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Abstract

Power iteration has been generalized to solve many interesting problems in machine
learning and statistics. Despite its striking success, theoretical understanding of
when and how such an algorithm enjoys good convergence property is limited. In
this work, we introduce a new class of optimization problems called scale invariant
problems and prove that they can be efficiently solved by scale invariant power
iteration (SCI-PI) with a generalized convergence guarantee of power iteration. By
deriving that a stationary point is an eigenvector of the Hessian evaluated at the
point, we show that scale invariant problems indeed resemble the leading eigen-
vector problem near a local optimum. Also, based on a novel reformulation, we
geometrically derive SCI-PI which has a general form of power iteration. The
convergence analysis shows that SCI-PI attains local linear convergence with a rate
being proportional to the top two eigenvalues of the Hessian at the optimum. More-
over, we discuss some extended settings of scale invariant problems and provide
similar convergence results for them. In numerical experiments, we introduce appli-
cations to independent component analysis, Gaussian mixtures, and non-negative
matrix factorization. Experimental results demonstrate that SCI-PI is competitive
to state-of-the-art benchmark algorithms and often yield better solutions.

1 Introduction

We consider a generalization of power iteration for finding the leading eigenvector of a matrix A.
In power iteration, the update rule a1 < Axy/||Axy]| is repeatedly applied until some stopping
criterion is satisfied. Since no hyperparameter is required, this update rule is very practical yet attains
global linear convergence with the rate of |\2|/|\1| where |);] is the 7* largest absolute eigenvalue
of A. This convergence result is analogous to that of gradient descent for convex optimization.
Therefore, many variants including coordinate-wise [13]], accelerated [23]], stochastic [17]], stochastic
variance-reduced (VR) [19, 20], and stochastic VR heavy ball [10] power iterations have been
developed, drawing a parallel literature to gradient descent for convex optimization. Also, a general
form of power iteration has been used to solve

maximize f(z) subjectto z € OBy 2 {x € RY: |z|| =1} (D)

in many applications such as sparse principal component analysis (PCA) [8, [16]], L;-norm kernel
PCA [9], phase synchronization [[15]], and the Burer-Monteiro factorization of semi-definite programs
[3]. (All norms are 2-norms unless indicated otherwise.) Nevertheless, theoretical understanding
of when such an algorithm enjoys the attractive convergence property of power iteration is limited.



While convex f is considered in [8], only global sublinear convergence is shown, not generalizing
the appealing linear convergence property of power iteration.

In this work, we introduce a new class of optimization problems called scale invariant problems and
show that they can be efficiently solved by scale invariant power iteration (SCI-PI) with a generalized
convergence guarantee of power iteration. Scale invariant problems consider scale invariant functions
in (I). We say that f(z) is scale invariant, which is rigorously defined later, if its geometric surface
is invariant under constant multiplication of . Many important optimization problems in statistics
and machine learning can be formulated as scale invariant problems, for instance, L,-norm kernel
PCA and maximum likelihood estimation of mixture proportions, to name a few. Moreover, as
studied herein, independent component analysis (ICA), non-negative matrix factorization (NMF), and
Gaussian mixture models (GMM) can be formulated as extended settings of scale invariant problems.

Derivatives of scale invariant functions have the interesting relation that V2 f(z)z = kV f(z) holds
for some k. Using the KKT condition, we derive an eigenvector property stating that any stationary
point z* satisfying V f (x*) = \*z* for some \* is an eigenvector of V2 f(z*). Due to the eigenvector
property, scale invariant problems can be locally seen as the leading eigenvector problem. Therefore,
we can expect that a simple update rule like power iteration would efficiently solve scale invariant
problems near a local optimum x*. Another interesting property of scale invariant problems is that
by swapping the objective function and the constraint, a geometrically interpretable dual problem
with the goal of finding the closest point w to the origin from the constraint f(w) = 1 is obtained.
By mapping an iterate xj, to the dual space, taking a descent step in the dual space and mapping
it back to the original space, we geometrically derive SCI-PI, which replaces Axj with V f(x)
in power iteration. We show that SCI-PI converges to a local maximum x* at a linear rate when
initialized close to it. The convergence rate is proportional to Ao / \* where ), is the spectral norm
of V2f(z*)(I — x*(2*)T) and \* is the Lagrange multiplier corresponding to z*, generalizing the
convergence rate of power iteration. Moreover, under some mild conditions, we provide an explicit
expression regarding the initial condition on ||z — *|| to ensure linear convergence.

In the extended settings, we discuss three variants of scale invariant problems. In the first setting, f
is replaced with a sum of scale invariant functions. This setting covers a Kurtosis-based ICA and
can be solved by SCI-PI with similar convergence guarantees. We also consider a block version of
scale invariant problems which covers NMF and the Burer-Monteiro factorization of semi-definite
programs. To solve block scale invariant problems, we present a block version of SCI-PI and show
that it attains linear convergence in a two-block case. Lastly, we consider partially scale invariant
problems which include general mixture problems such as GMM. To solve partially scale invariant
problems, we present an alternative algorithm based on SCI-PI and the gradient method and prove
its local linear convergence. In numerical experiments, we benchmark the proposed algorithms
against state-of-the-art methods for KL-NMF, GMM and ICA. The experimental results show that
our algorithms are computationally competitive and result in better solutions in select cases.

Our work has the following contributions.

1. We introduce scale invariant problems which cover interesting examples in statistics and machine
learning yet can be efficiently solved by SCI-PI due to the eigenvector property.

2. We present a geometric derivation of SCI-PI using a dual reformulation and provide a convergence
analysis for it. We show that SCI-PI converges to a local maximum z* at a linear rate when initialized
close to x*, generalizing the attractive convergence property of power iteration. Moreover, we
introduce 3 extended settings of scale invariant problems together with their convergence analyses.

3. We report numerical experiments including a novel reformulation of KL-NMF to extended
settings of scale invariant problems. The experimental results demonstrate that SCI-PI are not only
computationally competitive to state-of-the-art methods but also often yield better solutions.

The paper is organized as follows. In Section[2} we define scale invariance and present interesting
properties of scale invariant problems including an eigenvector property and a dual formulation. We
then provide a geometric derivation of SCI-PI and a convergence analysis in Section[3} The extended
settings are discussed in Sectionf|and we report the numerical experiments in Section[5] All proofs
are deferred to Supplementary Material.



2 Scale Invariant Problems

Before presenting properties of scale invariant problems, we first define scale invariant functions.

Definition 2.1. We say that a function f : R* — R is multiplicatively scale invariant if it satisfies

flex) =u(c) f(x) 2
and f : R?\ {0} — R is additively scale invariant if it satisfies
flex) = f(z) +v(e) 3)

for some even functions v : R — R withu(0) = 0and v : R\ {0} — R withv(1) = 0.

The following proposition characterizes the exact form of u and v for continuous f.

Proposition 2.2. If a continuous function f # 0 satisfies @) with a multiplicative factor u, then we
have u(c) = |c|P for some p > 0. Also, if a continuous function f satisfies @) with an additive factor
v, then we have v(c) = log, |c| for some a where 0 < a, a # 1.

Next, we establish derivative-based properties of scale invariant functions.

Proposition 2.3. Suppose f is twice differentiable. If f satisfies @) with u(c) = |c|P, we have
Vf(c@) = |ePVI@), Vi@ =pf@), V@e=(p-)Vi@). @
Also, if f satisfies @) with v(c) = log, |c|, we have
Vf(er) = V@), Vi@ z=log (@), V3f(x)r = -Vi(z). )

The interesting relation that V2 f(x) = kV f(z) holds for some k is presented in Proposition
Using the first-order optimality conditions, we derive an eigenvector property as follows.

Proposition 2.4. Suppose that f is twice differentiable and let (\*,x*) be a stationary point of
(D) such that V f(z*) = X*z*. If f satisfies ) with u(c) = |c|P, then we have V? f(z*)z* =
(p—1)\*z*. Also, if f satisfies (B) with v(c) = log, |c|, then we have V? f (z*)x* = —\*x*. In both
cases, x* is an eigenvector of V* f(x*). Moreover, if \* is greater than the remaining eigenvalues of
V2f(z*), then x* is a local maximum to (T)).

Proposition states that a stationary point z* is an eigenvector of V2 f(2*) and becomes a local
maximum if the Lagrange multiplier \* is greater than the remaining eigenvalues of V2 f(2*). Due to
this property, scale invariant problems can be considered as a generalization of the leading eigenvector
problem. Next, we introduce a dual formulation of scale invariant problems.

Proposition 2.5. Suppose that a continuous function f is either multiplicatively scale invariant such
that f(x*) > 0 or additively scale invariant with an additive factor u(c) = log,, |c| with a > 1. Then,
solving (1)) is equivalent to solving the following optimization problem

minimize |Jw|| subjectto f(w)=1. (6)

Note that a dual reformulation for a multiplicatively scale invariant f with f(2*) < 0 or an additively
scale invariant f with 0 < a < 1 can be obtained by replacing f(w) = 1 with f(w) = —1 in (6).
The dual formulation (6) has a nice geometric interpretation that an optimal solution w* is the closest
point to the origin from {w : f(w) = 1}. This understanding is used to derive SCI-PI in Section[3]

L,-norm kernel PCA, estimation of mixture proportions, and KL-divergence NMF are all cases of
scale invariant problems. The details of these cases are provided in Appendix [A.T]

3 Scale Invariant Power Iteration

In this section, we provide a geometric derivation of SCI-PI to find a local optimal solution of (T]). The
algorithm is developed using the geometric interpretation of the dual formulation (6] as illustrated
in Figure[l] Starting with an iterate x;;, € 0I5, we obtain a dual iterate wy, by projecting x, to the
constraint f(w) = 1. Given wy, we identify the hyperplane h; which the current iterate wy, lies on
and is tangent to f(w) = 1. After identifying the equation of hj, we find the closest point z, to



the origin from hj, and obtain a new dual iterate w1 by projecting zj, to the constraint f(w) = 1.
Finally, we obtain a new primal iterate x4, by mapping w1 back to the set 0B,.

