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Abstract

Federated averaging (FedAvg) is a popular al-
gorithm for horizontal federated learning (FL),
where samples are gathered across different
clients and are not shared with each other or a
central server. Extensive convergence analysis of
FedAvg exists for the discrete iteration setting,
guaranteeing convergence for a range of loss func-
tions and varying levels of data heterogeneity. We
extend this analysis to the continuous-time set-
ting where the global weights evolve according
to a multivariate stochastic differential equation
(SDE), which is the first time FedAvg has been
studied from the continuous-time perspective. We
use techniques from stochastic processes to estab-
lish convergence guarantees under different loss
functions, some of which are more general than
existing work in the discrete setting. We also pro-
vide conditions for which FedAvg updates to the
server weights can be approximated as normal
random variables. Finally, we use the continuous-
time formulation to reveal generalization proper-
ties of FedAvg.

1. Introduction

Federated learning (FL) is a popular privacy-preserving
machine learning framework allowing a server to train a
central model without accessing data locked on clients. In
FL, each client holds a subset of the overall data and is
not willing to share this data with the server; however, the
clients can send model weights to the server. In horizontal
FL studied herein, each client holds a subset of samples but
each client has access to all features. A popular algorithm
for horizontal FL is FedAvg (McMahan et al., 2017), which
is the focus in this work.

FedAvg works by averaging the model weights of all clients
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periodically. Specifically, each client trains a local model
for a specific number of iterations using only the data on
the client. Typically, this local training is done using batch
stochastic gradient descent. Then, the clients send their
local model weights to the server, where the server averages
the model weights and sends them back to the clients. Un-
derstanding the conditions for FedAvg to converge and what
factors influence convergence and generalization is of great
interest to federated learning practitioners and has been the
focus of significant work (Li et al., 2019; Karimireddy et al.,
2020).

A major challenge in FL is dealing with non-IID data across
clients (heterogeneous setting). The local updates on each
client significantly diverge due to the different data distribu-
tions they are trained on, resulting in slower convergence.
Many improvements to FedAvg exist, such as SCAFFOLD
(Karimireddy et al., 2020), which reduces the impact of
the data drift during local training and speeds up training
in heterogeneous settings, and RADFed (Xue et al., 2022),
which handles non-IID data by delaying aggregation with
specialized redistribution rounds. Despite the abundance of
new algorithms being introduced to tackle new challenges
in FL, FedAvg remains an important algorithm that is the
foundation of most new approaches.

The continuous-time perspective of stochastic gradient de-
scent (SGD) has provided a framework for developing more
compact proofs of convergence than the discrete process
(Orvieto & Lucchi, 2019) and has allowed the study of gener-
alization properties. Specifically, it has been shown through
the continuous-time representation of SGD how the learning
rate and batch size influence the width of local minima con-
verged to during SGD (Jastrzebski et al., 2018). This local
minima width impacts the model’s generalization ability to
unseen data (Keskar et al., 2017). The continuous-time rep-
resentation also allows for studying first exit times of SGD
from local minima and how this depends on the width of the
local minima (Nguyen et al., 2019). Our work is focused
on developing a continuous-time representation of FedAvg.
It is our hope that this formulation provides a framework
for new interesting analyses, just as the continuous-time
representation did for SGD.

We focus on a theoretical analysis of FedAvg. We formulate
a continuous-time representation of FedAvg in the form of
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a stochastic differential equation (SDE) and use this formu-
lation to prove convergence properties. The convergence
proofs are relatively compact and the proof framework may
be extended to other FL algorithms. We show convergence
of FedAvg to a stationary point for general, non-convex
loss functions and demonstrate that it is likely not sufficient
for only the server learning rate to decay; it is necessary
that the client-side learning rate must decay at certain rates.
We show convergence of FedAvg to the global minimum
for weakly quasi-convex loss functions. To the best of our
knowledge, weak quasi-convexity has not been studied for
FedAvg up to this point. Next, we show that the server
weight updates in FedAvg can be approximated as normal
random variables under certain assumptions, even for hetero-
geneous data with extensive local updates before averaging.
This is a surprising result and can assist in further analyses
of FL algorithms. Finally, we use our continuous-time ap-
proach with a quadratic single variate form of each clients’
loss landscape to determine how different FedAvg hyperpa-
rameters affect the trade-off between minimizing expected
loss and ability to escape poorly-generalizing local minima.

Our contributions are as follows.

1. We are the first to formulate an SDE that models the
evolution of server weights in continuous time dur-
ing FedAvg. Existing work (Zhang et al., 2023) for
modeling distributed learning algorithms uses ordinary
differential equations without stochasticity.

2. Using the continuous-time formulation, we devise
convergence proofs of FedAvg in deterministic and
stochastic cases. We show convergence under a certain
normality assumption to a stationary point for non-
convex loss functions and convergence to a global
minimum for weakly quasi-convex functions. To the
best of our knowledge, no other works in either de-
terministic or stochastic regimes have shown global
convergence of FedAvg for weakly quasi-convex loss
functions, which are more general than convex func-
tions and allow for locally concave regions. The new
proof framework we provide allows for relatively com-
pact proofs of FedAvg and can inspire compact proofs
of other FL algorithms.

3. We show that the server weight updates converge in
distribution to a normal distribution as the number of
clients grow, even in non-IID data settings with many
local client iterations without server averaging. This
justifies the normality assumption in the convergence
results. We demonstrate this through the Lyapunov
central limit theorem.

4. Using a quadratic single variate loss function for each
client’s loss landscape, we uncover dynamics of how
various hyperparameters in FedAvg affect the trade-off

between generalization and the optimality gap of the
expected loss in the continuous-time setting.

In Section 2, we discuss related work on the analysis of
FedAvg in the discrete case and continuous-time analysis
of SGD. In Section 3, we formulate the SDE that models
the evolution of server weights during FedAvg. In Section
4, we provide convergence guarantees of FedAvg for non-
convex and weakly quasi-convex loss functions using the
SDE formulation. In Section 5, we provide conditions for
which the server weight updates can be approximated as
normally distributed; this is a key assumption for the SDE
formulation to be an It6 process. In Section 6, we analyze
the case where each client’s local loss function is a quadratic;
this allows us to examine how various parameters, such as
the client learning rate and the number of local iterations,
affect the trade-off between minimizing the loss function
and generalization.

2. Related Work

Extensive work has been done in analyzing stochastic gra-
dient descent (SGD) from the continuous-time perspective.
Although theory of the discrete process of stochastic gra-
dient descent has existed for a long time, continuous-time
perspectives have added value in understanding the behavior
of SGD particularly in the area of generalization (Mandt
et al., 2015). Using the continuous-time perspective, it has
been shown that learning rate magnitude and batch size af-
fect the sharpness of the local minima that SGD converges
to (Jastrzebski et al., 2018), and the sharpness of local min-
ima has been linked to generalization ability (Keskar et al.,
2017). Furthermore, there has been work in developing
concise convergence proofs for the continuous SDE form of
SGD (Orvieto & Lucchi, 2019). While the previously men-
tioned works form a Brownian motion representation with
normally-distributed noise, there is also work on forming
Lévy processes where the noise is the more general a-stable
distribution that can have heavy tails (Nguyen et al., 2019).
This Lévy process is used to describe first-exit times of
SGD under heavy-tailed noise and demonstrates why SGD
prefers converging to wide local minima which generalize
better than narrow minima. All of these works take the
actual discrete stochastic gradient descent process and form
the continuous-time SDE that models the evolution of the
weights over time.

