onith <Nn,t Hon, n) _ Un,if (/an,1 M, n) .

n,i On,i On,i

The EI value v, ; measures the potential of arm ¢ to improve upon the largest posterior mean i, 1= at
time n. Because f is an increasing function, vy, ; is increasing in both the posterior mean f,, ; and
posterior standard deviation o, ;.

Top-Two Expected Improvement. The EI algorithm can have very poor performance for selecting
the best arm. Once it finds a particular arm with reasonably high probability to be the best, it allocates
nearly all future samples to this arm at the expense of measuring other arms. Recently Ryzhov [22]
showed that EI only allocates O(log n) samples to suboptimal arms asymptotically. This is a severe
shortcoming, as it means n must be extremely large before the algorithm has enough samples from
suboptimal arms to reach a confident conclusion.

To improve the EI algorithm, we build on the top-two sampling idea in Russo [21]. The idea is to
identify in each period the two “most promising” arms based on current observations, and randomize
to choose which to sample. A tuning parameter 3 € (0, 1) controls the probability assigned to the
“top” arm. A naive top-two variant of EI would identify the two arms with largest EI value, and flip
a f—weighted coin to decide which to measure. However, one can prove that this algorithm is not
optimal for any choice of 8. Instead, what we call the top-two expected improvement algorithm uses
a novel modified EI criterion which more carefully accounts for the decision-maker’s uncertainty
when deciding which arm to sample.

For i,j € A, define v,;; = Epum, [(6; —0,;)*]. This measures the expected magnitude of
improvement arm ¢ offers over arm j, but unlike the typical EI criterion, this expectation integrates
over the uncertain quality of both arms. This measure can be computed analytically as

Hn,i — Hn,j
/ 2 2
Oni + O

TTEI depends on a tuning parameter 3 > 0, set to 1/2 by default. With probability 5, TTEI measures
)

R 2 2
Un,i,j = Jn,i + Un,jf

the arm Ir(L1 by optimizing the EI criterion, and otherwise it measures an alternative L(f) that offers

the largest expected improvement on the arm [ 7(11). Formally, TTEI measures the arm

I - ) = arg mMax;e 4 Un.i, with probability 3,
" IT(,?) = argmax;c 4 v, . (), with probability 1 — .

Note that v,, ; ; = 0, which implies I\?) # I

We notice that TTEI with 5 = 1 is the standard EI algorithm. Comparing to the EI algorithm, TTEI
with 8 € (0, 1) allocates much more measurement effort to suboptimal arms. We will see that TTEI
allocates 3 proportion of samples to the best arm asymptotically, and it uses the remaining 1 — 3
fraction of samples for gathering evidence against each suboptimal arm.
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4 Convergence to Asymptotically Optimal Proportions

Foralli € Aand n € N, we define T}, ; = ?;11 1{I, = i} to be the number of samples of arm

i before time n. We will show that under TTEI with parameter 3, lim,, o, 75,1 /n = . That is,
the algorithm asymptotically allocates 3 proportion of the samples to true best arm. Dropping for
the moment questions regarding the impact of this tuning parameter, let us consider the optimal
asymptotic proportion of effort to allocate to each f the k¥ — 1 remaining arms. It is known that the

optimal proportions are given by the unique vector (wg o ,w;’j ) satisfying, Zf:z uzf =1-pand
(h2—p)® (e —m)? )
1/wh +1/8 1/wy +1/8

We set wf =fB,sow? = (w’f, ey w,’f) encodes the sampling proportions of each arm.

To understand the source of equation (2)), imagine that over the first n periods each arm 7 is sampled
. A 2 . . .
exactly wf n times, and let fi,, ; ~ N (ui, ﬁ) denote the empirical mean of arm 4. Then

2
2 o

~ ~ ~92 ~
fina — fini ~ N (p1 — i, 0} where 0 = ——.
n mn,t ( 7 1) i n/ﬁ+n/wf

The probability fi,, 1 — fi,,; < 0-leading to an incorrect estimate of the arm with highest mean—is
O ((p; — p1)/0;) where @ is the CDF of the standard normal distribution. Equation (2)) is equivalent
to requiring (1 — p;)/; is equal for all arms ¢, so the probability of falsely declaring p; > py
is equal for all ¢ # 1. In a sense, these sampling frequencies equalize the evidence against each
suboptimal arm. These proportions appeared first in the machine learning literature in [21} 9], but
appeared much earlier in the statistics literature in [13]], and separately in the simulation optimization
literature in [10]. As we will see in the next section, convergence to this allocation is a necessary
condition for both notions of optimality considered in this paper.

Our main theoretical contribution is the following theorem, which establishes that under TTEI
sampling proportions converge to the proportions w” derived above. Therefore, while the sampling
proportion of the optimal arm is controlled by the tuning parameter 3, the remaining 1 — 3 fraction
of measurement is optimally distributed among the remaining £ — 1 arms. One of our results requires
more than convergence to w” with probability 1, but a sense in which the expected time until
convergence is finite. To make this precise, we introduce a time after which for each arm, both its
empirical mean and empirical proportion are accurate. Specifically, given 5 € (0, 1) and € > 0, we
define

T5 éinf{NEN ¢ | pn, — pi] < eand |Tnz/n—wlﬁ| <€ Vi eAananN}. 3)

IfT,;/n — wf with probability 1, then by the law of large numbers IP’(TﬁE < o00) = 1 for every
€ > 0. Such a result was established for other top-two sampling algorithms in [21]]. To establish
optimality in the “fixed confidence setting”, we need to prove in addition that E[T”°] < oo for all
€ > 0, which requires substantial new technical innovations.

Theorem 1. If TTEI is applied with parameter 3 € (0,1), E[T§] < oo for any € > 0. Therefore,

Vi e A.

lim = wf
n—oo N

4.1 Problem Complexity Measure
Given 3 € (0,1), define the problem complexity measure

(p2—pm)® _ _ (e—m)®
20?2 (1/w§ v 1//3) 202 (1/w,fj + 1/,8)

which is a function of the true arm means and variances. This will be the exponent governing
the rate of posterior convergence, and also characterizing the average number of samples in the

* A
Fﬁ—
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fixed confidence stetting. The optimal exponent comes from maximizing over 8. Let us define
I = maxge(o,1) I's and B* = argmaxge o 1) ' and set

'UJ* = ’UJB* = (ﬁ*,wg*,...,wf*) .
Russo [21]] has proved that for 8 € (0,1), I'; > F*/max{%, %} ; and therefore I'] , > I /2.

This demonstrates a surprising degree of robustness to 5. In particular, I'g is close to I'* if 3 is
adjusted to be close to 5*, and the choice of 8 = 1/2 always yields a 2-approximation to I'*.

5 Implied Optimality Results

This section establishes formal optimality guarantees for TTEI. Both results, in fact, hold for any
algorithm satisfying the conclusions of Theorem [T} and is therefore one of broader interest.

5.1 Optimal Rate of Posterior Convergence

We first provide upper and lower bounds on the exponent governing the rate of posterior convergence.
The same result has been has been proved in Russo [21]] for bounded correlated priors. We use
different proof techniques to prove the following result for uncorrelated Gaussian priors.

This theorem shows that no algorithm can attain a rate of posterior convergence faster than e~ "
and that this is attained by any algorithm that, like TTEI with optimal tuning parameter 5*, has
asymptotic sampling ratios (wj, ..., w}). The second part implies TTEI with parameter /3 attains

convergence rate e~ "5 and that it is optimal among sampling rules that allocation S—fraction of
samples to the optimal arm. Recall that, without loss of generality, we have assumed arm 1 is the arm
with true highest mean p1; = max;e 4 ;. We will study the posterior mass 1 — a1 assigned to the
event that some other has the highest mean.

Theorem 2 (Posterior Convergence - Sufficient Condition for Optimality). The following properties
hold with probability 1:

1. Under any allocation rule satisfying T,, ;/n — w} for eachi € A,
1
lim ——log(1—an1)=T".
n—oo n ’
Under any sampling rule,

1
limsup ——log(l —ay, 1) < T
n

n—oo
2. For B € (0, 1), under any allocation rule satisfying T,, ;/n — wlﬂ foreachi € A,
. 1 X
nh—{lgo - log(1 — 1) =T
Under any sampling rule satisfying T, 1/n — B,

1
lim sup - log(1 — 1) < T

n—oo

This result reveals that when the tuning parameter 3 is set optimally to 5*, TTEI attains the optimal
rate of posterior convergence. Since I'] /2 > I'*/2, when 3 set to the default value 1/2, the exponent

governing the convergence rate of TTEI is at least half of the optimal one.