Now, we develop an algorithm based on the above idea. For derivation of the algorithm, we assume
that an objective function f is continuous and satisfies either (2) with u(c) = |c|? where p > 0
and f(x) > O forall z € 0B or (3) with v(c) = log,|c| where 1 < a. Under these conditions,
a scalar mapping from xy, to wy can be well defined as wy, = xk/f(xk)l/” orwy, = at=F@r)g,
respectively. Let wy = cxxy. Since wy is on the constraint f(w) = 1, the tangent vector of the
hyperplane hy is V f(wy). Therefore, we can write down the equation of the hyperplane h; as
{w: Vf(wp)T (w—wy) = 0}. Note that z is a scalar multiple of V f(wy,) where the scalar can be
determined from the requirement that 2, is on hg. Since wy; is the projection of 2, it must be a
scalar multiple of the tangent vector y, = V f(wy). Therefore, we can write w11 as w11 = dgyg.
Finally, by projecting w41 to 9B, we obtain

Wi+l dgYk Yk V f(wr) Vf(ewzr) — Vf(zk)

= Jwenll ™ Tl ~ Tl ~ IV Sl ~ 19 faoll ~ VS0l

where the last equality follows from Proposition[2.3] Summarizing all the above, we obtain SCI-PI
presented in Algorithm [T}

0By

Algorithm 1 SCI-PI

Input: initial point x

fork=0,1,..., T —1do
Trr1 < V() /IVf (@)

end for

Output: zp

Figure 1: Geometric derivation of SCI-PI

Next, we provide a convergence analysis of SCI-PI. For convex f, global sublinear convergence has
been addressed in [8]. If f is not convex, {f(zx)}x=0,1,... is no longer increasing, making it hard to
analyze global convergence. Assuming that an initial point z is close to a local maximum x*, we
study local convergence of SCI-PI. Note that ||2* — 2¢[|? = 2(1 — xf'2*) since ||z*| = ||zo]| = 1.
Theorem 3.1. Let f be a scale invariant, twice continuously differentiable function on an open
set containing OBy and let x* be a local maximum satisfying V f(x*) = \z* and \* > \y =
maxa<i<a|l\i| where (\;,v;) is an eigen-pair of V? f(x*) with x* = v1. Then, there exists some
6 > 0 such that under the initial condition 1 — J:OT;L’* < 9, the sequence of iterates {xy}k=0.1,...
generated by SCI-PI satisfies

k-1 2
A
T, %\2 2 T %\2 .
1 — (wpz") Stll) (/\*-i-%) (1 - (zfz*)?) and Jim =0,

Moreover, if V,; f = Of /Ox; has a continuous Hessian H; on an open set containing By, = {x €
R? : ||2]|o0 < 1}, we can explicitly write & as

« 2 EVES:
(5(/\*,X1,X2,M) = min < A — ) s (A >E ) 1
M+ M\ 2M + \q
where

M=[M, M= max \/z?:mTGi(y)x)?, Gily) = Y0 vi Hi(y).

r€0B4,YEBA, 00

Theorempresents a local convergence result of SCI-PI with A* /A2 generalizing the convergence
rate of power iteration. Note that Theoremrequires A* > A9 while it is sufficient to have \* > \;
for 2 < i < d to ensure local optimality. However, by adding o ||z||? for some o > 0 to the objective

function f, we can always enforce \* > \y. On the other hand, by adding o ||z||? for some o < 0,
we may improve the convergence rate by increasing the relative gap between A\* and A,.



4 Extended Settings

4.1 Sum of Scale Invariant Functions

Consider a sum of scale invariant functions having the form of f(z) = > /" | gi(x) + Z?:l hj(x)
where g; is a multiplicatively scale invariant function with u(c) = |¢[’¢ and h; is an additively scale
invariant function with v(¢) = log, . |c|. Note that this does not imply that f is scale invariant in
general. However, by Proposition [2.3] the gradient of f has the form of

m

Vi)=Y Vgi(z)+ > Vhix)= Y <1> Vgi(x) =Y V2hi(x) | z = F(x)a,
i=1 j=1 j=1

o \pi—1

therefore a stationary point 2* satisfying V f(z*) = A*z* is an eigenvector of F'(z). We present a
local convergence analysis of SCI-PI for a sum of scale invariant functions as follows.

Theorem 4.1. Let f be a sum of scale invariant functions and twice continuously differentiable
on an open set containing 0B84 and let ©* be a local maximum x* satisfying V f(z*) = \*x* and
N> Ny = [|[V2f(x*) (I — z*(2*)T)||. Then, there exists some § > 0 such that under the initial
condition 1 — xfx* < §, the sequence of iterates {x }k—o.1.... generated by SCI-PI satisfies

k-1 ,~ 2
A
T, * 2 T « .
-l < T () (- e and i =0

Moreover, if V,; f = 0f/0x; has a continuous Hessian H; on an open set containing B,
- RS = )
§(A*, X1, A2, M) = min ( ) < _ 2) 1,
M+ A 2M + A+ A2
where

M= VRV, M= max /S0 TGy, Gily) = X viH ().

IEBBd,yGBd,OO

Note that \; has the additional v/2 factor which comes from the fact that z* is not necessarily an
eigenvector of V2 f(x*). Nonetheless, the asymptotic convergence rate in Theorem provides a
generalization of the convergence rate in Theorem [3.1]

4.2 Block Scale Invariant Problems

Next, consider a class of optimization problems having the form of: max f(z,y) subjectto x €
OBy, , y € 0By, where f : R%1+d2 5 R is scale invariant in  for fixed y and vice versa. We derive
the following alternating maximization algorithm called block SCI-PI as

Tha1 < Vol (@,y0) /IIVaf (@ ye)lls year < Vyf (@r9)/IIVyf (e, 9)ll. Q)

Theorem 4.2. Suppose that f is twice continuously differentiable on an open set containing
OBa, x OBa, and let (x*,y*) be a local maximum satisfying V. f(x*,y*) = \*z% \* > Ay =
maxo<i<d, |Ni|, Vyf(z*,y*) = s*y*, s* > 5o = maxo<i<q, |si| where (A\;,v;) and (s;,w;) are
eigen-pairs of V2 f (x*,y*) and sz(:r*, y*), respectively such that x* = vy and y* = uy. If V> =
Ve f (2%, y*) |2 < (A — X2)(s* — 52) holds, then for the sequence of iterates {(zy, yi) tk=0.1,.-
generated by (7)), there exists some § > 0 such that if max{1 — xf'z*,1 — yI'y*} < §, then we have
1AL < Hf;ol (p+ 1) || Aol for some sequence ~yi, such that limy,_,ooyi;, = 0 where

- = 2

Ao So Ao So 42

— 4+ = —_ - = 1.
A* +s* +\/<)\* 5*) +)\*s* <

If 2 and y are independent (v = 0), we have p = max {\y/\*,5,/s*}. Otherwise, p increases as v
increases. Note the result of Theorem [3.1]can be restored by dropping « or y in Theorem[4.2]and the
algorithm and convergence analysis can be easily generalized to more than two blocks.




4.3 Partially Scale Invariant Problems

Lastly, we consider a class of optimization problems of the form: max f(z,y) subject to x € 9By,
where f(z,y) : R4T% — R is a scale invariant function in z for each y € R?. This problem
has the form of (I)) with respect to = once y is fixed. Also, by fixing x, we obtain an unconstrained
optimization problem with respect to y. Using SCI-PI and the gradient method, an alternative
maximization algorithm is derived as

Try1 — Vo f (@i, ye)/|IVaf @iy, Yksr < Uk + aVy f(@k, yi)- 8
While the gradient method is used in (8], any method for unconstrained optimization can replace it.
Theorem 4.3. Suppose that f(x,y) is scale invariant in  for each y € R, y-strongly concave
in y with an L-Lipschitz continuous ¥V f (x,y) for each x € 0Bq,, and three-times continuously
differentiable on an open set containing 0Bg, x R?%. Let (x*,y*) be a local maximum satisfy-
ing Vf(z*) = XNa* and \* > Xa = maxac<;<q|\i| where (X\;,v;) is an eigen-pair of V? f(z*)
with x* = v, If V2 = ||V2, f(z*,y*)|I? < p(A\* — X2) holds, then for the sequence of iterates
{(zk, yx) }k=0,1,... generated by @) with o = 2/(L + ), there exists some § > 0 such that if

max{1 — zl'z* ||y — y*||} < 6, then we have | Ax|| < Hf;ol (p+ 1) || Aol| for some sequence
such that limy_, ooy, = 0 where

_ - 2
1 — (2T2)? 1 (X L—p Ao L—p 82
Ap=|V k = St/ + <L
l lye — vl 2\ M L+u D A (L + )

As in the result of Theorem 4.2} the rate p increases as v increases and is equal to max {\o/\*, (L —
1)/ (L+u)} when v = 0. Also, by dropping y, we can restore the convergence result of Theorem (3.1

5 Numerical Experiments

We tested the proposed algorithms on real-world data sets. All experiments were implemented on a
standard laptop (2.6 GHz Intel Core i7 processor and 16GM memory) using the Julia programming
language. Let us emphasize that scale invariant problems frequently appear in many important
applications in statistics and machine learning. We select 3 important applications, KL-NMF, GMM
and ICA. A description of the data sets is provided in Supplementary Material. All of them are
standard sets used in prior works on these 3 problems.