Furthermore, the discrete process of FedAvg is well-studied.
Convergence has been proven for the convex case, even
when the data distribution across different clients is non-
IID (Li et al., 2019). However, the convergence rate is
slower when data is highly non-IID and the number of local
iterations before averaging is required to be large due to
“client drift” (Karimireddy et al., 2020).
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The case of analyzing federated learning from the
continuous-time perspective is less-studied. There has been
work on analyzing the continuous-time system of a broad
class of distributed optimization algorithms using a control-
theory perspective, however this work assumes full gradients
and thus has no stochastic component (Zhang et al., 2023).
Furthermore, their framework does not work for the FedAvg
algorithm specifically because FedAvg cannot be mapped
to the double-feedback system they developed. Since most
implementations of FedAvg use stochastic gradients on the
clients, we focus on developing and analyzing an SDE that
models the evolution of the global weights while assuming
that the client updates use noisy, stochastic gradients. Re-
cent work (Mehrjou, 2021) analyzes the continuous-time
limit of local client updates to make connections to game
theory, but does not form a continuous-time representation
of the server weights and does not study convergence of
the global weights. Existing work (Glasgow et al., 2022)
uses the continuous-time limit of each client’s local SGD
iterates to uncover iterate bias, but the authors do not form
the continuous-time SDE for the evolution of weights on
the server, and thus their approach is very different from our
approach.

3. Continuous-Time Formulation

We are given N samples with the loss of sample 7 being
F;(w) and w € R? are the model weights. Furthermore,
we assume the samples are gathered across () clients in
the horizontal federated learning fashion. We refer to each
local client component of the overall objective function as
FF(w) = §- Y ey, Fi(w) where Iy, is the set of samples
that belong to client k and N = |I|. We state the loss
function as F'(w) = Zgzl prF*(w) where py, is the weight
of client k, usually set to p, = . We denote the copy
of model weights on client k as w”. The goal is to solve
min,, F(w).

Client weights are updated using standard SGD, ex-
cept for iterations where averaging occurs. We
can write the evolution of client weights as wk. =
’w4€171 — nk,Tflé EiGSk - VFi(’LUécwil), when T # Ty +

E, and wk = Zk 1pk<wT g + for- 1(w§ 1

i T—l%zie& VFE(wk_,) — wk_g) ], when T =

To + E, where S is the batch size, S;, T is a random batch

drawn from the available samples in [} at iteration T', Tj is
the most recent iteration where averaging occurred, 1;, _4

is the learning rate on client k and may vary over iterations,
No,r—1 is the global server learning rate which may vary
over iterations, and FE is the number of local SGD updates
before averaging. When T' = Ty + E and averaging occurs,
the most recent iteration of average is incremeted as T

Ty + E. It is important to note that the averaging step does
not imply that clients have access to the updates of the other
clients; this average is actually computed on the server and
sent back to each client, and on this time step every client
holds the same-valued weights. A common choice of server
learning rate is 7o, T 1 =1, Which simplifies this update
schedule to w§ = wh_y —npr—1% ZzeSk o VFEi(wy_,),

when T # Ty + E, and wh = Zgzlp,; (wéﬁ_l -

Mhr-1§ ZieS,;yT VFi(wéc“_O) swhen T =Ty + E.

Atiteration T' = T+ E, each client performs one more step
of SGD, then sends updated weights to the server, where the
server averages the updates along with an optional server-
side learning rate 7)o 7—1 that controls how much to update
the server weights. While the mathematical expression for
the case when T' = Ty + E shows gradient passing, this is
not the case in an actual implementation where it is equiva-
lent to sending the updated weights after each client’s local
updates. The server then sends this average back to every
client. We study the convergence of global server weights in
this work, which we denote as wq 7 for iteration 7. Updates
to the server weights only occur every E iterations during
the averaging step, otherwise they remain the same as the
most recent averaging iteration.

As shown in (Jastrzebski et al., 2018), the stochastic gradi-
ents, géﬁ, on the local client updates can be assumed to be
normally distributed as follows

> VE(wh)

~ N(VF*(w}), Sp(wh))

1€SK, T+1
where Sg(wf) = (§ — 3) 5 L (VEwh) —
VE*(wh))(VE;(wk) — VF*(wk))T. We can think of

this as a normal random variable centered around the full
gradient of the local loss function.

Therefore, we can write our discrete updates in the time

region where no averaging occurs as

Mk, rGE
— e, e N (VFF(wf), Se(wf))
— e, e VEF(W05) + 1, 2N (0, S (wip).

ko _ .k
wT+1*U’T*

Expanding this for E time steps, we get

E-1
Why g = wh + Z Ner+i(Nfs; — GELL)
=0
where NF ., ~ WN(0,Z,(w,,) and GE,, =
VF*(wk_ ;). Notice that the expressions for G%., ; and
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Nk ; depend on whk, ; and not wk.. This results in the full
expression being a very complicated recurrence relation.

We can re-index as

E—-1

k k k k
wp =wp_p+ Z Mk, 7—5+i(NT_pyi — GT_pyi)-
i=0

We assume that at iteration 71" (and thus also T' — nFE for all
integers n such that T' — nE > 0), the server aggregates
across clients, and we write the aggregated server weights at
this time as wg, 7. Using the averaging technique specified
in the FedAvg update schedule we get

wWo, 7 = Wo,T—E

Q B-1
+ 70,7 Zpk[z nk,TfEJri(N%“fEJri - Glic“ijLi)]'
k=1 i=0

We split the global learning rate, 7jo, 7, into the product of a
constant term, h, used for lifting the difference equation to
continuous-time and the learning rate, 19 7, which depends
on iteration 7. We write this as 7o = hng,r. Thus, we
rewrite the difference equation as

Wo, 7 = Wo,T—E
Q E-1

+ o Y oD mkr-mri(NE_pyi — Gropyd)l-

k=1 i=0

At

Assumption 3.1. Arp is a normally distributed random vari-
able such that Ap ~ N (M, Vr). Both Mp and Vr are
functions of w%_ .

We further discuss Assumption 3.1 in Section 5. We can then
write the evolution of iterates of the global server weights as

wo,r — wo,r—g = hnorMr + hno 7 N(0,Vr) (1)

where MT = E[AT] and VT = E[ATA%] — MTMf;]:

According to the FedAvg server update schedule, the global
server weights only change every F iterations as indexed by
T, thus wo 7 — wo,r—E in (1) represents the difference in
a single update of the server weights. So, we can view this
as the discretization of an SDE using the Euler-Maruyama
method with a step size of h. This discretization is more
accurate when £ is small. We now form the SDE as

dwo(t) = no(t) M (wo(t))dt + 1o (t) VRV 2 (wo(t))dB(t)

2
where B(t) is a standard Brownian motion, M (wo(t)) =
E[A(wo(®))].  VV2(wo(t))(VV/2(wo(t)))" =
E[A(wo(t)) A(wo(t)"] —

Vwg(t), V(wo(t)) =

M (wo(t)) M (wy(t))T, and rewriting Ar in continuous-
time as

Q E—-1
A(wo()) =Y e D me(&)(N*(t, i) — G*(t,4)))]
k=1 i=0

where N¥(t,i) = N(0,Zr(wk(t,9))), GF(t,i) =
VFk(wk(ta Z)), ’U)k(t,l) = wk(tai - 1) - nk(t)[Gk(tvl -
1)+ N¥(t,i — 1)], and w*(t,7 = 0) = wp(¢) for all clients
k=1,...0.

We show in Lemma A.4 that the drift term, 7o (¢) M (wo(t)),
in (2) is Lipschitz continuous which is an important property
for our convergence proofs.