5.2 Optimal Average Sample Size

Chernoff’s Stopping Rule. In the fixed confidence setting, besides an efficient sampling rule, a
player also needs to design an intelligent stopping rule. This section introduces a stopping rule
proposed by Chernoff [3] and studied recently by Garivier and Kaufmann [9]]. This stopping rule
makes use of the Generalized Likelihood Ratio statistic, which depends on the current maximum
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likelihood estimates of all unknown means. For each arm 7 € A, the maximum likelihood estimate of
its unknown mean f; at time n is its empirical mean fi,, ; = Tn_l1 22:11 1{I, =i}Yy, T, =0,
we set fi, ; = 0. Forarms ¢,5 € A, if i, ; > fin, 5, the Generalized Likelihood Ratio statistic Z,, ;
has the following explicit expression for Gaussian noise distributions:

Znij = Toid(fin iy finig) + Tnjd(fin.js fin.ig)

where d(z,y) £ (x — y)?/(20?) is the KL-divergence between two normal distributions N (x, o2)
and N (y,0?), and fi,, ; ; is a weighted average of the empirical means of arms ¢, j defined as

~ A Tn,i
Mg =

fin + i
Toi+Tn; " Toi+Toy 7
On the other hand, if /i, ; < fiy, ;, then Z,, ; ; is well-defined as above, and Z,, ; ; = —Z,, ;; < 0 (if
Thi=T,; =0,welet Z,; ; = Z, ;; = 0). Given a target confidence 6 € (0, 1), to ensure that
one arm is better than the others with probability at least 1 — §, we use the stopping time

A . A .
s =inf<neN: Z,=max min Z,;; >
[ { n iE€A jEA\{i} n,t,j Wn,é}

where 7,5 > 0 is an appropriate threshold. By definition, we known that minjc 4\ {4} Zn,i,j 18

nonnegative if and only if fi,, ; > fi, ; forall j € A\ {i}. Hence, whenever I} £ arg max;¢ 4 fin.;
is unique, Z,, = minjeA\{i;} Zn,f; e
Next we introduce the exploration rate for normal bandit models that can ensure to identify the best
arm with probability at least 1 — §. We use the following result given in Garivier and Kaufmann [9].

Proposition 1 (Garivier and Kaufmann [9] Proposition 12). Ler § € (0,1) and o > 1. For any
normal bandit model, there exists a constant C = C(a, k) such that under any possible sampling
rule, using the Chernoff’s stopping rule with the threshold ~;; ; = log(Cn® /§) guarantees

P <7'5 < 00, argmax flr, ; # 1) <.

€A

Sample Complexity. Garivier and Kaufmann [9] recently provided a general lower bound on the
number of samples required in the fixed confidence setting. In particular, they show that for any
normal bandit model, under any sampling rule and stopping time 75 that guarantees a probability of
error less than 9,

. E|[7s] 1

1 f——— > —.

B0 log(1/6) = T
Recall that Tg, defined in (E]) is the first time after which the empirical means and empirical
proportions are within e of their asymptotic limits. The next result provides a condition in terms of
T'g that is sufficient to guarantees optimality in the fixed confidence setting.

Theorem 3 (Fixed Confidence - Sufficient Condition for Optimality). Ler 8 € (0, 1). Consider any
sampling rule which, if applied with no stopping rule, satisfies E[Tg] < oo forall € > 0. Fix any
« > 1. Then if this sampling rule is applied with Chernoff’s stopping rule with the threshold ~y s,
we have
lims E[7s]
imsup ———=

5o log(1/6)

Since « can be chosen to be arbitrarily close to 1, when 3 = 3* the general lower bound on sample
complexity of 1/T"* is essentially matched. In addition, when £ is set to the default value 1/2 and «
is taken to be arbitrarily close to 1, the sample complexity of TTEI combined with the Chernoff’s
stopping rule is at most twice the optimal sample complexity since 1/ 2 < 2/T*.

IN

(&%
T

6 Numerical Experiments

To test the empirical performances of TTEI, we conduct several numerical experiments. The first
experiment compares the performance of TTEI with 8 = 1/2 and EI The second experiment
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compares the performances of different versions of TTEI, top-two Thompson sampling (TTTS) [21],
knowledge gradient (KG) [[7] and oracle algorithms that know the optimal proportions a priori. Each
algorithm plays arm i = 1, ..., k exactly once at the beginning, and then prescribe a prior N (Y; ;, 0%)
for unknown arm-mean y; where Y; ; is the observation from N (y;, o2). In both experiments, we fix
the common known variance 02 = 1 and the number of arms k = 5. We consider three instances
[e1, .-y pms) =[5,4,1,1,1],[5,4,3,2,1] and [2,0.8,0.6, 0.4, 0.2]. The optimal parameter 3* equals
0.48, 0.45 and 0.35, respectively.

Recall that «,, ;, defined in (I)), denotes the posterior probability that arm ¢ is optimal. Table [I] shows
the average number of measurements required for the largest posterior probability being the best to
reach a given confidence level ¢, i.e., max; o, ; > c. The results in Tablel [T]are averaged over 100
trials. We see that TTEI with § =1 / 2 outperforms standard EI by an order of magnitude.

Table 1: Average number of measurements required to reach the confidence level ¢ = 0.95

TTEL1/2 EI
5,4,1,1,1] 1460 23850
5.4,3,2,1] 1672  384.73
2,.8,.6,.4,.2] 2439  1525.42

The second experiment compares the performance of different versions of TTEI, TTTS, KG, random
sampling oracle (RSO) and tracking oracle (TO). The random sampling oracle draws a random arm in
each round from the distribution w* encoding the asymptotically optimal proportions. The tracking
oracle tracks the optimal proportions at each round. Specifically, the tracking oracle samples the arm
with the largest ratio its optimal and empirical proportions. Two tracking algorithms proposed by
Garivier and Kaufmann [9]] are similar to this tracklng oracle. TTEI with adaptlve B (aTTEI) works
as follows: it starts with § = 1/2 and updates 5 = 6 * every 10 rounds where 6 * is the maximizer of
equation () based on plug-in estimators for the unknown arm-means. Table 2] shows the average
number of measurements required for the largest posterior probability being the best to reach the
confidence level ¢ = 0.9999. The results in Table 2] are averaged over 200 trials. We see that the
performances of TTEI with adaptive 8 and TTEI with 5* are better than the performances of all other
algorithms. We note that TTEI with adaptive 3 substantially outperforms the tracking oracle.

Table 2: Average number of measurements required to reach the confidence level ¢ = 0.9999

TTEI-1/2 aTTEI TTEI-5* TTTS-5* RSO TO KG

5,4,1,1,1] 61.97 6198 61.59 62.86 97.04 77776 75.55
5,4,3,2,1] 66.56  65.54 65.55 66.53 10343 88.02 81.49
2,.8,.6,.4,.2] 76.21 7294 71.62 73.02 101.97 96.90 86.98

7 Conclusion and Extensions to Correlated Arms

We conclude by noting that while this paper thoroughly studies TTEI in the case of uncorrelated
priors, we believe the algorithm is also ideally suited to problems with complex correlated priors
and large sets of arms. In fact, the modified information measure v, ; ; was designed with an eye
toward dealing with correlation in a sophisticated way. In the case of a correlated normal distribution
N(u,X), one has

Hn,i — Hn,j
Unig = Boanum[(0i = 0;) "] = /Eii + 55 — 25, f (\/E., Ty, J22,,> '
ii 39 ij

This closed form accommodates efficient computation. Here the term 33; ; accounts for the correlation
or similarity between arms ¢ and j. Therefore v_ . ;) is large for arms ¢ that offer large potential

improvement over /, 7(11)’ i.e. those that (1) have large posterior mean, (2) have large posterior variance,

and (3) are not highly correlated with arm 1, 7(11). As [ 7(11) concentrates near the estimated optimum, we
expect the third factor will force the algorithm to experiment in promising regions of the domain that
are “far” away from the current-estimated optimum, and are under-explored under standard EI.
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A Outline

The appendix is organized as follows.