KL-NMF: The KL-divergence NMF (KL-NMF) subproblem can be solved via SCI-PI (see Sup-
plementary Material A.1). Our focus is to compare this algorithm with other famous alternating
minimization algorithms listed below, updating H and W alternatively. To lighten the notation, let ©®,
© and (-)®? denote element-wise product, division and square, respectively. We let z = V @ (Wh)
and 1,, denote a vector of ones.

e Projected gradient descent (PGD): It iterates h*°% «+— h —n ® WZ(z — 1,,) followed by
projection onto the simplex, where ) o< h is an appropriate learning rate [14].

e Multiplicative update (MU): A famous multiplicative update algorithm is originally sug-
gested by [12]], which iterates h**¥ « h ® (WT2) @ (WT1,,) and is learning rate free.

e Our method (SCI-PI): It iterates A" < h ® (o + WT2)®2 and rescales h, where o is a
shift parameter. We simply use o = 1 for preconditioning.

e Sequential quadratic programming (MIXSQP): Solving each subproblem via a convex solver
mixsqp [L1]. This algorithm performs sequential non-negative least squares.

To study the convergence rate for KL-NMF subproblems, we use four simulated data sets exhibited in
[L1]. We study MU, PGD and SCI-PI since they have the same order of computational complexity per
iteration, but omit MIXSQP since it is a second-order method which cannot be directly compared. For
PGD, the learning rate is optimized by grid search. The stopping criterion is || f (z3) — f*|| < 1076 f*
where f* is the solution obtained by MIXSQP after extensive computation time. The average runtime
for aforementioned 3 methods are 33, 33 and 30 seconds for 10,000 iterations, respectively. The
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Figure 2: Convergence of 3 algorithms for the KL-NMF subproblem. n,m : the number of sam-
ples/features of the data matrix.

result is shown in Figure [} It shows that SCI-PI outperforms the other 2 for all simulated data sets.
Also, all methods seems to exhibit linear convergence.

Next, we test the 4 algorithms on 4 real-world data sets for 3 different purposes: 287 waving tree
(WT) images for image reconstruction, two bag-of-words data sets from the KOS blog and NIPS full
papers for topic modeling, and a Wikipedia (WIKI) vote network for graph clustering. We estimate
k = 20 factors. At each iteration, all 4 algorithms solve m subproblems simultaneously.

The result is summarized in Figure @ The convergence plots are based on the average relative errors
over 10 repeated runs with random initializations. The result shows that SCI-PI is an overall winner,
showing faster convergence rates. The stopping criterion is the same as above. To assess overall
performance when initialized differently, we select KOS and WIKI and run MU, PGD, SCI-PI, and
MIXSQP 10 timesE The 3 algorithms except MIXSQP have (approximately) the same computational
cost per iteration, take runtime of 391, 396, 408 seconds for KOS data and 372, 390, 418 seconds
for WIKI data, respectively for 200 iterations. MIXSQP has a larger per iteration cost. After 400
seconds, SCI-PI achieves lowest objective values in all cases but one for each data set (38 out of 40
in total). Thus it clearly outperforms other methods and also achieves the lowest variance. Unlike the
other 3 algorithms, SCI-PI is not an ascent algorithm but an eigenvalue-based fixed-point algorithm.
We observe that sometimes SCI-PI converges to a better solution due to this fact. Admittedly, this
can be potentially dangerous but for the KL-NMF problem its performance turns out to be stable.

GMM: GMM fits a mixture of Gaussian distributions to the underlying data. Let L;;, =
N (z;; pg, Xk ) where ¢ is the sample index and k the cluster index and let 7 be the actual mixture
proportion vector. GMM fits into our restricted scale invariant setting (Sec.[d.3)) with reparametriza-
tion, but the gradient update for u, 2y is replaced by the exact coordinate ascent step. The EM and
SCI-PI updates for 7 can be written respectively as

r=10 (Lr), 7" «xro (LTr) EM), 7«06 (a+LTr)®%, (SCI-PI). (9)

We compare SCI-PI and EM for different real-world data sets. All the algorithms initialize from the
same standard Gaussian random variable, repeatedly for 10 times. The result is summarized in the left
panel in Figure 4 The stopping criterion is ||zj11 — 2%|| < 1075. In some cases, SCI-PI achieves
much larger objective values even if initialized the same. In many cases the 2 algorithms exhibit the
same performance. This is because estimation of y;’s and 3;’s are usually harder than estimation of
m, and EM and SCI-PI have the same updates for ;z and X. For a few cases EM outperforms SCI-PI.
Let us mention that SCI-PI and EM have the same order of computational complexity and require
591 and 590 seconds of total computation time, respectively.

ICA: We implement SCI-PI on the Kurtosis-based ICA problem [6] and compare it with the bench-
mark algorithm FastICA [3]], which is the most popular algorithm. Given a pre-processe(ﬂ data matrix

, . . . 2
W € R™*4, we seek to maximize an approximated negative entropy f(z) = >, [(w] z)* — 3]

'For each evaluation, we randomly draw 10 initial points and report the averaged relative errors with respect
to f*. The initial input for the KL-NMF problem is a one-step MU update of a Unif(0, 1) random matrix.

*In all plots we do not show the first few iterations. The initial random solutions have the gap of approximately
50% which drops to a few percent after 10 iterations where the plots start.

3A centered matrix W = n*/2UDV T is pre-processed by W = WVD VT sothat WIW = nVV7T.
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Figure 3: (Left and center) Convergence of the 4 NMF algorithms. (Right) Boxplots containing 10
objective values achieved after 400 seconds.
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subject to & € 0By, for maximizing Kurtosis-based non-Gaussianity [[7]. This problem fits into the
sum of scale invariant setting (Sec.|4.1). SCI-Pl iterates w31 + W1 [(Waxr)®4—31,)© (Wx)9?]
and FastICA iterates vy < W71 (Wap)®3 — 3(1T (Wxy,)©?)xy, both followed by normalization.

We compare SCI-PI and FastICA for different real-world data sets. The majority of data points (81
out of 100 in total) show that SCI-PI tends to find a better solution with a larger objective value, but
in a few cases SCI-PI converges to a sub-optimal point. Both algorithms are fixed-point based and
thus have no guarantee of global convergence but overall SCI-PI outperforms FastICA. SCI-PI and
FastICA have the same order of computational complexity and require 11 and 12 seconds of total
computation time, respectively.

6 Final Remarks

In this paper, we propose a new class of optimization problems called the scale invariant problems,
together with a generic solver SCI-PI, which is indeed an eigenvalue-based fixed-point iteration. We
showed that SCI-PI directly generalizes power iteration and enjoys similar properties, for instance,
that SCI-PI has local linear convergence under mild conditions and its convergence rate is determined
by eigenvalues of the Hessian matrix at a solution. Also, we extend scale invariant problems to
problems with more general settings. Although scale invariance is a rather restrictive assumption, we
show by experiments that SCI-PI can be a competitive option for numerous important problems such



as KL-NMF, GMM and ICA. Finding more examples and extending SCI-PI further to a more general
setting is a promising direction for future studies.
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A Supplementary Material

A.1 Examples

We introduce two immediate applications, L,-norm kernel PCA and the mixture model, which have
been intensively studied over the past few decades in the field of statistics and machine learning.
Example A.1 (L,-norm kernel PCA). For p > 0, Ly,-norm kernel PCA [21)] is defined as

maximize f,(z) = n_12?:1||<1>(ai)TmH§ subjectto  x € By, (10)

which satisfies property (2) with u(c) = |c|P. The example includes the standard La-norm PCA.

Example A.2 (Estimation of Mixture Proportions). Given a design matrix L € R"*¢ satisfying
Lji, > 0O, the problem of estimating mixture proportions seeks to find a vector w of mixture proportions
on the probability simplex S = {71' : 22:1 =1, 7> O} that maximizes the log-likelihood

" . lo d, L. ). We reformulate the problem by reparametrizing x; by 72 and obtain
j=1108 | =11 p y rep 8 Tj by T,

maximize fo(z) = n‘lz;‘:l log (Zz:Iijmi) subjectto z € By, (11)
which now satisfies property (3) with v(c) = 2log |c|.

The reformulation idea in Example implies that any simplex-constrained problem with scale
invariant f can be reformulated to a scale invariant problem. Example[A.2] has a direct application to
general mixture models, including the GMM [1]. The same optimization problem also appears in the
Kullback-Leibler (KL) divergence NMF problem. In what follows, we show that the KL divergence
NMEF subproblem is indeed a scale invariant problem.

Example A.3 (KL-NMF). The KL-NMF problem [4, 12, 22|] is defined as
Vi
D VIWH)2S . |\ Viilog ——2— — V. Wi Hy s
minimize Dy (V|| ) ZZ’J{ jlog S Wi, i+ 2k WinHe;
subjectto W >0, Hp; >0,i=1,--+ ,n,j=1,--- ,m k=1,--- K.

12)

Many popular algorithms for KL-NMF are based on alternate minimization of W and H. We consider
a subproblem given W > 0O and j € {1,--- ,m}:

minimize frr(h) =), {vi log % —v; + > Wikhg subjectto  hr >0, (13)
Wi

where we let v; = V;; and hy, = H};, as the objective is decomposed into m separate subproblems.
Problem (13) can be reformulated to a scale invariant problem as follows.

Lemma A.4. The KL-NMF subproblem (13)) is equivalent to the following scale invariant problem:
maximize — Y ,v;log Y, Wirhy subjectto >, hi =1, hy >0, (14)
with the relationship (3, vi)h, = (3, Wik) .