4. Convergence Proofs

We use the formulation of (2) in Section 3, and similar
tools used in (Orvieto & Lucchi, 2019) to form convergence
proofs for FedAvg in various settings. While the techniques
used in convergence proofs for continuous-time SGD are
similar to our approaches for FedAvg, the case for FedAvg
that we show is much more complicated.

Assumption 4.1. F;(w) each are u-smooth functions. We
require each F;(w) to be twice differentiable across their
entire domain and ||V F;(w)||ec < L and ||diag(H)||ec <
L over the entire domain, where H is the Hessian of F;(w).

Assumption 4.2. The learning rates on each client are the
same, may depend on ¢, and can be written as 1y (t) = 7(t)
forallk =1,2,..,Q.

As a consequence of Assumption 4.2, we rewrite

E-1

Q
Alwo(t) = n(t) Y pe[Y (N*(t,7) — G*(t,4)))]
k=1

=0

Ay (wo (1))

=n(t) A1 (wo(t))

and

V (wo(t)) = E(A(wo(t) A(wo(t)™) — M (wo(t) M (wo(t))"

—n(0?  ECAT) - SLABELALT )
Vi (wo(t))
= n(t)*Vi (wo(t)).
Assumption 4.3. We assume that the variances of the
server updates are bounded for all ¢. More precisely,

V* = max; ||Vi (wo(t))]|s < oo, where || - ||, is the spec-
tral norm.

Assumption 4.4. We assume X (wk.) = 3, where 3, €
R?*4 does not vary over iterations and may be different for
each client k.
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Assumption 4.4 is similar to the assumptions made in the
continuous-time SGD literature (Mandt et al., 2015).

4.1. Non-convex loss functions

We prove convergence to a stationary point for general, non-
convex loss functions.

Theorem 4.5. We assume Assumptions 3.1, 4.1, 4.2, 4.3,
and 4.4 are met, and the server learning rate 1o (t) = 1. For
a random time point t € [0, t] that follows the distribution

(i)

TTa(e)ds” we have

F(wo(0)) — F(wg)
Eo(t)
L hERVIL
+m/0 [Cin(t)” + ——<——ldt" (3
2 Q
where Cy — E L;Lz:,czlp;[LJm/Tr(Ek)]y (p(t) _ fot n(t/)dtl,

wg = argmin,, F(wo), and the expectation E; g is over the

Ei gl |V (wo(f))|* <

random time point t and stochasticity in gradients G.
Proof. Proof provided in Section A.3. [

Theorem 4.5 provides a general expression that can be used
to easily derive convergence rates for a variety of learning
rates, 7)(t). We obtain more concrete convergence rates for
specific choices of 7)(t) and asymptotic rates for intervals of
n(t) in Corollary 4.6.

Corollary 4.6. For a random time point t € [0,t] that
follows the distribution —"\)

and with n(t) = —=, we

g n(s)ds’ t+1°
have
. F(wy(0)) — F(wg) 1
E; o||VF(wo()]]? < :
.l [VF(wo(t))]]” < E log(t + 1)
Ol + h\g L 1
E log(t+1)’

forn(t) = ﬁ, we have

F(wo(0)) — F(wg)
E@2vVt+1-2)
[Cy + MV LT log(t + 1)
E@2vt+1-2)

E; gl VF (wo(D)|* <

and with n(t) = 1/(t + 1), we have

O(5%) 0<b<i
: O(log(t)) h=1
E: .||V F(wo(D)]? < vt 2 .
gl VE(wo(t))]]" < O(y) L<b<l
Olmm) b=1

Proof. Proof provided in Section A 4. O

Next, we show in Corollary 4.7 that convergence to a sta-
tionary point requires a decreasing learning rate on the
clients, n(t). Interestingly, a decreasing global server learn-
ing rate, ng(t), by itself is likely not sufficient for conver-
gence. This is because the bound on the expected client
drift from Lemma A.1 in the appendix is dependent on the
client-side learning rate 7)(t).

Corollary 4.7. For a random time point t € [0,t] that

. . . 'r](t)
follows the distribution TTn(e)ds

learning rate 1)(t) = 1. and decreasing global server-side
learning rate ny(t) = 1/(t + 1), we have

and with constant client

F(wo(0)) — F(wg) +n2hV*L/2
Enclog(t +1)

E; gl VF(wo()II* <

+ Ne C 1.
Proof. Proof provided in Section A.S5. O

Corollary 4.7 shows that despite a decreasing server-side
learning rate, FedAvg is only guaranteed to converge to a
neighborhood of a stationary point that depends on the size
of the constant client-side learning rate 7(t) = 7.. The
algorithm might still converge to a stationary point since we
provide an upper bound.

4.2. Weakly quasi-convex loss functions

We prove convergence to the global minimum for weakly
quasi-convex loss functions as defined in Assumption 4.8.

Assumption 4.8. Function F; is weakly quasi-convex if for
some w* and 7 > 0

(VE(w),w —w") > 7(F;(w) — Fi(w"))
holds for every w.

This class of functions is more general than convex functions
that are studied in previous discrete analyses of FedAvg.
In fact, weakly quasi-convex functions can have locally
concave regions, and it has been shown that some non-
convex LSTMs induce weakly-quasi convex loss functions
(Hardt et al., 2018). To the best of our knowledge, this is
the first work to provide convergence results of FedAvg for
weakly quasi-convex loss functions.

Theorem 4.9. We assume Assumptions 3.1, 4.1, 4.2, 4.3,
4.4, and 4.8 are met, and the serving learning rate is a
constant no(t) = no. For a random time point t € [0, t] that



Continuous-Time Analysis of Federated Averaging

follows the distribution we have

()
Ut n(s)ds’

. . ||wo (0) — wi|
E; g[(F(wo(t)) — F(wg))] < o)

+ Tg(i) /Ot [n(s)2<LE/OS n(t)dt!
+Vhv* /OS n(t’)th’ﬂ ds + Tg?t) /Ot n(s)?ds

where Cy = pE2Y % piL + VTr(Sh), Cs =

dhn2Vv*
2

+ 10C2||wo(0) — w{|||, and w§ is the global min-

imum point.
Proof. Proof provided in Section A.6. O

Theorem 4.9 provides a general expression that can be used
to easily derive convergence rates for a variety of learning
rates, 7)(t). We obtain more concrete convergence rates for
a specific choice of 7(t) in Corollary 4.10.

Corollary 4.10. If we choose a random time point t € [0, 1]

T n(®)
that follows the distribution TTn(s)ds’

rate is a constant no(t) = 1o, and for n(t) = H%l we have

the serving learning

) oy MBCoLE t—log(t+1)
Brgl(Ptun(d) — Flu))] < P2 S B

|lwo(0) — wi|| + Cs + dCa VAV
7o log(t + 1)

=)

Proof. Proof provided in Section A.7. O

+

5. On the Assumption of Normally Distributed
Server Updates

In order for the SDE specified in (2) to be an Itd process,
we require A to be normally distributed. We show in this
section that this is a reasonable assumption in many cases,
such as in the regime of a very large number of clients.

Large IID Client Setting Assuming data is independent
and identically distributed across clients, the weights pj
should be approximately equal, and assuming bounded vari-
ance (Assumption 4.3), we have the conditions met for the
traditional central limit theorem. Thus, as the number of

clients ) goes to co, we have Ar b, N(Mr, V).

Large non-1ID Client Setting We now show that we can
approximate A7 as a normal random variable under certain
conditions even if the data is not identically distributed
across clients. The proof hinges on the Lyapunov central

limit theorem which generalizes the traditional central limit
theorem to cases where random variables are not identically
distributed (Billingsley, 2012).