1. Section [B]introduces some further notations required in the theoretical analysis.

2. Section [Clis the proof of Theorem 2] a sufficient condition in terms of optimal proportions

(wf ey w,f ) to guarantee the optimal rate of posterior convergence.

3. Section|D|is the proof of Theorem , a sufficient condition in terms of 7' under which the
optimality in the fixed confidence setting is achieved.

4. Section[E| provides several basic results which is used in the theoretical analysis of TTEL

5. Section [Fproves that TTEI satisfies the sufficient conditions for two notions of optimality,
which immediately establishes Theorems

B Notation

For notational convenience, we assume that sampling rules begin with an improper prior for each arm
i € Awith y1;, = 0and 01 ; = co. Consequently, if 7, ; = 2’:_11 H{I; =i} =0, pp;=p1,=0
and 0, ; = 01 = 00, and if T}, ; > 0,

1 n—1 ' 02
Hni =7 Z Wl =i}Yer, and o ;= T
4=l ,

so the posterior parameters are identical to the frequentist sample mean and variance under the
observations collected so far.

We introduce some further notations. We define

Apin 2 min | —pj| and - Apax £ max (p; — p5).
i#] i,jEA

Since the arm means are unique, we have Ay, Apmax > 0. In addition, we define
Bumin = min{B,1 — B} and Ppax = max{3,1— 3}.
Note that for 5 € (0, 1), Bmin > 0.
We introduce the filtration (F,, : n = 1,2,...) where
Fo=%SU1, Y10, s In, Yar,)

is the sigma algebra generated by observations up to time n. For all i € A and n € N, define

n—1
Ui EP(I, = i|Fooq) and Wy 20 4y
(=1

Note that forall i € A, T} ; = ¥y ; = 0. Both T}, ; and ¥,, ; measure the effort allocated to arm ¢ up
to period n.

Finally, rather than use the notation v, ; and v, ; ; introduced in Section [3| for the expected-
improvement measures it is more convenient to work with the notation defined here. Set

—

vl)zvm Vie A

S

to be the expected improvement used in the identifying the first among in the top-two, and

Vie A

n, vn,i,[,(Ll)

to be the second expected improvement measure where Ir(bl)

improvement measure.

is the arm optimizing the first expected

11



s1a C  Proof of Theorem

415 To prove Theorem 2] we first need to introduce the so-called Gaussian tail inequality.
s Lemma 1. Let X ~ N(u,0?) and ¢ > 0, then we have

1 1
Eef(a+c)2/(202) < IP(X > ,U,+C) < 56702/(202).
417 Proof. We first prove the upper bound.
o0 ]_ 2 2
P(X > i e :/ o =1/ (20%)
(X >p+o) Vo
o0 1 2 2
— e~ (@+c)*/(20%) g,
0o V2mo?
o 1

o (@ +e3)/(20%) g,

—ee) [T L et/
=e —e dz

418 Next we prove the lower bound.

o0 1 2 2
P(X >p+c z/ e~ @17/ (207 gy
( a ) pte V 271'0'2
o0 1 2 2
_ @)/ (20%)
= e x
/0 V2ro?
7 1 2 2
< o= (@+0)2/(20%) g
o /0 \V2mo?
7 1 2
Y A P
N /0 Voro?
_ L o)
V2T
419 O

420 Proof of Theorem WeletZ = {i € A : limy 00 Tp; = 00} and Z = A\ Z. Note that Z
421 contains arms that are only sampled finite times. First, suppose that Z is nonempty. For each i € A,
422 we define

A 2 A g 2
Mooy = lm pp,; and oS, ;= lim o ;.
n— oo n—oo

423 Recall that for each ¢ € A, an improper prior with ;1 ; = 0 and 0 ; = oo is prescribed. Then if
s2a Tpy=30 ) 1y =14} =0, ptn; = pi = Oand 0,y = 015 = 00, and if T, ; > 0.
1 n—1 2

g
Ty

[ini = > 1{I;=i}Yy;, and UEM:T :

K —1 n,i
425 Hence, for i € Z, jioo,; = pt; and 03, ; = 0, while for i € Z, 02, ; > 0. We let
Heo = N(poo,1 ‘7<2>o,1) ® N(Noo,%agoz) X ® N(Nw,kvazo,k)y

426 and for each i € A, we define

Qooi = Porto, (9¢ > I?%X 9j> )

12



427 ForieTis nonempty, we have o ; € (0, 1) since a ; > 0. This implies a1 < 1 and so

1 1
lim ——log(l — ay,1) = lim ——log(l — as1) = 0.

n—oo n n—oo n

428 Now suppose Z is empty. By definition, an1 = Pgom, (61 > max;216;), so 1 — a1 =
420 Py, (Uiz1(0; > 61)), and then we have

%%PmmJ@ZgﬂS1—amM§Zﬁ%mA&Zeﬁﬁ(h—U%%P%mJ@Zeﬂ(@
i#1
430 where the second inequality uses the union bound.

431 To simplify the presentation, we need to introduce the following asymptotic notation. We say two
432 real-valued sequences {an} and {b,, } are logarithmically equivalent if lim,,_,, 1/nlog(a,/b,) = 0.
433 We denote this by a,, = b,,. Using equatlonl we conclude

L—any = Ig?lXPeNnn (0; > 61).

2602(1 /T, i+1/T,
435 time 1, 0; — 01 ~ N(pni — fin,1,00 ; +0’n Jandop 0% =0 (1/Tn i +1/T),.1). Since every
436 arm is sampled infinite times, when n is large P 2 P and then using Lemmam we have

2
2 2
1 - (\/ Oni + On,1 + fn,1 — ,U/n,7,> 1 —(Un1 — Pni 2
§ PHNH,,L (ei _ 91 Z 0) S §exp 2(/‘,1—:“,) ,

434 Next we want to show that for i 76 1, Porr, (0; > 61) = exp (L”“f)) Note that at

exp
V2m 2(02 ; +021) (02, +021)

437 which implies

@<>ﬁuu<
n

1
< ~log : <=lo
vV 2w 2n n /O. + o2 n exp (*2(([;31;5;71))2) n

438 Note that when pip, 1 > [,

o [ Tem 200 ) 1, (1),

0 < NJTL 1 — /~Ln1 _ Nn,l - Nn,i < ,Ufn,l - Nn,i

n\/ﬁ o/n(n/Tn;+n/Th1) ~  oV2n

439 where the last equality uses T}, ;, Tj, .1 < n. Using the squeeze theorem, we have

hm Nn,l - Nn,i

n—oo / 9 2
n Umi + gn,l

:0’

440 and
Pg~rr, (0; > 01)
— — )2
e (S

L 2
as1 Hence, Po11, (6; > 61) = exp (%) Then we have

1
lim — log
n—oo N

o= >
1—ap,, mox P, (0 > 01)
. *(,Udn,i - ,un,l)2
= ax {exp <2a2(1/TW- +1/Ty 1)

. . (ﬂn,z - Nn,l)z })
= exp | —nmin
p( 1 {2a2<n/Tn7i +1/T 1)
442 where the second equality uses the property thatif a,, ; = b, ; foreachi = 1,.. ., c where c a positive
443 integer, then max;c(q, . ¢} Gn,i = MaXicq1 . ¢} bn i
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444

445

446

447

448

449

450

451

452

453

454

455

457
458

459

460

Let W £ {w = (wy,...,wg) : Zle w; =land w; > 0,Vi € A} denote the set of possible pro-

portions on k arms. Russo [21] showed that

. (i — 1)?
' =
wew i1 202(1)w; + 1/wy)’

and given 8 € (0, 1),

2
['s = max min (i = ) .
weW:w =6 i£l 202(1/w; + 1/wy)

Under any sampling rule,

L 2
1—a,; =exp | —nmin m"’l 'u"’l)
’ i#1 202(n/Tn’i + TL/Tnyl)

. (,Unv',_,un 1)2
> _ b b
= P ( e { 202(1/w; + 1/w)

Since every arm is sampled infinite times, as n — 00, [ty ; — ; and [, 1 — (1, and thus

1
limsup ——log(1 — o, ;) < T'".
n

n— 00
If T,, ;/n — w; for each i € A, then for each i # 1, we have

lim (nyi — fn1)? (s — m1)?