A.2 Description of Data Sets

Table 1: A brief summary of data sets used for KL-NMF
| Name || # of samples | # of features | # of nonzeros | Sparsity |

WIKI 8,274 8,297 104,000 0.999
NIPS 1,500 12,419 280,000 0.985
KOS 3,430 6,906 950,000 0.960
WT 287 19,200 5,510,000 0.000

For KL divergence nonnegative matrix factorization (Section [5)), we used 4 public real data sets
available onlineﬂ Waving Trees (WT) has 287 images, each having 160 x 120 pixels. KOS and NIPS
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Table 2: A brief summary of data sets used for GMM
| Name | #of classes || # of samples | Dimension

Sonar 2 208 60
Ionosphere 2 351 34
HouseVotes84 2 435 16
BrCancer 2 699 10
PIDiabetes 2 768 8
Vehicle 4 846 18

Glass 6 214 9

Zoo 7 101 16

Vowel 11 990 10

Servo 51 167 4

are sparse, large matrices implemented for topic modeling. WIKI is a large binary matrix having
values O or 1 representing the adjacency matrix of a directed graph.

For GMM (Section[5), we used 10 public real data sets. We used all small/moderate data sets provided
by the mlbench package in R. We select data sets for multi-class classification problems and run EM
and SCI-PI for given number of classes without class labels. The sample size varies from 101 to 990,
the dimension varies from 2 to 60, and the number of classes varies from 2 to 51. If missing data
exists, we simply replace it by 0 since our main focus is to solve the optimization problem better.

Table 3: A brief summary of data sets used for ICA
|  Name || #of samples | # of features

Wine 178 14
Soybean 683 35
Vehicel 846 18
Vowel 990 10
Cardio 2,126 22
Satellite 6,435 37
Pendigits 10,992 17
Letter 20,000 16
Shuttle 58,000 9

For ICA, we used 9 public data sets from the UCI Machine Learning repositoryﬂ The sample size
varies from 178 to 58,000 and the dimension varies from 9 to 37.

A.3 More on Nonnegative Matrix Factorization

We first draw averaged convergence plots for the 4 real world data sets in Figure ??. For the WT
data set, MIXSQP exhibits a best convergence. Also, the convergence of SCI-PI is much faster than
those of MU and PGD. For the other 3 data sets, MIXSQP sometimes converges to suboptimal points.
Also, SCI-PI exhibits fastest convergence.

Next, we design a simple simulation study to evaluate the performance of block SCI-PI on KL-NMF
problems. To this end, we sample a data matrix V' independently from a single “zero-inflated” Poisson
distribution (ZIP):

Vij ~ modo + (1 — mo)Poisson(1) (15)

where 7 is the proportion of zero inflation and [ is the mean parameter of the Poisson distribution.
Although this data generating distribution does not always reflect empirical distributions of real-world
data sets, our focus here is to understand the behavior of SCI-PI compared to the other two methods,
MU and PGD. Let n and m be the row and column lengths of V' € Rﬁxm, K be the number of
non-negative factors and s be the number of zero entries in V. We set n = 500, m = 300, K = 10,

“These 4 data sets are retrieved from https://www.microsoft.com/en-us/research/project,
https://archive.ics.uci.edu/ml/datasets/bagt+of+words, and https://snap.stanford.edu/
data/wiki-Vote.html

>https://archive.ics.uci.edu/ml/index.php
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Figure 5: Convergence plots of 3 methods for KL-NMF on 6 synthetic data sets. We draw 10
convergence plots for each method differently initialized at random.

7o = 0 and [ = 1 as a default and change some parameters to understand how the algorithms work
for different settings.

Figure 5] summarizes the result. We conclude that SCI-PI tends to perform better in comparison to
MU and PGD when V is denser ((1,1) vs. (1,3) and (2,1) vs. (2,2) in Figure E]), when K is larger
((1,1) vs. (2,3) in FigureE[) and when V' is more uniformly distributed ((1,1) vs (1,2) and (1,1) vs
(2,1) in Figure[5).

A.4 Proofs of Results in Section

Proof of Proposition|[2.2] We first consider the multiplicative scale invariant case. Let z be a point
such that f(x) # 0. Then, we have

flrsz) = u(rs) f(x) = u(rju(s)f(z),
resulting in
u(rs) = u(r)u(s)
forall r, s € R. Letting g(r) = In(u(e")), we have
gl + 5) = Inu(e™)) = In(u(e’e®)) = In(u(eYu(e?)) = In(u(e")) + Inu(e®)) = g(r) + g(s),

implying that g satisfies the Cauchy functional equation. Since f is continuous, so is « and thus g.
Therefore, by [18]], we have

g(r) =rg(1) (16)
for all 7 > 0. From the definition of g and (]EI), we have
u(e”) = e9() = (eT)g(l). 17
Representing 7 > 0 as 7 = ¢™(") and using (T7), we obtain
u(r) = u (elnm) — po(1) — pin(u(e)) _ pp.
If p = In(u(e)) < 0, then since f(x) # 0, we have

lim, o, f(rz) = lim,_o, u(r) f(z) = f(x) - lim, o, P = f(z) - 00 # f(0) < oo,
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contradicting the fact that f is continuous at 0. If p = 0, we get u(r) = 1, which contradicts «(0) = 0.
Therefore, we must have p > 0. From wu being an even function, we finally have

u(r) = |rf?
forr € R.
Consider now the additive scale invariant case. For any = € dom(f), we have
frsz) = f(a) +o(rs) = f(z) +v(r) + v(s),
resulting in
v(rs) = v(r) +v(s)
forall 7, s € R. Letting g(r) = v(e"), we have
glr+s) =v(e™™) =v(e"e) = v(e") +v(e”) = g(r) + g(s)-

Since g is continuous and satisfies the Cauchy functional equation, we have

g(r) =rg(1)
for all # > 0. For r > 0, letting = (") we have

v(r) = v(e") = g(In(r)) = g()In(r) = v(e)In(r) = log,(r)

where a = e satisfying 0 < a,a # 1. From the fact that v is an even function, we finally have

v(r) =log,|r|
forr € R\ {0}. O

Proof of Proposition[2.3] Without loss of generality, we can represent a scale-invariant function f as
flex) = u(e) f(z) + v(c) (18)

since we can restore a multiplicatively or additively scale-invariant function by setting v(¢) = 0 or
u(c) = 1, respectively. By differentiating (I8) with respect to z, we have

Vf(ex)= @Vf(a:)
On the other hand, by differentiating (I8) with respect to ¢, we have
Vi(cx)Tz =u'(e)f(z) + ' (c). (19)
By differentiating (I9) with respect to =, we obtain
V2 f(ex)r + Vf(cx) =u'(c)V f(x). (20)
Plugging ¢ = 1 into (T9) and (20) completes the proof. O

Proof of Proposition Consider the Lagrangian function

L) = f()+ 5 (1 llal?)

and a stationary point (\*, z*) satisfying
Vf(z*) =N, ||| =1.
If f is multiplicative scale invariant with the degree of p, by Proposition 2.3} we have
V2f(a)z® = (p— 1)V f(z") = (p - DA"2".
Also, by Proposition[2.3] if f is additive scale invariant f, we have
V2f(x*)z* = -V f(z*) = —\*z*.
Therefore, in both cases, a stationary point z* is an eigenvector of V2 f(z*).
Next, suppose that \* is greater than the remaining eigenvalues of V2 f(z*). Since we have
d"V2,L(z*, X )d = d" (V2 f(z*) — XN I)d = d"V?f(z*)d — X*||d||* < 0.

for any d satisfying d” z* = 0, the second-order sufficient condition is satisfied. Therefore, z* is a
local maximum. O
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Proof of Proposition|2.3] First, we consider the case where an objective function f is multiplicative
scale invariant with a multiplicative factor u(c) = |c|P where p > 0. Let w* be an optimal solution to
(@). From f(0) = 0 and f(w*) = 1, we have w* # 0, leading to

w* 1
o'l > 0, f() 1y
) = Tl

Suppose an optimal solution to (T)) is y with

ﬂw>f(w*>>& @1
[|w*]|
Letting
j= Y
fly)t/e’
we have A
R )
=1, y=-2.
fo=1 =1

Since f(§) = f(w*) = 1, we have

Y 1 w* 1
(52 , - , 22
i) =1 (wn) RGN (nw*) TRRE (22

From (21)) and (22), we have ||g|| < [Jw*

On the other hand, let 2* be an optimal solution to (I)) with f(z*) > 0. Suppose that an optimal
solution to (6)) is z with

, contradicting that w* is an optimal solution to (6).

x
140 < | s 23
Letting
N z
2= 9o
2]
we have
o _ z
=1 2=
Since ||2]| = ||z*|| = 1, we have
Z 1 x* 1
= = = . 24
1= 75 = 7 |7l = 7 ey

From (23)) and (24)), we have
fa) < f(2)
due to p > 0, contradicting the assumption that 2* is an optimal solution to (T).

Next, let f be an additively scale invariant function with an additive factor v(c) = log,|c| where
a > 1. In the same way as above, let w* be an optimal solution to (6) and suppose that an optimal
solution of (T) is y with

ﬂw>f(uﬁ>. (25)
[[w*]l
Letting
§= al—f(y)y’
we have
N Y
=1 v=y
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Since f(g) = f(w*) = 1, we have
~ ~ ~ w* *
F) = 1) - toga il = 1= tog il (1) =1 -tee el o)
From (23)) and (26)), we have
191 < {lw™]]

due to a > 1, contradicting the fact that w* is an optimal solution to (6).