Assumption 5.1. The covariance matrix ¥, (w?) is a diag-
onal matrix for each client k = 1, ..., Q.

Assumption 5.2. We require

2
0<C< (pinl%,tE[(Nk,i + Rk,i)QD
1 Q
BE) Z (pini,tE[(Nk,i + Ry.i)%))?
j=1

2
— pin; BN + Rj,z')2])2) ;

holds for all clients k = 1, ..., @ and coordinates ¢ = 1, .., d,
where 7, ¢ is the client-side learning rate on client k. Values
Ny i and Ry, ; are the ¢-th coordinates of vectors N and

Ry, respectively, where Ny = S22 ' NF ;. and Ry, =
-1
Yico BIGY gyl = G pra)-

Assumption 5.2 requires that for all clients indexed by k,
the square of the second moment of N + Ry, to be greater
than the square of the difference of the second moments of
Ny + Ry and N; + R; averaged over all clients indexed by
7. This essentially requires the second moments to not be
too different across different clients.

Assumption 5.3. The fourth-order mixed moments of Ny,
and Ry are bounded for all clients £ = 1,...,Q. More

formally, we require ‘E[N k. ZRZZ]’ < D for all clients k =

1,...,Q, coordinates i = 1,..,d, and 0 < u,v < 4 with
u+v=4.

We note that Assumption 5.3 is guaranteed to hold if Ny
and R have bounded support, which is usually the case in
practice because gradients are typically clipped.

Theorem 5.4. With assumptions 5.1, 5.2 and 5.3, as

. D
the number of clients Q) goes to oo, we have Ap —

N (Mg, Vr).

Proof. The proof uses the Lyapunov Central Limit Theo-
rem, which is more flexible than the standard Central Limit
Theorem and allows for non-identically distributed random
variables as long as the Lyapunov condition is met. The full
proof is provided in Section A.8. O

Section 6 further demonstrates the normality assumption
being met when each client’s loss landscape is a quadratic
form.

6. Analysis in the Quadratic Case

Quadratic Client Loss Landscape We can show that the
server updates in FedAvg are normally distributed if we
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assume the loss landscape of each client follows a different
quadratic form.

Assumption 6.1. Each client’s loss landscape is F'*(w) =
2 (w—ag)TUy,(w — ax) for some Uy, € R™? and a;, € RY.

With Assumptlon 6.1, the loss landscape on the server is
Flw) = 3 Zk 1 pr(w — ag)TUg(w — ay). This global
loss function can be rewritten as

o= (o) (3o (o).

where a = (Z,?:l peUk)™
clearly another quadratic form.

159 | prUgag, which is

Theorem 6.2. With Assumption 4.4 and 6.1, a server learn-
ing rate of no(t) = 1, and a constant client-side learning
rate of i (t) = n, the local weight vector on client k after
FE local updates is

E—-1
wiy i~ wor =1 > (1= nUx) Ug(wo,; — ax)
=0
E-1 j
=0 Y Y (I = nUk) " URN(0, 5
7=0 =1

+ EnN (0, %),

where wo ; is the shared server weight vector from the most
recent averaging step.

Proof. Proof provided in Section A.9. O

Theorem 6.2 shows that no matter how many local updates
are performed on a client, the resulting final update to the
weights is normally distributed. Therefore, after averag-
ing, the updates to the global weights are also normally
distributed.

Generalization Analysis of Single Variate Quadratic
Loss Landscape

Using the evolution of local weights for quadratic loss func-
tions provided in Theorem 6.2, assuming we have the single
variate case, and using the same procedure for building the
SDE as in Section 3, we obtain the SDE for the global
weights as

Q
dunlt) =~ S

(1= W) T a0 — )

k=1 i
Q E-1 j

+ \/ﬁ[E + Z Z Z?%\/ﬂ(l - nUk)j_iUk:| dB(t).
k=1 j=0 i=1

“

The SDE in (4) is a linear SDE and allows us to find analyti-
cal solutions as shown in Theorem 6.3.

Theorem 6.3. The solution to the SDE specified in (4) is
normally distributed as

wWo (t) ~ N(mo (t), Uo(t)),
where
mo(t) = Cy + (wo(0) — Cy)e” oy pe X275, (- 77Uk)7Uk)t
o _ e X0 (= Uk Uka
4 = — : ;
28:1 Pk Z]E:ol(l - nUk)J Uy
and
—n[E + S0 S0 S pev/Se(1 = U 0]
’Uo(t)
250 Zj:o (1 = nUx)7 Uk
Q E—1
(eXP (= O e Y (1 =nUx)Up)t) )
k=1  j=0
Proof. Proof is provided in Section A.11. O

We are interested in how various hyperparameters influence
the expected loss and the variance of the solution distribution
shown in Theorem 6.3. In the limit as  — 0 and ¢ — oo,

the solution approaches A/ (W 0) which is the
k=1

true global minimum with zero variance. This matches the
behavior of SGD, that as the learning rate is decreased, the
expected loss approaches the true minimum but the variance
of the solution decreases and thus may not be able to escape
poor local minima (Bishop, 1995; Jastrzebski et al., 2018).

As the number of local iterations before communication,
E, grows, the mean of the solution diverges from the true
solution. Furthermore, as E grows, the variance of the
solution increases as O(E?). This causes the expected so-
lution to have a high bias with regards to the true solution,
but an increase in E may allow FedAvg to escape poorly-
generalizing local minima. This demonstrates the trade-off
between expected loss and ability to escape poor local min-
ima.

This reasoning demonstrates how our proposed continuous-
time limit of FedAvg can be used to explore behaviors of FL
algorithms such as generalization ability. We leave further
exploration of these ideas to future work, such as exploring
the first exit time of the continuous-time formulation of
FedAvg from a local minimum, similar to the existing work
in SGD (Nguyen et al., 2019).

7. Conclusion

We have developed a continuous-time SDE that models
the evolution of server weights during FedAvg. Using this
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formulation, we prove convergence to stationary points for
general non-convex loss functions and are the first to show
global convergence for weakly quasi-convex loss functions.
We discuss the various assumptions required for the SDE to
be an It6 process and demonstrate that these assumptions are
reasonable. We demonstrate that the updates to the server
weights can be approximated as a normal random variable
in many cases, even if data is not identically distributed
across clients. Finally, we provide a generalization analysis
using our continuous-time formulation and quadratic client
losses. Our SDE formulation serves as a framework for
future efforts in analyzing FedAvg and other FL algorithms
from the continuous-time perspective.

Impact Statement

This paper is focused on mathematically analyzing the un-
derlying behavior of federated learning from a new perspec-
tive.
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A. Proofs

For a nice review of the mathematical preliminaries of SDEs, see the starting sections of the Supplementary Materials in
(Orvieto & Lucchi, 2019).

We introduce a bound on the expected drift between client weights and the server weights. Lemma A.1 is used in the proofs
of Theorems 4.5 and 4.9. The proof follows similar ideas as (Li et al., 2019) but has several key differences due to the
continuous-time setting.

Lemma A.1. With Assumptions 4.1, 4.2, 4.4, the expected drift between server global weights and the weights of client k is
bounded as

E|fwo(t) — w*(t,4)[| < in(t)[L + v/Tr(Sk)).

A.1. Proof of Lemma A.1

Proof. We first examine the form of w* (¢, 1) as

w(t, i) = wo(t) + én(t)[i\f’“(m) - G*(t, )]
Now we form the bound
E||wo (t) — w"(t,9)l| = Ellwo(t) — wo(t) - gn[N’“(tJ) = G*(t, )]l
= K| in[Gk(t,j) = NE(t, )]l

i—1

<. n()[E[VFE (wh(t, )| +ElIN* (2, 5)]]

P
I
= o

< DML+ V/Tr(E)]

j=0

= in(t)[L + /Tr(Sh)].