= = ]_—‘*7
n—oo 202(n/ Ty ; +n/Tp1) 20%2(1/wf +1/8)

and thus

1 —ap; =exp | —nmin (tn = pn)” = exp (—nl™)
n,i i#l | 202(n/Th; +n/Th 1) 7

which implies

1
lim ——log(l — ) =T".

n—oo N

Similarly, for 8 € (0, 1), under any sampling rule satisfying T}, 1 /n — (3, we have

1
limsup ——log(1 — @y, ;) < ',
n

n—o0

and under any sampling rule satisfying 7}, ;/n — wf foreachi € A,

1
lim ——log(1l — ay,i) =I';.

n—oo n

D Proof of Theorem

Let 5 € (0, 1). Recall that TTEI begins with an improper prior for each arm ¢ € A with p1 ; = 0 and
o1, =o00,s0forany i € Aandn € N, p,, ; = fin i, i.€., the posterior mean equals the empirical
mean, and thus I} = arg max;c 4 fin,; is identical to I} = arg max;c 4 fin,;. We can rewrite Z,
used in the Chernoff’s stopping rule as follows,

Zyp = min 2, -
. I3
JEA\{IL;}

where the Generalized Likelihood Ratio statistic is

Zn,1z,5 = T,z d(pin, 155 b, 17,5) + T jd(pn 5 fin,1,5)
where
Tn Ix*

n

Tn,],’; + Tn,j

n,J

ek B
Hn, I T"J;‘L +Tn,j

Hn,Ix 5 = Fnj-
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462
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464

465

466

467

468
469

470

471

472

473

474

475
476
477

478

479
480

481

482

483

484

486

487

489
490

mi“/4, forall: € A and

Note that Apiy = mingz; [; — ;| > 0. Then by definition of T3
n > TIBA“‘“‘/ZL, |tn,i — til < Amin/4, which implies f1, 1 > ...y %, and thus I = 1. Using

d(z,y) = (x —y)?/(20?), forn > TBA“““M, we have

Zn _ . (Mn,z - Mn,l)Q
— = min .
n  ieA\{1} 202(n/T,,; +n/Th1)
Note that ) )
T = (H2 — ) _ _ (b — 1)
202 (1/w§ + 1/5) 252 (1/wf + 1/5)

and when 8 € (0,1), I > 0. Given € > 0, there exists € € (0, Amin/4] such that for all
n> N¢2 Tg/, pni — i) < € and |Tn,i/n7wf| < €,Vi € Acanimply Z, /n > Iy — e We
have E[N] = E [T§| < oc.

Let 6 € (0,1) and o« > 0. By Proposition the stopping time 75 =
inf{n e N : Z, > log(Cn®/d)} can ensure P’ (15 < 00, argmax;e 4 flrs,; 7 1) < 6.

For € € (O,FZ‘;/(l—Q—a)), when n > N¢, Z, > (I'; — ¢)n > 0. Let M* £ [max{N¢,1/e?}]

where the ceil function [z] is the least integer greater than or equal to x. Now let us consider the
following two cases.

1. 3r € [1, M€] such that Z, > log(Cr®/4)
This case implies 75 < M*©.

2. Vre[1,M], Z, <log(Cr~/s)
This case implies 75 > M€ + 1. Note that M¢ = [max{N¢,1/e*}| > N, so for
n > M¢ Z, > (I'; — e)n. Let 2¢ be the solution of (I'; — €)z = log(Cz*/4). Since
(Th — €)M < Zpge < log(C(M€)/6), we have 2 > M, which implies 2 > 1/€?, and
then log(z¢) < (2°)'/? < ex*. Hence, (I — €)2° = log(C(z°)*/6) < log(C) + aex® +
log(1/6), which implies

o < log(C) —|—log(1/5).
T Ip-(1+a)e

Let Lg 2 inf{nzMe : (rg—e)n>1og(cna/5)}. Since (T — e)at =
log(C(z€)*/6), we have

Ly <[zl +1<

log(C') + log(1/4) 1< log(C) + log(1/9)
Iy —(1+a)e Iy —(1+a)e

We notice that Zrs > (75 — €)L§ > log(C(L§)*/4), so we have 75 < L.

Combining the above two cases, we have 75 < M€ + L§, and thus E[75] < E[M€] 4+ E[L§]. Note
that M€ = [max{N*,1/e?}| and E[N] < oo imply E[M‘] < oo.

Now we fix € = (a — D)T'3/[a(l + )] € (07 y/(1+ a)), then we have

Ii< log(C') + log(1/4) to—a log(C') + log(1/6) to— alog(C) Lol 4 alog(l/é).
Iy = (1+a)e I I Iy

Therefore, we have

sy EmL o E[MILE[L] o
5o log(1/0) = smo log(1/s) Ty

E Preliminaries

In this section, we introduce several preliminary results which is used in the theoretical analysis of
TTEL
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E.1 Properties of f(z) = 2P (z) + ¢(x)

We provide several properties of the function f(z) = 2®(x) 4+ ¢(z) including its monotonicity, upper
bound and lower bound.

Lemma 2. f(z) is positive and increasing on R.

Proof. This is true since f/(z) = ®(z) > 0and lim,_,_, f(z) = 0. O
Lemma 3. For x > 0,

f(=z) < o(=x).
Proof. Forx >0, f(—z) = —2®(—z) + ¢(—2) < ¢(—x). O

Lemma 4. Forx > 2, )
f(=2) > —6(~a).

Proof. Let g(w) = L[f(~a) — o(~a)] = —®(~a) + 16(~a) — ho(~z). We have ¢/(z) =
(—27 2+ 273 +427°)p(x) = 27%(—x + 2)(2® + 2 + 2)¢(x), which implies that g(x) is decreasing
in [2, 00). We notice that g(2) > 0 and lim,_,, g(x) = 0, so for x > 2, g(x) > 0. Therefore, for
z>2, f(-z) > Lo(—x). O

Lemmas and provides the upper and lower bounds for f(-), which is used to study the expected
improvement measures.

E.2 Maximal Inequalities

In the theoretical analysis of TTEI, we need a bound on the difference between the empirical mean
[in,; and the unknown true mean p; for each arm ¢ € A at period n, and a bound on the difference
between T, ; and ¥, ;, two measurements of effort allocated to arm 7 up to period nn. Two sample-path
dependent variables W7 and W5 are required to obtain the two bounds.

Lemma 5. Under any sampling rule beginning with an improper prior for each arm i € A with
1, = 0and o1 ; = oo, ]E[e)‘wl} < oo forall X > 0 where

T .41 s
W, £ max max ni "un’l it
ag

neN icA \/ log(e + T.;)

Proof. Under any sampling rule beginning with an improper prior for each arm i € A with oy ; = 0o
and p11; = Oforeacharmi € A,if T}, ; = ?;11 1{l, =i} =0, pin; = p1, =0, and if T,, ; > 0,

n—1
1
Mn,i = T ZI{IK*'L}YQZ@
iy

A mathematically equivalent way of simulating the system is to generate a collection of independent
variables (X, ;)nen, ica wWhere each X, ; ~ N(u;,0?). At time n, the algorithm selects an arm I,,,

and observes the real valued response Xg, , 7. where S, 1, = >, 1{I, = i}. Foralli € A, we

let yo,z‘ =0, and forn € N, Yn,i = % 22;1 Xy,; denote the empirical mean of arm 7 up to the nth
time it is chosen. We will bound

n,In>

Wé max n+1

Yn,i — i
ma. .
neNu{0} oA log(e +n)

g

When every arm is played infinitely often, W1 . One always has Wp < W, so it is sufficient to

bound E[e*W] for all A > 0. Notice that W = max{€, |u1|/0, . .., |ux|/o} < €+ 0} > ica il
where

¢ £ max max nt an Hi
neN ieA |/ log(e +n) '
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Hence, it suffices to bound E[e*¢] for all A > 0.