On the other hand, let 2* be an optimal solution to (T)) and suppose that an optimal solution to (6)) is
z with

oIl < fla* =7 D). 7
Letting
. z
2=
(&l
we have R
12 =1, z=al"f®z
Since ||2]| = ||z*|| = 1, we have
Il = ' =5, ot = ot (28)
From (27) and (Z8)), we have
f@") < f(2)
due to a > 1, contradicting the assumption that z* is an optimal solution to (T). O

Proof of Lemma Since a log-linear function is concave, (13)) is a convex problem in . Consider
the Lagrangian of the original problem

L(h,X) = frr(h) = > Akhi (29)
where A > 0. By the first-order KKT conditions, we must have
Vifkr(R*) =X, MNhi=0, Vk=1,--- | K (30)

at an optimal solution (h*, A*). Since (30) implies ), hi\; = 0, we have

D hN = T bV ZZ’ Al DW= 3= 3 Wl =,
k Kk’ '

zk’

resulting in
2oV = 2ok Wikhy, = 0. (31)

‘We can show that

minimize fscr(h) £ >ovilog =——— Z I subject to Zvi = ZWikhk, hi > 0.
kTVik i ik

(32)
is equivalent to the original subproblem (T3), due to the following.
1. It always satisfies f&.; > f5 since (32) has an additional constraint Do = > Wikha
compared to (T3).
2. A solution 1* of ([3) is a feasible point of (32) since we have shown that y, v; = 3, , Wixh.
This implies fj; > féq-
Now we can reparametrize h by h so that Y Vi = i, Wikhy if and only if ), hi, = 1, which

yields the relationship between two variables hy, = hy (>, Wir)/(3_, vi). This completes the
proof. O
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A.5 Proofs of Theorem [3.1land Theorem 4.1
On several occasions, we use if z € 0By, y € 0By, then
Iz —yll* = l=l® + [ly]* — 227y = 2(1 — 2"y).

Note that if 27y > 0, then

\/1_(xTy)2:\/(1_$Ty)(1+xTy)Z l_l_Ty_”IE\@y”.

By Cauchy-Schwarz, we also have

V1= @72 = /(1 = aTy)(1 +aTy) < V2T —aTy = [z —y].

Lemma A.5. Let {v1,...,vq} be an orthogonal basis in R¢ and {xy}x—o.1,... be the sequence of
iterates generated by SCI-PI. If for every x € 0B we have

d
Vi) o =N +al@), D (V@) 0)? < Rolle — 2" + (x)” (33)

=2

a(z) = o(Vllz —a*)), Bz) = olllz —27[)),

then there exists some 6 > 0 such that under the initial condition 1 — x(:fx* < 0, we have

where

k—1 2
T (2 . ~
L= (ERets t=0 (/\* +%) (1= (zgz")?) and k:li{go’wc =0

Proof. By (33) for every = € 9B, we have
S (Vi@ T0)? (Aznx s a<x>)2

(Vf(2)Tv1)? A+ B(V)
From
Rollz - a* X
2”x)\* _T_g(l_)a(z) = /\73”33 —z*|| + (=)
where 0(z) = o(||z — x*||), we have
S (V@) (e @)
S < (5 ) e .
Using
0(x 1— 2Tz
o) = A lema P = (14T ) (- @), 09)

we can further represent (34) as

SLa(VI @) v (M +e<x))

(Vf(z)Tvr1)? * 1+ 2Tz*
X 2
- (/\2 + 7(33)) (1—(2"2%)?) (36)
where
Ao 1—aTx* 1 — 2Tz
= + 1+ ———. 37
o) =5 <1 +aTar 4+ /2(1 + x%*)) (@) 1+aTz G
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From (B3)), there exists some d; > 0 such that if 1 — z7z* < &y, then

Vi(z) v, > 0. (38)
Also, by (33)), for any 7 > 0 satisfying
A
Ti +5<1, (39)

there exists some constant §, > 0 such that if 1 — 27 z* < §,, then

@) < 1. (40)

Let § = min{4;, 0y, %—’7 1}.

We next argue that if 1 — 2] 2* < &, then we have
by : i
Laa >0, 1=l < () (-Gl < ($247) (- 6fep).
(41)

From § < 1, we have x{x* > 0. Also, from 1 — :cfx* < 41,2 = vy and the update rule of SCI-PI,

we obtain
Vi(zr)Ta* Vi) o

IVF@l IV ()l

due to (38). From |2} v1| < [|lz41||[Jv1]] = 1, we have

T *
Zk+1$ =

>0

1- (‘7354-1”1)2

1 - (zfpy2%)?
i (wh4101)?

Also, from the update rule of SCI-PI and the fact that {v1, ..., v4} forms an orthogonal basis in R¢
implying V f(zx) = S0, (V£ (@) vi)vi and ||V f (2|2 = S0, (V£ (@) Tv:)?, we obtain

L= @l o) VAol = (V) o)’ _ S (V) )’
(o) (VI (n)Tor)? Vil o)

resulting in

(2T )2 Z?:2(Vf(xk)TUz’)2
1= (2427)" < (Vfzn)Tv)?

Using zfz* > 0 and 1 — 2 2* < min{d,, 27} in (87) for iteration k, we have
2

A 1—afa* 1—alzr 5
1+ aia* +4/2(1 + zfz*) tap

which from (36) leads to
A
1= (zpq2%)? < (; +vk) (1= (zr2")?) < (A +7) (1= (zga")?) <6 42

Next, using mathematical induction, we show that if
1—adz* <, (43)

then
1—afz* <6 (44)
forall £ > 0.

By ([@3), we have 1 — 2’ z* < 4, which shows the base case.
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Suppose that 1 — 2} 2* < & holds. Then, we have @I). Also, from § < 1, we have 2} z* > 0. From
- 2
ap ot >0,xf2" >0,and 1 — (2 ,2%)? < (:\\—2 + ﬁ) (1—(zf2*)?) <1— (2] 2*)?, wehave
l—af z" <l-zfz* <4
This completes the induction proof.

Since (@) holds for all k& > 0, we can repeatedly apply (@) to obtain

2k

1— (zFz") <:I[( 4—%>2 (1-(22%)?) < (i*+q> (1—(zd2%)?). (45)

From (3)), we obtain (x 2 — 1. Since ] z* > 0 for all k > 0 by [@4), we have x;, — z*, and
thus limy_,c v, = 0 by ﬁﬂb With (@3), this gives the desired result. O

Lemma A.6. Let {vy,...,vy} be an orthogonal basis in RY. If x* = vy and a sequence of iterates
{k k=01, .. generated by SCI-PI satisfies

Vi(ee) o 2 A= B(1 - afa®) — C\1 —afar (46)
d
> (Vs < (Dy1= e+ By 21— o) + 5 Lo _“) w

=2

and

where A > 0and B, C, D, E, F are non-negative real numbers such that B+ C > 0 and # <1,
then under the initial condition

1—ala* <6

, A \?2 A-D-E \?
5_mm{(B+C>’(B+C+E+P>’1} (48)

— (D+E

where

we have

1— (zFa*)

:J

2
Jr’yt) (1 - (z§2*)?) and lim 4 = 0.
k— o0

Proof. We first show that if 1 — a:gx* < ¢, then we have

) . D+E 2 . D+E
Tt >0, 1—(zp2%)?< ( " —|—’yk) (1—(zfz")?), 1 +v <1l (49)

for all £ > 0 where

B (A(E4+ F)+ (B+C)(D+ E))y/1 — aT
b A(a-B+op1-afe)

Since /1 — 2T2* > 1 — 2T 2* holds from 0 < 1 — 27 * < 1, using the update rule of SCI-PL, (#6),

(50)

and § < (45)%, we have
af a* = Vf(xk)TUl > 4 B(l—xkx ) 0M> A_(B+C) 1_33{%* > 0.
S 7S] IV F el = IV F @l o

20



From z* = vy, |#f . v1| < ||2g41]||v1]] = 1, the update rule of SCI-PI and the fact that {v;, ..., va}
forms an orthogonal basis in R? implying V f(z3) = Z?:l(vf(xk)TUi)’Ui and ||V f(z2) |2 =
Z?:l(vf(‘rk)T'Ui)Q, we have

L= @) IVA@)lP = (Tf @) ™e)? S (V) v)?

1— (2l "2 < = =
R TN 2 (V Flon)Tor)? (¥ Flon)Tor)?
(52)
By (31), we have
A— B —zfz*) - Cy/1—alz* >0.
Therefore, by plugging @6) and (@7) into (52)) and using that z] z* > 0, we have
D\/1— (zFz*)2 4+ Ey/2(1 — 2T2*) + L |lxp — 2|2
1 - (afyy07)? < - A
A— Bl —ala*)—Cy/1 - mfﬂ;*
D+E 1+ 1— ZL’k +F 1— ka
1+$ x* 1+r x* T w92
= (1 — (zz") )
A— Bl—xkx* C,/l—mkx*
2
D+ B (1+/1—afa") + F\/1 - afo"
< (1— (zfa")?)
A—(B+C)\/1—alz
D+E 2 .
_ ( B, fyk> (1- (2Ta")?). (53)
In the above, we use the fact that /1 + x < 1 + /2 for z > 0 to derive the second inequality.
Moreover, from A
D—-F
/1 — - =z =
zjar < Vo< B+C+E+F’
we have
<1 D+ FE
Tk a1
Next, using mathematical induction, we show that if
1-— xgx* < 6, (54)
then we have
l—xiz* <0 (55)

forall £ > 0.
By (]3_1[) we have 1 — xOTx* < 4, which proves the base case.
Suppose that we have 1 — zF'z* < §. Then, we have [@9). Also, from § < 1, we have zFz* > 0.
From 2] 2* > 0,21 z* > 0, and that 1 — (2], ,2*)? <1 — (z{z*)?, we have
L—af 0" <1-aiz* <é.
This completes the induction proof.
Since (33) holds for all & > 0, by repeatedly applying ([@9), we obtain
k—1
- e < T (D1E+%)2(1—<xox ?). (56)

t=0
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Since D+E + 7, < 1forallk > 0,1 — (zfz*)? is monotone decreasing, and so is 1 — z} z* by
non—negat1v1ty Since -, is a monotone increasing function of 1 — :L{x* we have v;41 < 4 for all

k > 0, resulting in
k—1 2 2k
D+ FE D+ FE
< .

t=0

Since ZEE + 7 < 1 by @), we have (zz*)? — 1. Due to &l x* > 0 for all k > 0, this implies
T — x* and thus limy o y& = 0 due to (30). With (56), this gives the desired result. O

Proof of Theorem[3.1] Since V2 f(x*) is real and symmetric, without loss of generality, we assume
that {vy, ..., vy} form an orthogonal basis in R%.