<
I

A.2. Other Lemmas

We first include some helpful lemmas that have been proved in other works or are straightforward to show.

Lemma A.2. For two symmetric, d X d matrices A and B, we have the following hold

Tr(AB) < d||Alls||Bl|s-

Proof. (Mertikopoulos & Staudigl, 2018), (Krichene & Bartlett, 2017), and (Orvieto & Lucchi, 2019) all provide proofs of
this statement. U

Lemma A.3. The probability density function f(t') = % defined over support t € [0,t] is a valid probability density
function.

Proof. We define the learning rate 7(t) as strictly positive, and thus the resulting probability density function is non-negative.

10
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We also show that

I
—

Therefore, the probability density function integrated over its entire support is 1, and the necessary conditions of a probability
density function are met. O

Lemma A.4. The drift term, no(t) M (wq(t)), in Equation 2 is Lipschitz continuous.

Proof. We require Assumption 4.1. The drift term is a vector-valued function, and it suffices to prove Lipschitz continuity
for each component of the function to prove Lipschitz continuity of the whole vector-valued function (Eriksson et al., 2004).
Furthermore, it is well known that for everywhere differentiable functions, the function is Lipschitz continuous if and only if
the absolute value of the derivative of the function is bounded by a finite value for the entire input domain. We prove this
lemma by combining these two facts and proving the bounded derivative, component-wise for M (t).

Q

V(o 1) E[Z an HVE(L 1) - GH(8 1)

k=1
Q E—1

=3l G )
= =0
Q E—-1

=3 nlY BT W )]
k=1 =0

where N*(t,i) = N(0, Sk (wk(t,4))), GF(t,3) = VE*(wk(t,1)), wh(t,i) = wF(t,i—1) —nr(#)[GF(t,i — 1)+ N*(t,i—
1)], and w*(t,i = 0) = wo(t) forall k = 1, ..., Q.

We examine at the component-level and index for the j-th component. We use the notation F’(z) = %F(w). We also
change F*() to Fy() for readability when using the ’ derivative notation. We have

. Q E-1 d
M(t); == pl> nk(t)E[ka(wf(tvi))H
k=1 i=0 g\
Q EB-1
==Y D> m®E[F(wh(t,1))]
k=1 =0

Now we need to show |d’“L(tO)M (t);] < M for some finite M. Note, the derivative is with respect to wf (t,0), but the
He

function arguments are wj k(t,1), so chain rule needs to be applied consecutively. We have

11
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dw®(t,4
dwz«i gy PR (6) = FY/ (w (1.))- dw]’»“((: 0))
= Fy/ (w] (t,1)) dw’t:(it 0) (wj (£ = 1) = me(O[F{(w] (8§ = 1) + N (¢ = 1)}>
dwk ,Z'f]_ dwk ’Z'*].
= Fy/(wj (t,1)) - (djw(’f<t0)) — i (D) FY! (w] (0 — 1) - CM)

wk ,1—
= b (e R i - 1)),

Using a new local iteration, we have that

dwh (t,i—1) _ (dwf(t,z‘ —2)

e = (S = mOR ki -2))

Combining we get

dw®(t,7 —
(m;t’o)F,g(wf(t,i)) = F}/(wh(t,4)) - [(W[l — () Fy (wh(t,i — 2))]> [1— ne(t) F (wh(t,i — 1))]} .
Since % = 1, we can expand as
dwk(t,5— 2
W;MF,;W;?@, i)) = Y (wf (1)) [(dw“(to))u — (O FY (w) (8 - 2))]) (L= () B (w1 — 1))]]

= B (wh(1,i)) - [ﬁu ) (1 — zm} .

=1

Returning to the original expression for M (t) ; we have

Q E—-1 1—1
N, = = pl Y w0 (wh (1) [Hu (O FY (w1 zm} )
k=1 i=0

Q E—-1 i—1
ILM(%I <D ey me(OF (w)(t4))] - [H[l + ()| Y (wf (8,1 — l))l]]

%
dw; (t,0) k=1  i=0 =1
Q E-1 i1
<Som Y mr | T+ wor
k=1  i=0 =1
Q@ EB-1
<D ok ) [+ m(®)L)
k=1 =0

This holds for all components, therefore, we can conclude the drift term, g (t)M (t), is Lipschitz continuous.

12
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A.3. Proof of Theorem 4.5

Proof. The proof structure is inspired by the structure of the continuous-time proofs for standard SGD, but have several
additional complexities due to the averaging of client weights to determine server weights after a certain amount of time. The
main steps are finding a suitable energy function of the stochastic process, bounding the infinitesimal diffusion generator,
and using Dynkin’s formula to complete the proof.

We first write out M (t) as
. Q
M(t) ==Y e mEG(t —1,1)).
k=1

A good resource for reviewing the background mathematics used in this proof is in the Supplementary materials of (Orvieto
& Lucchi, 2019).

Using a similar approach as in (Orvieto & Lucchi, 2019), we define an appropriate energy function and then use Dynkin’s
formula to complete the proof. We are able to use all of the machinery for It6 diffusions due to our SDE being an It
diffusion. In particular, we show in Lemma A.4 that the drift term is Lipschitz continuous and the proof for Lemma 1 in the
supplementary materials of (Orvieto & Lucchi, 2019) proves Lipschitz continuity of the volatility matrix 7 (¢) VRV1/2 (t).

We define 9,.(+) as the vector of first derivatives with respect to each component of = and 9,.,.(-) as the matrix of partial
derivatives of 0., (-) with respect to each component of x. They are just the gradient and hessian with respect to the
arguments of the energy function, but we use different notation than V to prevent confusion with VF(wg) which is the
gradient of the loss function. The infinitesimal generator for an Itd diffusion of the form dX (t) = f(¢)dt + o(¢t)dB(t) is

defined as 1

() = 0i() + (0 (), f(1)) + §Tr(0(t)0(t)T3m(-))-

Following (Orvieto & Lucchi, 2019) and using It6’s lemma and the definition of an It6 diffusion, we obtain Dynkin’s formula
as

E[E(X (1), 1)] — £(20,0 / SEX(H), )t )

Dynkin’s formula is vital to our convergence proofs along with defining the correct energy function £(-).

We choose the energy function &(wp) : R — R, as £(wp) = F(wg) — F(wg). It is important to note that we define the
energy function as just an argument of wy rather than both wg and ¢, thus the first term in Dynkin’s formula is not applicable.
This follows the same approach as (Orvieto & Lucchi, 2019).

We then bound the expectation of the stochastic integral of the infinitesimal generator of the process {€(wo(t))}+>0 as

o E(wo(t)) = (Du (E(wo(1))), 1m0 ()M (1)) + %Tr(h(no(t))QV(t)awowo (€(wo(t)))) -

B,

Ba

We first bound B; (for simplicity we assume 7 (t) = n(¢) for all clients) as

Q
By = (VF(wo(t)), —no(t Zpkn ZEthz
k=1

Q E-1
= —no(t) > pan(t) Y VF(wo(t) " B[GH(t,1)]
=1 =0
a
= —mo(t) D n(t)VF(wo(t))" D peE[G* (2, )]
1=0 k=1

We first define a function R(t) such that ||V F (wo(t))|[2 = VF(wo(t))T (X9, peE[G*(t,1)]) + R(t).