Foralln € Nand ¢ € A, we define Z,, ; 2. /n (Y”‘:’”), and then

1
¢ = max max L| il
neN ieA \[ nlogle+n)'

Each Z,,; ~ N(0,1), and thus by Lemma Z,,; satisfies the tail bound P(|Z,, ;| > z) < e2"/2
for z > 0. Therefore, for all x > 2

1
P(e>22) = P(IneNicd:|z.,)>2/eletn,
' n+1
nlog(e + n)
< >
< Z]P’<|Zm| 2 ol 33)
2nlog(e +n) o
< ;exp<—n+1 x
B 2nlog(e+n) ,
= kzn:exp<— I T
()
<

n
k§ 21 2
exp< og(e+n) — n+1m>
2 2
k —ngT®
Zn (e+n> ‘

< Ce="/2,

where step () uses the ab > a +bwhen a,b > 2and C = k), (e 4+ n)"? < oo is a constant.
Then for all A > 0,

o0 o0 o0
E [ekg] = P (e>‘5 > x) dx ® / P (e>‘E > e”‘") 2 e M dy < 24+C / e~ /2902 M 0y, < o0
=1 u=0 u=2
where in step (), we have substituted z = ¢***. Hence, for all A > 0, E [e*"] < oc. O

This result provides a bound for the difference between the empirical mean of an arm and its true
unknown mean. Fori € Aandn € N

log(e + Th;)
ni — i < oWy | ———>.
tn,i = il < oW Thi+1

Then we introduce the second sample-path dependent variable W5, and the following lemma on the
difference between two measurements of effort under any top-two sampling rule, which at each time,
measures one of the two designs that appear most promising given current evidence.

Lemma 6. Under any top-two sampling rule with parameter 8 € (0, 1) beginning with an improper
prior for each arm i € Awith p1 ; = 0 and o1 ; = oo, E[e’2] < 0o for all A > 0 where

Tn i \I’n i
W5 £ max ma |
neN ZEA \/ 1+ \I/n 1/Bm1n) log (62 + \I’n 1/Bmm)

Proof. Similar to the proof for Lernma it suffices to show P(Wy > z) < ke="/2 for all 2 > 2.
Fix some ¢ € A. Define foreachn € N

Dn = Tn,i - \Iln,i = n}: dl
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where
dy £ 1T =) — thn = LI = i) — P(I, = i|F1).
Then E[d,,|F,,—1] = 0 and D,, is a zero mean martingale. Now, note ¢,, ; € {0, 3,1 — 5} almost
surely, and set
Xn = 1(1/17,,71‘ > O)

to be the indicator that ¢ is among the top-two in period n. We can see that d,, = X,,d,,, and so

n—1

D, = Z Xod,.
=1

Here {X,,} is a binary valued previsable process (i.e. X,, is F,,—1 measureable), and d, is a
zero-mean JF,, adapted process with increments bounded as |d,,| < 1 almost surely.

The quadratic variation of D,, is

n—1 n—1
(D)n = > E[X.df|Fra] =) XeB(1-B)
=1 (=1

and so the magnitude of fluctuations of the martingale D,, scale with the number of times 1 is in the
top-two.

There are a number of martingale analogues to the central limit theorem, which suggest that D,, =
Op ( <D>n) To establish this formally, we apply the theorem of self-normalized martingale

processes [20], which bound processes like D,,/+/(D),,. We will apply a result established in [1].
Because |d,,| < 1, applying Hoeffding’s Lemma implies
E[e*|Fo_1] < e¥/2, AeR

and so d,, is 1-sub—Gaussian conditioned on F,,_;. Applying Corollary 8 of [1]] implies that for any
0 > 0, with probability least 1 — §

n—1 /1+Z"_—1 X,
1D,| < 2<1+2Xg>log o ==t YneN

6 )

£=1

Analogously, for any z > 2 with probability at least 1 — ¢~ /2,

V1+ i Xe
=1
n—1 n—1
= (1+2Xg> <log <1+2Xg> +x2>
=1 =1
n—1 n—1
< <1+ZX4> <log <e2+ZXg> +$2)
(=1 (=1
n—1 n—1
< <1+ZX4> log (€2+ZX4> x?
(=1 r=1

for all n € N, where the last step uses that ab > a + b for a, b > 2. Then, for all z > 2

D
P | max D >z | <e /2

neN _ n— B
\/(1 + E?le Xg) log (62 + Egzll Xg)
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Since ¥,, i > Bmin Z?;ll Xy, we have shown that for any ¢,

‘Tni ‘I’n i| —’1'2/2
P [ max . - > | e ™
neN \/(1 + \Pn,i/ﬁmin) IOg (62 + \Iln,i/ﬂmin)
Taking a union bound over i € A implies P(W5 > x) < ke=*"/2 for any r > 2. O

This result implies that for any period n and arm ¢,

‘Tn,i - \I/n,i‘ S WQ\/(l + \I’n,i/ﬂmin) 10g (62 + \Iln,i//Bmin)-

The next result provides another bound, which is used in the theoretical analysis of TTEIL

Lemma 7. Under TTEI with parameter 3 € (0, 1) beginning with an improper prior for each arm
i€ Awith pt1; =0and 01, = oo, foralln € Nand arm i € A,

3/
i — U] < (2 + 5”) Ws.

Proof. Fix some arm i € A. If arm 7 is never chosen in either case 1 or case 2 of TTEI up to period
n, then ¥, ; = 0, and thus
|Tn,i - \Ijn,i‘ S W2 \/(1 + \I/n,i/ﬂmin) 10g (62 + \I’n,i/ﬂmin) < 2W2

Once arm 7 has been chosen in either case 1 or case 2 of TTEI, ¥,, ; > fSmnin. Then we have
1 + \I/n,i/ﬁmin < 3an,i/6min and log (62 + \I/n,i//gmin) < 3(\1/7L,i//6m111)1/2, which leads to
3/4

‘ j 8y < ST
|T7L,Z - an,z < 3W2(\I/71/71//8m1n) < : WQ.
Hence,
3T, 3u%/
IT’I’L,i _\Iln,z| <maX{27an’l}W2 < <2+n,z> W2.

E.3 Technical Lemmas

The following technical lemma is used to quantify the time after which TTEI satisfies a certain
property. We want to write such a time as a polynomial of sample-path dependent variables.

Lemma 8. Fix constants co > c¢1 > 0 and c,co > 0. Then for any ai,as > 0, there exists a
X = poly(ay, ag) such that for all x > X,

exp (cx® — ayz) > axx.

Proof. There exists X7 = poly(ay) such that for all x > X5, cx® = — a7 > 1. In addition, there
exists Xo = poly(ay) such that for all z > X, exp (z°) > agz®2. Hence, forall z > X £
maX{Xl, XQ},

exp (cx® — a1x®) = exp (xcl (cxco_cl — al)) > exp () > asz®.

F Results specific to TTEI

In this section, we present theoretical results specific to the proposed TTEI policy. The main challenge
is ensuring E[TE] is finite where 7'g is the time after which for each arm, its empirical mean and
empirical proportion are e-accurate. To do this, we present several results for any sample path (up
to a set of measure zero), and show that 75 depends at most polynomially on W7 and W». By
Lemmas [5{and |6} the expected value of polynomials of W; and W is finite. This ensures that E[Tg]
is finite, which immediately establishes that TTEI achieves the sufficient conditions for both notions
of optimality.
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F.1 Sufficient Exploration

We first show that every arm is sampled frequently under TTEI.

Proposition 2. Under TTEI with parameter 3 € (0, 1), there exists N1 = poly(Wy, W) such that
foralln > Ny,

Tn,i > V ’IL/]C, Vi € A.

To prove this proposition, we first need to define two under-sampled sets for all L > 0 and n € N:
ULbeslicA: T, <LV?

and
Vi2alieA: T,, < L*4]]

Let @ £ A\ UL and VTlL £ A\ VL. Then Proposition can be proved using the following two
lemmas. Note that in this paper, X = poly(WWy, W5) means that X = O(W'W3?) for positive
constants ¢1 and co where (o, k, 11, . . ., pi;, ) are treated as constants throughout the proof.