Since f is twice continuously differentiable on an open set containing 0534, for © € 0B, using the
Taylor expansion of V f(z)Tv; at 2*, we have

V(@) o = V(@) v+ (& —2*) V2 f(2*)v; + Ri(x) (57)
where
Ri(x) = o([|lz — =]). (58)
From V f(x*) = M*z* and 2* = v, we have
Vi) v = Vi) s + (2 —2%) V2 (2*)2* + Ri(z)
=\ =M1 —2T2*) + Ri(x) (59)
=\ +ax)
where
a(z) = =Ai(1 —2"2%) + Ri(z) = o[z — z*|)
due to Ry(z) = o(||z — 2*||) and 1 — 272" = o(||x — z*||).

On the other hand, for 2 < i < d, due to V f(z*) = A*a™*, we have

Vi) v = 2 (2*) v, = 0. (60)
From (57)), this results in

Vf(x)Tvi =Nzl + R;(z). (61)
Let Ro(z) = maxa<i<q |R;i(z)|. Note that Ry(x) = o(||x — z*||). By (61)), we obtain

d d
(VI @)T0)” = 3 @ v)? + 272" vi) Ria) + (Ri(@))?]
=2 1=2
L B . o (62)
<N Y (@) + 20 Re(2) > 2" v] + d (Ra(x))” .
i=2 1=2

From x € 0B, * = vy, and the fact that {vy, . ..,v4} forms an orthogonal basis in R4, we have

d
Y @) =1-(a"v)?=1-("2")? = (1—2"2") (1 +2"2%) <201 — 2"2") = [|lz — 2*||*,
i=2
Also, by the Cauchy Schwartz inequality, we have

d d
Z lzTv;| < Vd Z(foui)Z < Vd||z — 2*|.
i=2 1=2

Therefore, we obtain from (62) that

d
(V@) 0)" < Xglle — 272 + 2% Ro(2)Vd|w — 2*|| + d (Ra())’

1=2

(63)
= (Rallz — 2*|| + B(x))’
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where ~
Bz) = VdRy() = of & — 27)).
By (9), (63), and Lemma[AZ3] we obtain the first part of the desired result.

Next, we consider the case where V; f has a continuous Hessian H;. From V; f(z) being twice
continuously differentiable in B, we have

Vi) = Vil (@) + OVaf @) op — ) + 5 (g — o) (@) (e~ %) (64)
where

it e N(ap,z*) & {x:x, =t +(1—ts)rps, 0<t, <1,s=1,...,d}.
In the above, 2 and x}, ; denote the st" coordinates of z* and xy, respectively.

For each 1 < i < d, we have

d
1 * A7 * 1 * ~ *
3 Y i (e — %) Hy(#]) (0, —2%) = Jlan —a )1 Gi(@) (e — ).
i=1

Since
*\T ~J * *1(12 xk—m* r ~j a:k—x*
o = 2T GaCd) o = )| = = 2P| | = | G |y
< k)2 Ty (4
< g — 27| nax |z* Gi(2,)z]
< |12 TG'
< lzp — 2™ peomax |27 Gi(y)z]
< k2 \/ d T . 2
< flow—atl” _ max /3T, (z7Gi(y)x)
= M|zy, — z*|?,
we obtain
1| , 1
3 ;vm‘ (z — 2")" Hy(@]) (xp —2")| < Ml — 2. (65)

From (64), (63) and that 2* = vq, we have
Vi) or 2 V(@) e + (x — 2)T V2 f(a*)2" — %lek —a"|)%,
resulting in
Vi(zp) vy > N — (M + M) (1 — 2 z™). (66)
For 2 < i < d, we have

Vi(xe) v = V) v+ (xg — o)V (2%)v; + %(xk —2)TG(#]) (vr — 2¥)

1 ,
= iz} + Q(xk — ") Gy (8]) (v — 2¥). (67)
Since
d 2 d T, — x* T T, — x* ?
*\T ~7 * * |14 - ~7 -
— )G — )] < o TGl |
N R I ;([”Wﬁn} (@) [”xk_ﬁ”D
d
< _ k|4 TGi ~J 2
< low I mgs D07 Gue))
d
< _ k|4 TG‘ 2
<z — x| zearsnfyfezsxi;(x i(y)z)
d
< _ k|4 TG‘ 2
< o =2t max Y (27 Gily)e)

= M?||zy, — ™%,
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using (67) and the Cauchy-Schwartz inequality, we obtain

d d 9
1 . P )
D (Vi) ) <Y (IAilevil + 5@k — )T Gil#]) (on — )>
i=2 i=2
L _d ' M
<A Z(val)z + A2 Z |(x — :L‘*)TG- ji T,. - _ x*||4
1=2 i=2
—92 d _
<A Z(vai)Q + Ao M ||y — 2*|?
i=2

(68)

- M
= <)\21/1 - (a:{x*)2 + ?sz —x
Using (66), (68), and Lemma[A.6| with
A=X B=M+M|,C=0,D=2, E=0, F= M,

we obtain the desired result. O
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Proof of Theorem Let {v1,...,vq} be a set of eigenvectors of F'(x*). Without loss of generality,
we assume x* = vp. Also, since F'(x*) is real and symmetric, we assume that {v;, ..., vs} forms an

orthogonal basis in R?

Since f is twice continuously differentiable on an open set containing 0B, for x € 084, using the
Taylor expansion of V f(z)Tv; at 2*, we have

Vf(x)Tvi = Vf(x*)Tvi + (z — x*)TVQf(x*)vi + R;(x) (69)
where R;(z) = o(||x — 2*||). Using (€9) with i = 1 and V f(2*) = \*z*, we obtain
Vf(x)T’ul = )\*(az*)Tvl + (x— x*)TV2f(x*)v1 + Ri(x)

=N+ a(x) (70)
where
a(z) = (z —2*)'V2 f(a*)or + Ri(2) = o(y/[lx — 2*[))
due to (z — 2*)TV2f(2*)v1 = o(\/||z — z*|)) and Ry (z) = o(||lz — =*||).
Again, using (69) and V f(z*) = \*z* for 2 < i < d, we have
Vi) v =X (") v + (x — %)V f(2%)v; + Ri(z)
= (z —2*) 'V f(z*)vi + Ri(2),
resulting in
d d )
Z(Vf(l‘)TUi)Q = Z ((z = 2*) "'V f(z*)v; + Ri(z)) . (71)
i=2 i=2
Let Ry(z) = maxa<i<q | Ri(2)]. Note that Re(z) = o(||z — z*||).
From 2* = v; and the fact that {vy, ..., vg} forms an orthogonal basis in R4, we have
d
> (@ =2V fat) = V2 ) @ = a3~ (@ - 2 V2 @)’
i=2
= (z—2)'V2f(a") (I — 2" (2")") V2 f(2")(z — ¥)
= (z— )TV f (") (T = 2" (")) V2 f (") (@ — 7).
Since
IV2f(@*) (I = a*(@)7)* V2 f (") = || (T — 2 (@")T) V2 £ ()|
= V2 f (") (I = 2" (=")") |,
we have
¢ 2 2
Z((m—x*)TVQf(x*)vi) < Nl — x| (72)
i=2
Also, from (72)) and the Cauchy-Schwartz inequality, we obtain
d d
S (@ =)V () <> (o —a") VP f(a)v] < XoVd||z — 2¥]). (73)
i=2 i—2
Using (72) and (73) for (7T)), we obtain
d d
S (o= TV ) < Kol — 2+ 2Ra(e) 3 (o — )TV (Yo + d(Ra(a))?
i=2 i=2

-2 » — — " _
< Nollw = o * + 2o Ra(2) Vel — 2| + d(Ra(2))?,
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resulting in
S (V@) 0)? < Gelle — 2|2 + B(a))’
where

B(x) = VdRa(x) = of |z — 2*])).
By (70), (74), and Lemma[A’3] we obtain the first part of the desired result.

Next, we assume that V; f has a continuous Hessian H;. By the Taylor theorem, we have

Vil (o) = Vif (0°) + DV ) i — 7°) + 5 (o — 2)T Hi(af) (o — 2°)

where 2% € N (xy, z%).
Using the triangle and Cauchy-Schwartz inequalities and || H;|| < M, we obtain

d
D vig (wp — )" Hy(#]) (wx — 2%)| < Z |visl | (=
j=1

SAMm—xW?

From (73), (76) and that 2* = vy, we have
Vi(zr) v > Vi) e + (2, — 29TV f(a*)z™ — %ka — 2|2
resulting in
V@) or > A = [V f ()" /2(1 = af2*) = M(1 - 2 a”)
=N = Xiy/(1—2Tz*) — M(1 - zfz*)
For 2 <i < d, we have
Vi(xr) v < V@) v + (xp — 2%)TV2F(2*)v; + %ka —z*|)?
= )+ (e a) @Yo+ s —
= (zp — 29 IV2f(z%)v; + %ka —z*|2.