13
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We then bound R(t) as

Q
R(t) = [VF(wo ()| — Flwo(t) (> peEIGH(E,1)])
k=1
Q

= VF(wo(t)" (F(wo(t) = Y pE[G*(t,1)])
k=1

< |VE(wo(t)" (VF (wo(t) ZPkE [G¥(t.0))

k=1
Q
< |IVF(wo(t)[|-||[VF(wo(t)) = > prE[G¥(¢,4)]|| (Cauchy-Schwarz)
SVL k=1
Q
< L||VF (wo(t ZkaE Gk t,1)]

Q
Z VF ’U)Q kaFk(wk(t»i))]H

Q
< LY prllE[VF(wo(t) — VF"(w*(t,)]l|
k=1

Q
<L ZkaE\ |VF(wo(t)) — VEF(w”(t,1))|| (Jensen’s Inequality)
k=1
Q

< Lu ZkaEHwo(t) —wk(t,4)|| (F is p-smooth)
k=1

Q
< Lyin(t Z L+ \/Tr(Z))] (Lemma A.1).
It follows that

Q
—VF(wo(t))T () pEIG*(t,9)]) = R(t) — ||V F (wo(1))]]”

k=1

Q
< Lpin(t) > pr[L + /Tr(Sk)] — ||V F(wo(t))] .
k=1

‘We return to our bound on Bj as

E—-1

By < mo(t) Y 0(t) | Luin(t) ) el + VIR — [l )]

=0 k=1

= —Eno(t)n()|[VF (wo()|[* +no(t)n(t)* Ly Z (L + /Te(E)] Z i
k=1 =0
Q

= —Eno(t)n(t)|[VF (wo(t)|[” +mo(&)n(t)* Ly ) prlL + Tr(Ek)K*E(E -
k=1

< —Eno(t)n(t)||V F(wo(t))]]* + E2770 )’ Ly Zpk [L+/Tr(Zy)].

14
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Now we bound B5 as
By = 500 (6) 2V (60 (€ (1))

= OO ()

Using Lemma A.2, we can bound the trace of a product of symmetric matrices by the product of spectral norms. Both V(t)
and V2 F (w(t)) are symmetric by their construction. So we have

By <

}L(WO?W‘|V(t)||5\|V2F(wo(t))||S-

Then by assumptions 4.1, 4.2, and 4.3, we have

B O 01 )92 P o 1)

h(mo(t)n(t))*V*L
5 :

By <

<

We return to the bound on the infinitesimal generator as

7 E(wo(t)) = (Duwy (E(wo (1)) mo(#) M (1)) + 5 Te(h(10(£))*V (£)Duguy (€ (w0 (1))

By B

2 Q T 27/ *
< (Ol F (o) + 2 P VT ) o HO0OWOTVTE
i

Then we use Dynkin’s Formula (Equation 5) and substitute 1y (¢) = 1 to obtain the following expression

/ 2V*L
%}dt' . (6)

E[E (wo(t))] — £(wo(0)) < E[ / = En(t)|[VE (wo ()| + Cun()? +

We follow a similar approach as (Orvieto & Lucchi, 2019) and define ¢(t) = fot n(t')dt’. We can then define the distribution
defined by the probability density function f(t') = %. Lemma A.3 shows this is a valid probability density function. We
n(t')

define a random variable ¢ € [0, t] with probability density function FIOR We then use a similar trick to (Johnson & Zhang,

2013) and (Orvieto & Lucchi, 2019) and use the law of the unconscious statistician to obtain

E;||VF (wo(D)|* = %/0 ()| VF (wo(t))|[*dt’ o

where [E; is the expectation over the random time point ¢.
We substitute Equation 7 into Inequality 6 and get

hn(t')2V*L

s’ @®)

E[£ (wo(t))] —€(wo(0)) < —Ep(t)Eg 7|V F (wo(D))]|* +/ [Cin(t')? +
N——— 0

E(t)

where Eg ; is the expectation over the random time point t and the stochastic gradients, G.

We notice that E; (t) = F(wg(t)) — F(wg) > 0, so we can safely drop this term from the inequality.

15
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So we can rewrite Equation 8 as

. E(wp(0)) 1 /t hn(t')?V*L
Eg 7| VF (wo(1))|* < t)? + ———dt’
ol VEwo@)I < 2 + o | 10m)? + TR
F(wo(0)) = F(wg) 1 /t ne  n()?V*L, .,
= + Cin(t')? + =2 2t
Bell) Bo(®) Jo 1) 7
O
A 4. Proof of Corollary 4.6
Proof. We first examine the case where 7)(t) = t%
We have
t
o) = [ nt)ir
0
t
— 1 /
_/0 L
t
=log(t' + 1)
0
=log(t +1).
Therefore we find
- F(wo(0)) — F(w}) 1 /t hn(t')2V*L
- 2 < 0 AV /
F(wO(O))_F(wS) /t N2 34! hV* /t AV
T Elogt+1) Flogt 1) |1 ), n)de =+ )t
—_———

_ F(w(0)) = Fw) = Ci+"M5E

~  FElog(t+1) Elog(t+1)
_ F(wo(0)) — Flwg) + Ci+ M5E 1
E log(t+1)
Now we examine 7(t) = \/;Tl We have o(t) = [y n(t')dt’ = 2¢/T+ 1 — 2, and we find
. F(wo(0)) — F(wg) 1 /t 2, hn(')?V*L
E;:||VF 2 < / IRV )V Ly
gV F o)) < TN FC) L [y 4 MOV Ly
F(wo(0)) — F(wg) 1 { /t N2 hV*L/t "2 /]
= + C t)odt' +—— t)“dt
Foviti-2 Boviziog| ), ") 5 J, ")
log(t+1)
—log

_ Plwo(0)) = F(wg) | [Cr + M5 log(t + 1)
E@2Vt+1-2) E@2Vt+1-2)

Now we examine the asymptotic rates. This proof is the same as in (Orvieto & Lucchi, 2019). The general form of the
inequality is
F(wo(0)) — F(wg 1 ¢ hn(t')2V*L

Eo(t) Ep(t) Jo 2

16
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The first term on the RHS of the inequality is the deterministic term and has rate O(t*~!) for 0 < b < 1 and O(1/log(t))

for b = 1. The stochastic term is O(t~%) for b € (0,1/2) U (1/2,1), (long(f)) forb=1/2, and (’)(lO -) forb = 1.

O
A.S. Proof of Corollary 4.7
Proof. We examine the convergence for the choice of client learning rate, 1(t) = 7., and server learning rate, 1o (t) = t%

Most of the proof follows the same steps as the proof for Theorem 4.5, but we return to the inequality of the infinitesimal
generator as

€ (1) < ~Bno(OmVFCup(@)|? + Z T L VI 0 ) M On(0)V" L

5 ()~ + 5
Cy
2 Q T i *
— oIV P (o)) + -z el E VI 2 M0V
Cy

Use Dynkin’s Formula, 5, to obtain

! ho(t)*n2V* L
E[€ (wo(1))] — €(wo(0)) < E[ | =B (I F @) + Cum(t)a + P gy | o)
0
Now we follow steps similar to the final steps of the proof for Theorem 4.5.
We set o(t fo no(t')dt’. We then substitute Equation 7 into Inequality 6 and get
R t h t/ QV*L
BIE (00(0)] ~€(w0(0)) < ~Enep (g |V (wo @)+ 2 [ 1Cimte) + 2Oy o)
— 0
Ev (1)
We notice that E1 (t) = F(wo(t)) — F(wg) > 0, so we can safely drop this term from the inequality.
So we can rewrite Equation 10 as
Ewo(0) | ne [ N hmo@)?ViL, .,
Eg 7|V F (wo(1))]]* < t 5 /C’n t') + ——————]dt
g,t‘ ( ))‘ E7]CS0( ) ( ) 0 [ 1 0( 2 ]
F(wo(0)) = F(wg) | ne /t N lmo(®)?VEL,
= C —|dt’.
Ena) B o T
Now we substitute 7o(t) = ;-7 and get
. F(wo(0)) — F(wg) Ne hV*L
Eg ;|| VF (wo(£)]]* < Cylog(t+1 :
o lIVE o) < =SS 4 gt Clog(t 4 1)+ T
_ F(wo(0)) — F(wg) +n2hV*L/2  Cine
Enclog(t + 1) E
_ Flwo(0)) = F(wg) +n2hV"L/2 | EneLp 35, pill + /Tr(Se)]
Enclog(t+1) 2 ’
O

A.6. Proof of Theorem 4.9

Proof. This proof follows similarly to the proof of Theorem 4.5 where we find a suitable energy function, bound the
infinitesimal generator, then use Dynkin’s Formula to complete the bound.