Lemma 9. Under TTEI with parameter 3 € (0, 1), there exists Ly = poly(W1) such that for all

L>Liandn < kL,ifU,f is nonempty, then Lgl) € VnL or Iy(Lz) c VnL.

Proof. First of all, we will show that if itV e VT{:, then I € VT{J where I); = argmax;c 4 n,i-
We prove this by contradiction. Suppose I € V,Z. By definition, T o > Ty 1, which implies
o ) <0n1:. By Lemma we have

K, p() = Hn,Ix
1 ;In n 1
Ur(z}) = O-n,ly(,,l)f <n> < UnJ;if(O) = /07(1}:7

(1)
Iy
O'n’Iibl)

which contradicts the definition of L(Ll). Hence, if I,gl) € W, then I} € VT{L

Secondly we will show that when L is sufficiently large, if I € V,L, then for all i € VTLLL{I;‘L},
Pnyi = fin, 1z < —0.5Anin where Ay = ming.; [u; — pj[ > 0. By Lemma foralli € VI,

log(e + 1) < oW log(e + L3/4)

nyg — Mi| < oW, <
|bin,i — | < oW Tyt 1 L3411

where the last inequality is valid because g(z) = 1
on (0,00) and T;,; > L3/*. Note that for L > 1

M, = poly(W7) such that for all L > M,

lOg(e + L3/4) < 2L1/4 < Amin
L3441 —\ L3441~ 40Wy’

Suppose there exists 7 € VL' \ {I;:} such that yz; > pir=. Then for L > M, we have

og(e + z)/(x + 1) is positive and decreasing
, log(e + L?/*) < 2L'Y*. Then there exists

log(e + L3/4) log(e + L3/4)
= — [ T* > — oW- 2N - 7 « — oW- o T/
Hon i ™ Hon, I =1 = OV L3ja+1 pr = om Lyjy+1
log(e + L3/4)
=i = pz) = 20W\ | =5

ZAmin - 20W1(A111in/4gwl) = O-5Amin7

"We fix the exponent here to be 3/4. Indeed, it can be changed to 1/2 4 ¢ for any € > 0. We just need a gap
between the exponent here and 1/2in U~
2L could be any value, but n must be integer value.
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which contradicts the definition of I;. Hence, for L > M, if I} € VTLL, then u Ir > for all
i € VI \ {I*} (note that we assume that all arm-means are unique), and thus

M<_A in + 0.5Amin = —0.5Ayin.

Hn,i — Hn,Ix S (1 ,UIH) + 20W1 3A] =

Thirdly we will show when L is sufficiently large and n < kL, if 17(11) S W (which implies
I; € VD), then v}, > o) forall i € VE\ {I;}, which implies I\") = I7. Foralli € VL \ {I;},
02, =0%/Tni < 0?/L3* and when L > My, fn; — fin,1z < —0.5Ampin, which lead to
o _ . T13/8 _ . 73/8
(1) ) Hn i /-Ln,l,;; < g AmmL o AmlnL
Uni = Un,zf( o > s L3/8f 2% < L3/8¢ % (5

32

where the last inequality uses Lemma 3] On the other hand,

o). = onr: £(0) 2 Wwo» (©)

There exists M, such that for all L > M, the right hand side of (6) is larger than the right hand
of . Hence, for L > max{M;, Ms} and n < kL, if I\" € VI (which implies I € VL), then
vy > o) foralli € VE\ {I;}, which implies ") = I;..

n,lx
Finally we will show that when L is sufficiently large and n < kL, if UL is nonempty (which implies
VL is nonempty by definition) and I, W e VL (which implies I} € V,I), then [ ® e V.L. We have
proved that for L > {My, My}, I = I*. Then forall i € V.E\ {I}},

Hn,i — ‘un 17(11) = HMn,i — /Ln,I; S —0-5Amina

and by definition,

o? o? o? o2 402

2 2 2 2
o, +o" =0, +0 v =+ < + <
IR S ni TOm I T Tp= — L34 7 L3/ 7 3/

which leads to

(2) 20 —AminLS/S 20 —AminLS/S
Un,i < L3/8 f < Ao < L3/8 ¢ Ao . (7)

where the last inequality uses Lemma On the other hand, for all j € UL,

Hn,j — 'unJr(zl) =Hn,j — Hn,Ix

log(e + ij) — e — O'W log(e + Tn,[,’;)
Ty +1 & Vo T 1
log(e
>(pj — prz) — 20W4 ¥ = (uj — prz) —20W1

where the last inequality is valid because g(z) = log(e + x)/(x + 1) is positive and decreasing
on (0,00) and T, j, Tynrx > 0. If purs > pug, pinj — By, f» = —Amax — 20W1 where Aax =
max; jea(fi — py); otherwise, gy, j — B, 1 = Amin —20W1 > —Apax — 20Wi. Hence, we
have i, j — p,, ;) > —Amnax — 20W1, and 'by definition,

o? o? o? o? o?

2 2 _ 2 2 i
On.j +O—7L,I,,(L1) = Onj +0n71;: - Tnj + T, 1= > L1/2 + kL > /2’

which leads to

nj = L1/4

(Y
g

(2) o f <_(Amax + 20'1/1/1)141/4>
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Let M3 £ (20/Amax)*. Since Wy > 0 by definition, for all L > Ms, (Apax + 20W1)LY4 /o > 2,
and then by Lemma[d] we have
@), 7 (‘(Amax + 2aW1>L1/4) > - (‘(Amax + 2aW1)L1/4> .

g 7 I LB + 20717)7

g (o

8
By Lemma@ there exists M, such that for all L > My, the right hand side of (E[) is larger than
the right hand side of . Therefore, for L > Ly = max{M;, My, M3, M,} and n < kL, if U is

nonempty (which implies V,” is nonempty by definition) and Iy(Ll) € V.I' (which implies I} € VTLL),

then 117(123- > v,(fz forall j € UL and i € VL (here we use vf}* = v(zi(l) = 0), which implies
> ’ T Nyln
11 ¢ VI, and thus I}?) € V.
O

Note that the floor function |z | is the greatest integer less than or equal to x. Then based on Lemma
[ we have the following result.

Lemma 10. Under TTEI with parameter 3 € (0, 1), there exists Lo = poly(W1, W) such that for
all L > Lo, ULLchj is empty.

Proof. There exists My = poly(WW5) such that for all L > M;, we have |L| — 1 > kL3/* and
6k| kL |3/
/3rnin

where fpin = min{s,1 — 8} > 0. Let Ly = max{L;, M;} where L; = poly(W;) has been
introduced in Lemma[9] Now We want to prove this statement by contradiction.

Brnin | L] — 4kWy — Wo > kL3/*

Suppose there exists some L > Lo such that U LLk L is nonempty. Then all
vb,uf, ..., ULLchj—lv U[LkLJ are nonempty, and thus by definition, all Vi¥, VI ..., VLII/CLJ—P V@LJ
are empty. Since L > Ly, we have |L| — 1 > kL3/4, so at least one arm is measured at least L3/4
times before period | L |, and thus ‘VLLL | ‘ <k-1.

Now we want to prove ‘VLgLJ ‘ <k-—2 Forall¢{=|L|,|L|+1,...,|2L] — 1, U} is nonempty,

then by LemmaEl, we have IT(Ll) S VZL or I,(Lz) S VEL, and thus ZieVeL Y = ZieVZL P(I, =
i|F¢—1) > Bumin, which implies Zievh Y1i > Bmin due to V;F C VLLLJ. Hence, we have
L

|2L]—1
S (Torpi =)= Y Y s > BuinlL
ievy ¢=|L] eV}

LL] L]
where the inequality uses the fact that [a + b] > |a| + |b] for a,b > 0. Then by Lemma(7} we have

> (Tloryi — Tinya)

z'eVLLLJ
30 3P/
|2L],i L],
z :E:: (qyt2ld,i - QJLLJ,i) - :g:: 24 “;§“f“* Wa+ 12+ 442§44i447 W
iEVTiJ ie”?ij min min
3
zifgrnin LI;J -2 :E:: 24+ 44}§Lﬁgzil3
ZEVL[iJ min
30/t
>Bmin| L] — 2k | 2+ % Wy
6k|kL|3/4
>ﬂmin |_LJ — 4kWo — LﬂJW2 > kL3/4
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where the second last inequality uses that forall i € Aandn € N, ¥,, ; < Bpax(n — 1) < n, and
the last inequality is valid because of the construction of Ly and L > L,. Hence, at least one arm in

VL 1) is measured at least L3/* times in periods [| L], |2L ), and thus ‘ 152 ‘ <k-2

Similarly, we can prove that for r = 3, ..., k, at least one arm in VL(T—l) L is measured at least L.3/4
times in periods [|(r — 1)L], [rL]), so ’VLIT’LJ ‘ < k — r. Hence, ’VLéLJ ‘ =0,ie., VL%CLJ is empty,
which implies that U LL,C 1 s empty. O

Now we can prove Proposition [2]

Proof of Proposition[2} Let Ny = kL, where Ly = poly(W;, W5) introduced in Lemma|[10} For
all n > Ny, we let L = n/k, then by Lemma we have ULLkLJ = Uﬁ/k is empty, which by
definition results in that for all i € A, T, ; > v/n/k.