Using (78), (72) and (73), we obtain

d d M 2
> (VA w0 < 3 ((on =0 O+ o = a7 )
i=2 1=2

_ M 2
< (Rallow —a*l1 + Gl =17
Using (77), (79), and Lemma[A 6| with
a=\N,b=M,c=X,d=0,e= Xy, f=M,

we obtain the desired result.
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A.6  Proofs of Theorem[d.2]and Theorem

Lemma A.7. Suppose that f(w,z) is scale invariant in w € R% for each z € R% and twice
continuously differentiable on an open set containing 0B, x 0Bg.,. Let (w*, z*) be a point satisfying

Vo f(* 2%) = Agw*, Xy > Xy = maxecica, ], w* = v}
where (A, v) is an eigen-pair of V2,,, f(w*, 2*). Then, for any w € 0B, and z € dB,_, we have

(2 ’L

Vauf(w,2)To = X}, + (2 = 2) VI, f(w', 25w + o (w, 2)

and
doy . 2
S (Vw2 o) < (A;" 1—<wTw*>2+uwznz—z*||+ﬁw<w,z>)
1=2

where

ctw=a(|[7]

w . w—w*
). s =o(|[222]])-
Therefore, we have

—w ,
(Vuf(w,2) 0 _ (X s
- < (V- (wlhe)?+ 2= 2" || +0%(w,2
o e < (V1 e Sl = 2 407 w2
w— w*
z — Z* .

w
Proof. Since V2, f(w*,z*) is real and symmetric, without loss of generality, we assume that
{ol, ..., vy } forms an orthogonal basis in R%.

where

v = V2w, ), 67w, 2) = (\

By Taylor expansion of V,, f(w, z)Tv} at (w*, z*), we have

Vo (w,2)7 0 = Vo flw”, ) ol + [i:;‘fr {@ﬁ&”jﬂ o + R¥(w, 2)
where
(|22
Using V., f(w*, 2*) = Af,w* and w* = v}’, we have
Vofw*, 29T = X5 (w—w*)TV2, fw*, 20" = = XY(1 — wiw*).

Therefore, we obtain

Vo f(w,2)To? = X5 4+ (w —w*) V2, flw*, 25)w* + a®(w, 2) (80)
where

v (w,z) = RY(w, 2) — AY(1 — wlw* (H[zz } )
In the same way, for 2 < ¢ < d,,, we have
Va2l = X @) =0, (= 0"V, f(, 2l = N ol

resulting in

Vo f(w, 2)Tv? = Awlvl + (2 — )TV, f(w*, 25) v + RY (w, 2). (81)
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From (8T)), we obtain

duy duy d
D (Vuf(w,2)Tof )P =3 ()P of)? +2) AP (wTof)(z = =) V2, f(w", 27 )0
i=2 i=2 i=2
w duw
+2) A (W )R (w,2) +2) (2= 2°) V3, f(w", 2ol Ry (w, 2)
=2 i=2
duy ) du
> (2= =)V (™, 2" )0p) + Y (RY (w,2))".
i=2 i=2
Since {v}’, ..., v} } forms an orthogonal basis in R*, with w* = v}’ and ||w||* = 1, we have
duw
DA < () (1 - (ww")?)
i=2
and
du )
Y (e =)V, 2o ) < (2 = 2) Vi f(w", 2P < (079)P )z — =712
1=2
Let RY (w, z) = maxa<i<a, |RY(w, z)|. Note that

w=o(|[27]

Using the Cauchy-Shwartz inequality, we have

).

Z A (wTo) (z — 2)TV2, fw*, 25 ) < Xy % ||z — 2*[1\/1 — (wTw*)2.

Also, we have

dw
Z)\ ( JRY (w, 2) < Ny RY (w, 2)\/dur/1 — (wTw*)
=2
and
dw
D RE(w,2)(z = 2) VI (w25 < vPERY (w,2)V/dy |1z — 27|
i=2

Therefore, we obtain
da

2
> (Vufw,z)Tvf)? < (A;U 1 — (wTw*)? + v"% ||z — 2*|| + ﬁw(w,z)> (82)

i=2
T — X
Yk —Y* '

Since {v{’, ..., v}y } forms an orthogonal basis in R** and |w” w*| < ||w||||w*|| = 1, we have
* dy w
(Vi f(w,2)Tw*)? 32525 (Vawf (w, 2) 0f")*
IVwfw, )P = (Vwf(w,2)Tvp)?
Using (80) and (82)), we have

S (Vuf (w, 2) o) _ (X pe
1= () < _ To%)2
(Vi f(w,2)To¥)2 = \ A% L= (whwr)+ A

where

B (w, 2) = RY (w, 2)\/dg = 0(

1—

2
Iz = 2% + 6% (w, Z)>
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where

w 3w 1— To%)2 wz ok w
g (0,2 = BU002) (Az (WTw )2 + vz = 2| + VB (w))
w A%
(z = 2*)TV2, f(w*, 2*)w* + B (w, 2)
Ay + (2 = 2)TV2, f(w*, 2 )w* + B (w, 2) )
Since
[(z = )T V2, f(w", 25 )w*| < vz — 2],
we have
1 1
(2 = 2)TV2, f(w*, 2w\ /1 = (wTw*)? < 3 (1= (w"w)?) + §(sz)2|\2 — 2|
and
v |(z = 2)TV2, f(w*, 2wz — 2¥|| < (v7F)?|1z — 27|17
From

e | I =4

we finally obtain
w—w*
z—2z* ‘

)

0" (w, 2) :o(‘

This completes the proof.

O

Lemma A.8. Suppose that f(w, z) is p-strongly concave in z € R% with an L-Lipschitz continuous
V. f(w, z) for each w € 0Bg,, and three-times continously differentiable with respect to x and y on
an open set containing 0By, and R, respectively. Let (w*, z*) be a point such that V . f (w*, 2*) =

0. Then, for any w € 0By, and z € 0Bgy,, with « = 2/(L + ), we have

2VZ’UJ

L
||Z+asz(w72)—Z*||S(L+M) o=+ () I = 271+ 0.2

)

where

TS R |y

Proof. Let V. ; f be the it" coordinate of V f and

be the Hessian of V, ; f. By Taylor expansion of V ; f(w, z) at (w*, z), we have
Veif(w,2) = Vaif(w',2) + VE, o f(w",2)" (w — w") + R (w, 2)
where V2, f(w*, 2) = V4 V. i f(w*, z) denotes the i*" column of V2, f(w*, z) and
R (w,z) = %(w —w)THYY (@, 2)(w — w*), @' € N(w,w*).
Also, from f being three-times continuously differentiable, we have
Viwaf (W 2) =V, if(w*,2") + HEF (w*, 2)(z = 2), 2 € N(2,2").

Since

|(z = 2*)THZY (w*, 2') (w — w*)|

IN

1 (w, 2)|[[[w — w12 — 27|

1 Zw *x 21 * *
ST (w2 (hw = w [ + [|2 = ="]1%) ,

IN
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we have
o -ty =o (| |42

) (87
By (®4). [83), (86), and (87), we have
V.f(w,z) =V, f(w* z)+ ngf(w*, 2 (w — w*) + R*(w, 2) (88)

Using (88), we have

z4+aV, flw,z) —2* =z — 2" +aV, f(w*, 2) + aV2, f(w*, %) (w — w*) + R*(w, 2),

where

Riw.2) = Biw.2) + = =) 2 2w - ) =o (| [92 27 ]).

resulting in
2 +aV. f(w,2) = 2*|| < |2 = 2" + aV. f(w*, 2) || + | V2, f(w*, 2*) (w — w*)]| + IIRZ(U&S;IL

Since — f(w*, z) is p-strongly convex in z with an L-Lipschitz continuous gradient —V ,, f (w*, z),
by theory of convex optimization (see the proof of Theorem 3.12 on page 270 in [2]), we have

L
2= 2* + aVa (", 2)] < (L+”) - 2] 90)
due to a = 2/(L + p). Also, we have
ol V2, F (1", 2w — 0] < (2”“” ) o — w] o)
zZw I — L+M °

Plugging (90), (91) into (89), we finally obtain
L
Iz = 2* + aV. f(w*, 2)|| < <L+“) lz = 2% + (

where

2VZ’U)

L+p

- -o{ |[12]

Lemma A.9. Let M be a 2 x 2 matrix such that

=g 4]

) o — w4 6% (w, 2)

)

for some a > 0,b > 0,c>0,d > 0,e > 0 and let p be the largest absolute eigenvalue of M. Then,
there exists a sequence w; such that
k-1
| MF|| = H(p +wy) and limy_oowi = 0.
t=0

Proof. The characteristic equation reads

2
det(M —XI) = X2 — Aa+d) + ad — % —0
C
with the discriminant of
(a—d)* + 4—62 >0
be —

Thus, all eigenvalues are real.
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First, we consider the case when det(M — AI) = 0 has a double root. We obtain the condition for a

double root as
4¢?

(a—d)?+-— =0.
be
Since b > 0 and ¢ > 0, this implies
a=d, e=0.
Therefore, M = al and p = a. From MF = a*I, we have
¥ =V = o,
resulting in
RS .
Wk = p—p
MR

for all £ > 0.