17



Continuous-Time Analysis of Federated Averaging

For this case, we choose the energy function &(wp) : RY — R as E(wp) = 3 |Jwo — w§||*.

We then bound the expectation of the stochastic integral of the infinitesimal generator of the process {&(wo(t)) }+>0 as

o E(wo(t)) = (Duy (E(wo (1)), mo(t)M(#)) + 1Tr(h(77o(t))2V(t)%ow0 (€(wo(t)))) -

2
By P
First examine B; as
Q E—-1
By = (wo —w, —no(t) Y prn(t) > E[GH(t,4)])
k=1 i=0
E—1
= —no(t Zmn > (wo(t) — wy) "E[VE* (wk (¢, 4))).
=0

We define R(t) such that
(wo(t) — wy) "E[VF* (" (¢,1))] + R(t) = (wo(t) — wg)" (VF* (wo(t)))
Now we bound R(t) as

R(t) = (wo(t) — wg)" (VF* (wo(t)) — E[VF*(w*(t,1))]
0

)
< |(wo(t) — wg) " (VF"(wo(t)) — E[VF*(w*(t,4))))|
< lwo(t) = wg|| - [[VE*(wo(t)) — E[VE*(w"(t,7))]|| (Cauchy-Schwarz)
< lwo(t) — wg|| - [[E[VEF* (wo(t)) — VFk( "))l
< |wo(t) — wi|| - B[V E*(wo(t)) — VE*(wF(t,4))|| (Jensen’s Inequality)

< ullwo(t) — wi| - Bllwo () — w z'>|\ (-smooth)
< pin(t)[L + +/Tr(Zp)]||wo (t) — wg|] (Lemma A.1)
= win(t)[L + /Tr(Zx)]||wo(0) + (wo(t) — wo(0)) — wil|-

Now we need to find a bound on ||wg(0) + (wo(t) — we(0)) — w§]|. Specifically, we need to bound ||wg (%)
bound ||w (¢)]| as

o (£) — wo(0)]] = [[wio(0) — wp(0) + / no(#) NI (t')dt! + / Vino() V2B |
< / no () [NI(E) 1t + | / Vino(#) V2 (¢)dB(#) .
0 0

We assume constant server learning rate 7 (t) = ny. We examine fot no(t)|| M (')||dt’ as follows
t . t
[ men@ar = [ Zpk Z BIGH(Y, )]t
t Q E-1
< [ ()Y e Y BIVE (e’ )
0 k=1  i=0
t
< / no(# () LEd
0
t
:nOLE/ n(t")dt'.
0

18
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Therefore we have the following

o (£) — wo(0 )||<770LE/ dt+fno||/v1/2 VBt

Returning back to R(t), we have
t t
R(t) < pin(D[L + v/Tr(r) [Hwo(m — i+ miE [ ()i + Vi) [ v1/2<t’>dB<t’>|] .
0 0

Returning to Equation 11, it follows that
—(wo(t) — wg) "E[VF* (w*(t,0))] = R(t) — (wo(t) — wg)" (VF" (wo(1)))
< pin(t)[L + /Tr(3k) [|w0 w0||+n0LE/ t/
+ \/ﬁnoll/o Vl/g(t’)dB(t’)ll = (wo(t) — wi) " (VF* (wo(t)))

t
< win(®)[L + /Trmw)] | [lwo (0) — wi| +nOLE/0 ()t

+ Vhp| /0 V1/2(t’)dB(t’)|| — 7(F(wo(t)) — F(wg)) (Assumption 4.8).

Returning back to the original bound on B;, we have

Q E-1

By <oy _pin(t) Y (um L+ V/Tr(Z) [Iwo —wo|\+noLE/ at! +fno|\/ VY2 dB(t )|

k=1 =0

~(Flu(t)) - F(wa»).

Now we examine By as

By = 5 Te(h(10(t))*V (1) Duwguo (€ (wo(t)))) (12)
= DV (1)). (13)

From Lemma 3 in the supplementary materials of (Orvieto & Lucchi, 2019) and the same approach that we use in the proof
of Theorem 4.5, we have that Tr(V/(t)) < dn(t)>V* where d is the dimensionality of our weights wq. Therefore we have

2 21/ *
B, < M (14)

We return to the bound on the infinitesimal generator as

E-1

Q
AEwo(t) <m0 > prn(t) 3 (mn<t>[L+\/Tr<zk>] wo(0) — w| + noLE / Nt + V|| / V2 aB ()|
k=1

=0

2 PAVES
) - o) + LY

19
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As in the proof of Theorem 4.5, we now use Dynkin’s Formula to get

E—-1

/O [%szm ;(ptm )L+ V/Tr(Sk))] [IIwo(O)—wSH+nOLE/OSn(t/)dt'

= 7

E[E(wo(1))] — E(wo(0)) <E

O 2n(s)2V*
Vil [ v”?(t')dB(t')H} —r(F(un(s) - Fw)) + PBLTT gy

<E

t s
/ {r]on(s)( E? Z [L+ /Tr(Zg)] [|w0 —wil| + noLE/ n(t')dt'
0 Pt 0
Cs

#Viml| [ VOB - o) - Pl ) + PEE g

/O[nocen (w2t [ty + Vil [ 0@ >|)M

pua / (s)2ds| —E l / t (67 (P n(s) — F)| ds]
C3

2
[ o os o o )]

/(:77(5)2d31 — TnolE /Ot {n(s)(F(wO(s)) — F(wg))} d8‘|'

=E

T oCallw(0) —wan] E

=y CoE

+ C3E

We examine the term with V1/2(#') as

E

/ sV | V“Q(t’)dB(t’)Hds] -/ tn<s>2¢ﬁ1€[| [ ease]as

and we can make this switch because 7(s)2V/AE | || IN V1/2(#")dB(t')||| < oo. From multivariate Ito isometry and Jensen’s

20
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inequality for concave functions (such as the square root function), we have that

Bl [ Vs < \/E| | reaser
< \/E/ V120 2
\//mtf *(t)]2.dt
= \/E / a2V @)
¢ [ e

v / n(t)2dt,
0

where || - || r is the Frobenius norm.

Returning to the bound from Dynkin’s Formula we have

E[E (wo(1))] & (wo(0)) < 0 /[ (18 [ awsar +vive | [ owzar )] as

T
0y [ ats)ds — o [ [ [t - i) ds] .
Rearranging we obtain

E /Ot [n(s)(F(wo(s))F(wS))]ds] < £(@o(0) +”3CQ/O { (LE/ t)dt' + VRV* /Osn(t’)th’)]ds

TTlo TTo

C:
+ = n(s)zds.
T7o

Using the same trick as in the proof of Theorem 4.5, where we create random variable ¢ € [0, ¢] with probability density

function 7](( )) we can substitute

(O E[(F(wo(D) — F(wp))] :/0 (") (F(wo(t') — F(wg))dt',

where o(t) = [o n(t')dt’.