F.2 Concentration of Empirical Means

When n is large, using the bound on the difference between the empirical mean /i, ; and the unknown
true mean y; in terms of 7}, ; for each arm ¢ € A, we can formally show the concentration of 4y, ; to
1; under TTEL

Proposition 3. Let € > 0. Under TTEI with parameter 3 € (0,1), there exists N§ =
poly(W1, Wa, 1/€) such that for all n > NS,

I:un7i - ,U/Z| < €, Vi€ A.
Proof. By Lemmal[3] foralli € Aandn € N,

lo 6+Tn7
s — ol < oWy [ 128 F Trt)

Tn,z’ +1
By Proposition foralln > Ny, foralli € A, T, ; > , and thus
log(e + T.:) log(e + (n/k)1/?)
ol < ST ot <y
s = pal < oWy [ =59 (/)2 + 1

where the last inequality uses g(x) = log(e 4+ x)/(x + 1) is positive and decreasing on (0, c0). Note
that for n > k, log(e + (n/k)*/?) < 2(n/k)*/*. Then there exists M{ = poly(W7, 1/¢) such that

forall n > M7,
logle + (n/0)/2) _ [ 2m/m) _ e
(n/K)Y2+1  —\ (n/B)Y2+1 — oWy’
Then for alli € Aandn > N5 £ max{Ny, k, M{} where N7 = poly(W7, W3) introduced in
Proposition 2] we have |, — f1:] < oWile/(oWh)] = €. O

Recall that we assume the unknown arm-means are unique and 1 > po ... > ui. If we seteto a
very small value in Lemma 3] when n is large, the empirical means are order as the true means, i.e.,
Hn,1 > fn,2 .- > Unk, Which implies the arm with the largest empirical mean is arm 1. In addition,
we show that when n is large, the arm selected in case 1 of TTEI is also arm 1.

Lemma 11. Under TTEI with parameter 3 € (0,1), there exists N3 = poly(Wy, W) such that for
alln > N3, I = 1* = 1.

Proof. Let My = N, Ammin /4 . By Proposition foralln > M,
|lu"1 - :U”L‘ < Amin/4, Vie A

where Api, = min;«; |p; — p5] > 0, which implies f1, 1 > 2 > ... > py i, and thus I} = 1.
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Now for n > M; and i # I}, we have

Mo, I

n

— Hni = Mn1 — Hn,
Z H1 — Amin/4 — M — Amin/4
= (k1 — i) — Amin/2
> Amin - AInin/2 = Arnin/2-

By Proposition forn > Ny, T,
i # I, we have

_ . /4 /A . pl/4 /4 /A o1/4
o) = onif Mg = Hn,Ix < ok f Apinn < ok s Apinn ©
o ’ Oni nt/4 20k1/4 nt/4 20kt/4

52

v

\/n/k forall i € A. Hence, for n > max{Ny, M;} and

where the two inequalities use Lemmas[2]and 3] respectively. On the other hand,

vt = Onr; f(0) = 0013 6(0) > —T56(0) (10)

in

where the mequahty uses Ty, 1+ < n—1 < n. There exists My such that for all n > M, the right hand
side of (10 is larger than the right hand side of @) Hence, for all n > N3 £ max{ Ny, Ma, M5},
7(11}* > v(l) for all ¢ # I}, which implies I,g ) = I =1. O

F.3 Tracking the Asymptotic Proportion of the Best Arm

In this subsection, we show that when the number of arm draws goes large, the empirical proportion
for the best arm concentrates to the tuning parameter /3 used in TTEIL.

Lemma 12. Let ¢ > 0. Under TTEI with parameter 3 € (0, 1), there exists N = poly(W1, Wa,1/¢)
such that for all n > N,

\Iln,l
n

- 5‘ <e
Proof. By Lemma for all n > N3, we have L(,,l) = 1. Then we have

N3—1 n—1
— = <Z Yea + ZW1>
{=N3

Sﬁ [ﬂmax(NS - 1) + ﬂ(’ﬂ - N3)]

<B + (/Bmax - B)N?)
n

where fimax = max{3,1 — (£}, and

1 (Nl
e 1 <Z o1+ Z 1/)e1>
" (=N;
>15(n _Ny)
n
. BN
=B-=—.
For all n > BmaxN3/€, we have (Bmax — 8)N3/n < € and —8N3/n > —e. Therefore, for all
n > Ni £ max{N3, Bmax N3/}, we have |¥,, 1 /n — 8| <. O

Based on Lemma we can prove the next result showing the concentration of T,, 1 /n to 3.

Lemma 13. Let € > 0. Under TTEI with parameter 3 € (0, 1), there exists N§ = poly(W1, Wa, 1/€)
such that for all n > Ng,

Tn,l
n

—/6”§6-

24



698
699

700

701
702

704

705

706

707

708

709

710
71

712
713

714

715

716
717
718

719
720

721
722

723

724
725

n

Proof. Tt suffices to prove this statement for ¢ € (0,/). By Lemma , for all n > NZ/ 2,

|¥.1/n — B < €/2, which implies ¥,,; > (8 — €/2)n. Lemma [/| implies that for all
n> M2 max{NZ/z,Q/ﬂ},

Tna 2 3 (2+3/Bunin)Wo (24 3/Brain) We
14l < -
‘\IJW 1‘ (‘I’:/f + ﬁmin\lji/il> W < (B — €/2)1/4n1/4 < (B/2)1/4n1/4 (11)

where the second inequality is valid since ¥, 1 > (8 — €/2)n > (8/2)n > 1. There exists
M5 = poly(W3, 1/€) such that for all n > M, the right hand side of (11) is less than /(23 + ¢).

Hence, for all n > N £ max {M{, M5}, |Tn1/Wn1 — 1| < €/(28 +¢€) and |V, 1 /n — B] < €/2,
and thus we have

Tt o (1+6 )W”’l < <1+€> (B+e/2)=B+e

n 20 + ¢ n 20 + ¢
and
Tha € U1 €
: 1- 1> (1- —¢/2 -
n >( 25+e> n _( 2B+e>(6 €/2)> 0 —¢
which leads to T}, 1/n — 5] < €. O

F.4 Tracking the Asymptotic Proportions of All Arms

Besides the best arm, we can further show that for each arm, its empirical proportion concentrates to
its optimal proportion when the number of arm draws goes large.

Proposition 4. Let ¢ > 0. Under TTEI with parameter 5 € (0,1), there exists N& =
poly(W1, Wa, 1/¢, €) such that for all n > N¥,

T .
n,t wﬂ

—wi | <e€
n L

, Vi e A.

To prove this proposition, we need some further notations. For any n € N, we define the under-
sampled set

T .
Pn:{i;él : “—wf<o},
n
. B 8 . k B _ 4
where the unique vector (w5, ..., w, ) satisfies ) -, ,w; =1 — (3 and
(p2 — p)? _ _ (pr — Ml)2
1wy +1/8 1wy +1/8

Then given € > 0, we define the over-sampled set
Tn [
O;{i#l : ’wf>e}.
n

The next result shows that when n is large, the over-sampled set is empty. Based on this result, we
can prove that when n is large, the under-sampled set is also empty, which immediately establishes
Proposition 4]

Lemma 14. Ler ¢ > 0. Under TTEI with parameter 3 € (0,1), there exists N§ =
poly(W1, Wa, 1/€, €) such that for all n > N§, OF, is empty.