Next, we consider the case when M has two distinct eigenvalues \; and \y. Since a + d > 0, we
have A1 + Ay > 0. Without loss of generality, assume A\; > A,. Then, p = A\;. Let vy and v be
corresponding eigenvectors of A; and )\, respectively. Since v; and v are linearly independent we
can represent each column of M as a linear combination of v; and vy as

M = [aqur + Bive  aguy + Bavs).
By repeatedly multiplying M, we obtain
Mk = [al)\lf_lvl + B1>\]2€_1’l}2 OéQ)\lf_l”Ul + BQ}\g_va].
Let C* = (M*)T M*. Then, we have
Ol = i) (=) + BN Aty + 201 B1 (A1 A2)F o] vy
Cky = 227D 4 222D 4 9008y (A Ag) R 1T v,
and
sz = alag)\f(kil) =+ 6162/\5(]971) + (04162 + agﬁl)(/\l/\g)k 11}?1}2, C%l = CfQ
Since
- _ 102
Cf > a7 4+ BISETY — 200 B (M A) P! = (an M = BiAS ) > 0
and
C§2 2>\2(k 1) + 52 2(k—-1) 2042ﬁ2(>\1>\2)k71 _ (0[2)\]1671 N 52)\]2671)2 >0,

we have

1
sk = \/ 3 |Ct+ (ot - o) acchye].

leading to
2
IO O (Ol - o) el
Mk 2 '
15 Ol + Cly + 1/ (Cy — CB,)” + 4(Cy)?
From
. Ch 2 . C5, 2 Cty 5
A0 yzoon = o B e =% B eaen = B n T M
we obtain
o DM
m
Koo || MF| -
From fi1
. P |
1 - 1 —_— — = — =
N i I
we obtain the desired result. O
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Proof of Theorem From Lemma[A77|with w = xy, z = y, we have

- 2
(Vo (g, yn)"a*)? ()\2 T v )
1— < =4/1—(zlx*)2 4+ — —y*|| + 0% (z, .
Hv:cf(xkyyk)”2 \* ( k ) \* ”yk Y || ( k yk)
Since
Thop1 = v:cf(mk:ayk)
IV f(@r, yx)ll”
we obtain
VI @ < 2 T @l + Lol =7+ 0 ().
Using
. 1— yTy*
lyr — vl = 201 —yly*) = [ 1+ - 1—(y{y*)?,
L+yly +4/2(0+yly)
we have
A
Vi=@le? < 201=@la)? + S\ 1= Wy )? + 0 @) 02
where

1—yly
L+yly + /20 + yly))

0 (xk, yi) = 0% (wk, y )+ 1— Wiy )2 =o (

T — x*
Yk —y" ’
Using Lemmal[A7|for w = yy, 2z = x}, and the definition of y;1, we have

Vi < 2T e+ 20 Gl + 0wy 03

where

1-— x;‘gm*

gy(xka yk) = ey(xkvyk)'i_ 1-— (xzx*)z =0 <‘

T — x*}
1+ azfz* +/2(1 + zfz*)) [yk Y

Combining (92) and (93)), we obtain

AQ v _
1— (:L'£+1£L'*)2 - F F 1-— (x{x*)? N [ez(xk,yk)‘| (94)
1= (yi1y7)? |l s 1— (yly*)? 0¥ (r, yr)
s*  s*
1— (xga:*)Q
< (M + N(xk,yx)) (95)
1— (y{y*)?
where
X , 1— $T$* 1— yTy*
2
> x (z,y) Lratar Y l+ytyr
M= <. ’ N(.’I?,y) = T A% T, %
v 5 \/Q—xa: —yty 1— 2T 1—yTy*
s* s* 1+ 2T x* 1 +yTy*
and _ _
max{0*(x,y),0Y(x,y
oy — A0 (2.), 02,0}

\/2 — T px — yTy*
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Note that the spectral radius p of M satisfies

- = 2
1 [ A So Ao So 4p2
=—-| = — - — 1.
P=5 | » + 5* + \/()\* s*) N A*s* <

due to v? < (A\* — \y)(s* — 52). Also, fori, j = 1,2, we have
lim Nij(z,y) = 0.

(z,y)—=(=",y")

By Lemma|[A.9] there exists a sequence w; such that

k—1
IM*| =] (p+w) and Timyoew; = 0.
t=0
Let
o sk _ M7 +1 _ k
r=min{k: [MY] <1}, p="———, Pmax= max [M7].

We first show that (Z,.7, Ynr) — (z*,y*) as n — oo. By Lemma[A.7} we have
Vof(z,y) o1 =X+ (y —y") Vi, f@* y")a™ + o (z,y)
Vyf(@,y) ur = s* + (@ —a*)'VE, f2", 5" )y" +a¥(z,y)

. . T —x* y _ (2 — a*
o =o(|[=H]]) e =o (=)
Therefore, there exists some d; > 0 such that if
1— I'TIL'* 2
Tz >0, yTy* >0, ” ( ) < 01,
1= (yTy*)?]
then
Vof(z,y)Tv1 >0, Vyf(z,y) u > 0. (96)
Since N;j(z,y) — 0as (z,y) — («*,y*) for ¢, j = 1,2, there exists some d2 > 0 such that if
1— ITI* 2
Tz >0, yTy* >0, ' [ ( ) < 09,
1—(yTy*)?
then we have
T—1 m—1
l]:[o (M +N(d(@y,1))| <p  max 111 (M + N(o(z,y,01))|| <1+ pmax  O7)

where ¢(z,y, ) denotes the vector after [ iterations of the algorithm starting with (z, y).

To see this, let us define

m—1

[T (M + N(é(z,y,1)))

1=0
By (©3) and (96), if © — 2* and y — y*, then for any 0 < [ < 7, we have

Qs(x? y7 l) _) (x*7y*)7

g(x,y,m) =

resulting in

g(z,y,m) = [M™].
Therefore, by the definition of g and 7, there exists some d2 » > 0 such that g(z,y, ) < p. Also, for
each 1 < m < 7, there exists some d3 ,, > 0 such that g(z,y,m) < 1 4 pmax. Taking the minimum
of 03, for 1 < m < 7, we obtain d satisfying (97).
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Let

- 1)
6 = min {51, 11,52} , Nk = N(x,yr).
pmax
By mathematical induction, we show that for any n > 0, if
el 2 >0, yLy >0, A, <9, (98)

then for 0 < m < 7, we have

Zq—-{-mz* > 07 yvj;-r-‘,-my* > Oa An‘r—‘,—nl S (1 + pmax)AnT < 61- (99)

T
By (98), it is obvious that we have (99) for m = 0. This proves the base case.

Suppose that we have (99) for 0 < m < 7. Then, by the definition of d;, we have

Vo f(x Ynr+m)

T * T T nT+my Ynt+m 1
x == v = >0
nt+m-+1 nt+m-41 ||va:f(xn7—+m, yn7+m)|‘ ’

Vyf(x Ynr+m) U

T T Y nt+ms Ynt+m 1
yn‘r+m+1y* = yn‘r+m+1u1 = ’ > O

”vyf(xm'—i-my ynT—i-m,) H '

Also, by (93)), (98) and (7)), we have

m

H (M + N’m’-‘rl)
=0

Anr—i—m—i—l < Am— < (1 + pmax)A'm— < ;.

This completes the induction proof.

Suppose that (g, o) satisfies max{1 — zf'z*, 1 — yZ'y*} < § where § = min{4, 1}. Since § < 1,
we have B
xgx* >0, ygy* >0, Ag<o. (100)

Next, we show

zl 2* >0, yly >0, A, <p A (101)
For n = 0, we have (T0T) by (T00). This proves the base case.
Suppose that we have (TOT)) for n. Then, since A,,, < p"Aq < 6, by (©8) and (99), we have

T T
x(n—‘,—l)‘rx* > 0, y(n_H)Ty* > 0.
Moreover, using (93)) and (97), we have

T7—1

I M + Ny
=0

A(n-|-1)7— S An‘r § ,EA'H.T < ﬁn+1A07

which completes the induction proof. Therefore, by (T01)), (zyr, yns) — (z*,y*) as n — occ.

Furthermore, due to (99), we have (Zynrim, Ynr+m) — (x*,3*) for every 0 < m < 7, indicating
that (v, yx) — (z*, y*). This in turn implies that N, — 0. Letting

T (M + N[ M+

v A T I
we have
k—1 k—1 k—1
H(M+Nt) :H(P+Wt+77t):H(P+’Vt)~ (102)
t=0 t=0 t=0
Since 1 — 0 as N — 0, we have lim v, = 0. This concludes the proof. O

Proof of Theorem[.3] Using Lemmal[A7|for w = xy,, z = y;, and the definition of zj.1, we have
T *\2 X2 T ,.%\2 v * x
V1= @e)? < oy = (@) + il =y + 0% (e ). (103)
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By Lemma[A:8|with w = xy, z = yj, we also have

. 2v N L—
ymiyns< )m%xn+< )muyn+wuhw> (104)

L+ pu L+

Using

_ 1 — gL p* _

0% (wr, y) = 0% (k, yi)+ k2 1— (aga*)? = <‘ [Ik “y } H)
L+ azlz* +/2(1 + zlz*)) Yk

we can write (T04) as

N 2v L
s =071 < (o ) VT Gl () o= o+ o). 109
Combining (T03) and (T03)), we obtain
v
1- (gcnglsc*)Q < A* A* 1 — (zfz*)? " [Gx(xk,yk)] (106)
[ 2 Lot - G0
L+p L+4+p
(T %2
s(M+N(xk,yk>>[ L) (107)
[
where
By 1—ala*
2z L o.9) Trare Wl
M = , N(z,y) = — L =
2v L—pu V1=2Tz* + |y — v 1— 2T | .
L+p L+p Tt WY
and
max{0*%(z,y), 0Y(z,y
eny) = O @.0), 009}
V1=aTa* + ]y -y
Since 2 < pu(\* — A2), the spectral radius p of M satisfies
1 L- Yo L-p\’ 812
p=s |2+ 20y (2— ”) + <1
2\ L+up N M (L + p)
The rest of the proof is the same as the steps taken in the proof of Theorem 4.2} O
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