Proof. 1f OZ/ % s empty, then Oy, is empty. Now let us consider the case that Of/ % is nonempty, and
it suffices to prove the statement for € € (0, min{A,in/2,1}).
Fix € € (0, min{Anin/2,1}). For € € (0, ¢€/2), by Proposition [3|and Lemma[13] we can find large

enough M = poly(Wy, Wa,1/€') such that for all n > M¢ , both |, ; — | < €,Vi € A and
|T,1/n — B] < € hold.
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First we want to prove that for n > Mf/, if Of/ % s nonempty, then P, is nonempty. We prove
this by contradiction. Suppose P, is empty. Then for all ¢ # 1, T,, ;/n > wf . Since OZ/ % is
nonempty, there exists some arm ¢ # 1 such that T,:/n > wEB + ¢/2. In addition, for n > M¢
Ty1/n> B —¢€ > —¢/2. Hence,

ZTn,i/n =Tpa/n+T,;/n+ Z Thi/n
i€A i#1,i
>576/2+w?+e/2+ Z wf
i#1,i
“Sui-n
i€EA

which leads to a contradiction since ) ;. 4 T,,i/n = (n — 1) /n < 1. Hence, for n > M if 05/? is
nonempty, then P, is nonempty.

Next we will show that when n is sufficiently large, L(f) ¢ Of/ 2, By Lemma for n > N3, we
have I,(Il) = I} =1, and then for i # 1,

Hn,i — Hn,1
/ 2 2
an,i + Un,l

where 02 ; = 02/T,,; and 02 | = ¢2/T}, 1. Note that for n > My, |ptn,; — pi| < €,Vi € A and
|T.1/n — B] < €. Hence, for n > max{Ng,Mf/} and € OZ/Q,

(2) _ 2 2
Un,i - an,i + Un,lf

1/2
1 1 i — 2¢/)nt/?
Ufz <a ( 3 + 5 E/) n~2¢ L 1/2
wi /2 o [1/@! +e/2)+1/(8 - )]

where the inequality uses Lemma Note that 2¢/ < € < Apin/2, so the value taken by ¢(+) is
negative. On the other hand, for j € P,

1/2
1 1 i — g — 2¢)nt/?
vP >0 <ﬁ e 6,) n12f (g — = 2)n 7
w; o [1/w§? n 1/(ﬁ+ef)}
1 1 ’ (p; — p — 2€")nt/?
>ot | gt oo |t m+2d) P : 7
w’ B+e 3 /
) o [1/u) +1/(8+ )]

where the last inequality is valid by Lemma since there exists M = poly(1/€’) such that for
n > M, the value taken by both f(-) and ¢(-) is less than —2. Let M$ £ max {N3, M¢', Mgl} =

poly(W;,Wa,1/€'). For any ¢,j € A suchthati # j and i,j # 1, we define the following constant
in terms of €

Tyl +e/2)+1/8 1wl +1/8
and we let
Ienin = min C;ja
i#£] ’
i,j#1
and for €’ € (0,¢€/2), we define the following function of ¢’
a (1i — pa +2€')° (g = —2€)?

92 Ll g+ - ) Lw] +1/(B+¢)
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We know that ) )

(B2 —p)” (e — )

1wl +1/8 1wl +1/8
so each Cf ; > 0, and thus Cf;,, > 0. Since each g5 ;(€’) is increasing as €’ is decreasing to 0,
and lime 0 g5 ;(€') = Cf ; > Cf;,,, there exists a threshold ¢; ; = poly(e) € (0,€¢/2) such that
95 i (€i,5) > Crn /2 (note that € < 1). Welet

€min £ min €ij-
7]

ij#1
Then for n > My™", forall i € o0:/? andj € P,,
(2)
Un,j e . —3/2 Clain™ e 32 Chuin™
; ¢ Cmin\ o Cmin”
vffz > D5 in expl— 5|2 Dginn exp(— 5 | (12)
where
2
ol (wlﬂ + B+in1ixl> (*,Ltj + p1 + 2€min)73
A J
;] - L 1 1/2
g (ware/Z + ﬁ*fmiu)
and

€ A
Dmmfn;lnD7]

1,771
Since €min = poly(e), there exists Mf = poly(1/e, €) such that for n > M, the right hand side
of is greater than 1. Hence, for n > Mg £ max { M5, M4} where €, = poly(e), we
have U(z; > v(z) for all i € OY/* and j € P,, which implies 1 ¢ 05/, Note that M§ =
poly(Wl, WQ, ]./6 6)

Finally we will prove when n is sufficiently large, OF is empty. Let M€ = max { M¢,2/e}. There
€ / 2

are two following cases on the set O/.
L |oyE| =0
We will prove by induction that for all n > M€, Of, is empty. For n = M€, Oy, is empty
since Of, C 05/2 and O/ is empty. Now we suppose that Of, is empty for some n > M€,
and we want to show that Oy, | ; is empty.
Note that Of, is empty, and then only I, ™) and Iy 2 may enter O, ;. We known that for
n > M€, I, (1 ) = 1, which implies that In # 1 and only I,(L ) may enter Oy, , ;. In addition,
for n > M€, we have proved that I §Z 05/, which implies T, ;) /n — wf@) < e€/2.
Sincen > M€ > 2/e, T i, @/ (n+1)— w” @ <(T 1(2)—'_1)/”_1”22) <1/n+e/2 <e,

n

which implies Iy, 2 ¢ O5 . ie., I ) will not enter O;,.1. Hence, if Oy, is empty, then
05,1 is empty.

Therefore, by induction, for all n > M*€, Of, is empty.

2. ‘05/2

Similarly to the proof for case 1, we can show that for any arm i ¢ o/, Me , it will not enter
any O, forn > M*.

Now let us consider arm ¢ € 0%2 Let L{ be the time such that ¢ € Ofl/ % for n S

[Me,L¢ — 1] and ¢ ¢ Oz/f. Similar to the proof for case 1, we can prove that for 7 will not
enter any Of, for n > Lf

Let M{ £ max, icoz Li For m > Mg, Of is empty. Note that Mg =

poly(Wy, Wa,1/e, €).
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Combining the above two cases, we conclude that there exists N§ = poly(W7, Wa, 1/¢, €) such that
for all n > Ng, Oy, is empty.

O

Based on Lemma|[T4] we can easily prove that when n is large, the under-sampled set is also empty,
which immediately establishes Proposition ]

Proof of Proposition E Given € > 0, by Lemmas and there exists Mf/ G-

poly(W1,Wa,1/€,€) such that for n > Mf/k, |Tn1/n — w?| < e/k where w! = B and
Thi/n— wf <e¢/kforalli € A\ {1}. Suppose there exists i’ € A such that T}, ;s /n — wzﬁ/ < —e.
Then

ZTn,i/n = Tn,i’/n + Z Tn,i/n

i€A i
<wh — e+2(wf +e/k)
i
=> w4 [—e+ (k—1)e/k]
€A
=1-—¢€/k.

On the other hand, forn > k/e, > ;. 4, Ti/n = (n—1)/n > 1—¢/k, which leads to a contradiction.
Hence, for n > N = max {Mf/k, k:/e}, forall i € A, we have —e < T, ;/n — w? < €/k, which
leads to | T}, ;/n — w!’| < e. Note that N = poly(Wy, Wa, 1/€, €).

F.5 Proof of Theorem[I]
For any € > 0, by PropositionsandEl, forn > N§ £ NS, N5}, we have
i — il <e and |Tn./n—w’|<e VieA.

Note that N§ = poly(W1, Wa, 1/, €). By Lemmasand@ we have E[e’1] < 0o and E[e*?] <
oo for all A > 0, which implies that the expected value of any polynomial of W7 and W5 is finite,
and thus E[N§] < oo. By definition, 75 < N§, so E[T§] < E[N§] < occ.

Since € can be arbitrary small, for any sample path (up to a set of measure zero), we have

T .
lim = —w?  Vie A
n—oo mn
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