We ﬁnally find
Bl (un(®) — Flup))] < POl 0% [Hy2 (e [awsar + Vi | [ eyear) as
Cs ¢ 9
@) Jo T
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A.7. Proof of Corollary 4.10
Proof. We have p(t) = log(t + 1).

We examine the case where 7)(t) = 7 as

Bg P (wo®) - Flu)) < 12O —ubll, % f t 2 (2 [ awsar + v | [ eyear) as

Tnop(t) o (t

+ Cs /tn(s)st
™op(t) Jo

[|wo(0) — w| n2Cy ¢ log(s + 1) VhV* S
= + LE ds
Tnolog(t+1)  Tnolog(t+1) J, (s+1)2 (s+1)2\ (s+1)
Cs ¢ 9
_ d
+ Tno log(t + 1) /o n(s)"ds
_ |lwo(0) — wi]] + 3 + g CoVhV* g CoLE t—log(t+1)
- T log(t + 1) TNo tlog(t+1)

A.8. Proof of Theorem 5.4

Proof. Lyapunov CLT We first describe the Lyapunov Central Limit Theorem. Assume we have a sequence of random
variables X1, Xo, ..., X,, which are independent but not necessarily identically distributed. These random variables have
possible different means 4; and variances o2. To satisfy the Lyapunov condition, we need to show that for some § > 0

) R
Jim, 5 3 B(X =l =0 a3
n =1

2 _ 2
where s, = > ., 07

The problem we are studying is of A(t), which is formulated as

Q E—-1
A =D pel > mONF gy — GF g1 (16)
k=1 1=0

Ak

where NF,; ~ N(0, S, (wf,,;)) and G, = VF*(wy,,).

For simplicity, the proof below assumes Ay, is one-dimensional. However, from Assumption 5.1, we have that 3y, (w¥ i)
is diagonal. This means we can apply this approach to each component of a vector Ay, and thus each component of Ay
tends to a normal distribution that are independent of each other because ¥y, (w? ;) is diagonal. Since the components are
independent and normally distributed, we have that Ay tends to a multivariate normal distribution.

To satisfy the Lyapunov condition, we need to show that for some choice of ¢ the following holds

Q

. 1
Jim, 2 3l -EA ] o
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We choose § = 2 and examine E DA;C — E[A4] |2+5} as

E-1 E-1
246 4
E| |4 ~ B4 =B | m O s~ G 0] ~ R[S mO(VE s~ G g0l
=0 =0
- E—1 E—-1 4
= pink(t)'E ’Z (N gy +Z Gl pyi — Gi_pys) }
- 1=0 =0
=Ng =Ry

= prnk(t)'E _(Nk + Rk)?

= ik ()*E| N + AN2 Ry, + 6N RZ + AN, R} + Ri]

— () [E[N,ﬂ | AE[NRy] + GE[NZR}) + EANGRY + E[Rﬂ] |

We have that s¢, = (Z,?:l E [(Ak - E[Ak])Q] >2 _ (Zle pink(t)?E[(Ny + Rk)2])2.

We can use the following formula which states that for positive z;,

ixz = (i) + 5 i > (= xj)z.

n

We quickly prove this equation as follows

(i @) + 5 2000 D (i — ) i @ D D it g 5 Dt g (@F = 2z +a)

n n
_ (n+1)>0 2 + >0, Ej;éi TiTj— D Z] 1 LTy
n
B (n+1) 30, af + Z?:l(Zj;éi TiTj — Z?:l zx;)
n

)Y a =Y #

n

n
_ 2
= E x5,
i=1

Using this formula and substituting x; = p?nx(t)?E[(Ny, + Ry)?] we get

Q 2
(Zpink(t)Z]E[(NkJrRk) =Q (p i (t)*E[(Nx + Ry) ])
k=1

Me O

Q 2
Z (pzm N +R)) } p?nj(t)QIE[(Nj —|—Rj)2}> .

1j=1

1
2

i

From our assumptions on the similarity of variance between clients, we have for some C' > 0
(Zpkﬁk [(Nx + Ry)? ) *QZC
= CQ2.
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We have
1 @ 4 1 @ 4
7 2Bl - Bl | = o5 D B[4 - B[4
Q k=1 k=1
L _
— g ovin(0)* [BINE + AEINER] + GE[NI] + BN + B[R]
k=1 L
) _
< oo > vk ()| IEING]| + 4|E[NE Ry]| + 6|E[N? RR]| + 4|E[Nw RJ]| + IE[Ri]]
k=1 L
L _
< > pink(t)*| D +4D + 6D +4D + D
k=1 L
16DQ
= CQ2 .
Since, 0 < - = [‘Ak — E[A]| 4] < 16%7, and limg_, 0 = 0 and limg_, oo 15 CQ = 0, by the squeeze theorem, we
know that limQ_,(>o o ZS: [|Ak — Ak]‘ ] = 0. Thus, the Lyapunov condition holds.
5Q
O
A.9. Proof of Theorem 6.2
Proof. We wish to show that after F' local iterations of SGD, the local weights evolve as
E—1 ) E-1 J
Wiy g ~w) =1 Z(I = nUy)’ Up(w] —ar) =1 Z I —nU)’ "' URN (0, Z) + EN(0, 55,).
7=0 j=0 i=1
First observe the evolution for a few iterations as
wt+1 ~ wt UN(Uk(wt —ax), Xg)
wt+2|wt+1 ~ wt+1 WN(Uk(th ag), Xk)
~w) — nUp(w) — ar) = nUx(wfy; — ax) + 20N (0, Sg)
Wiy sl (Wi, why) ~ w) — Uk (wf) — ag) — nUk(wfy, — ax) + 20N (0, £5) — nUk (wfy 5 — ax) + nN(0, Sg).
Extend to E' number of time steps forward as
E-1
wfy gl (Wh 1w g ) ~w) =0 > U(why; — ax) + EnpN(0, ). (17)
=0

In general we have
Ur(wiy; — ax) = (1= nUx)Up (w1 — ax) + UpN'(0, Zg).
Starting from j = 1, we have

Ur(wfyy — ag) = (1 — nUp)Ur(w) — ag) + UpN(0, Z)
= (Up — nUPw? + (U +nUR)ay, + UpN (0, 34).

Now for j = 2, we have

Uk(wfys — ax) = (1= nUx)[(1 = nUx)U(w] — ax) + UpN (0, £5)] + UpN (0, ).
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Expanding out to j = E, we have
Ur(wfy; — ax) = (I = nUp Y U (w) — ar) + Y (I = nUx)’ " UpN (0, 55,). (18)

i=1

Combining equations 17 and 18, we have

E-1 E-1 3
wiy g ~w) =0y (1= nUx) Uk(w) —ax) =0y Y (1 = nUk) " UkN (0, ) + EnN (0, 5r).
j=0 j=0 i=1

A.10. Global loss function form for quadratic assumption

With the quadratic assumption, we can reformat the equation for the server loss function as
1 Q
— Z(oy — a\T _
Fw) = 5(w-a) (gﬂpkUk)(w

We must find a. We have that min,, F(w) = a, VF(w) = Zszl prUk(w — a) and V,, F'(a) = 0. We find

Q

VwF(a)=0= ZpkUk(a —ag)
k=1

Q Q
= ZpkUka - ZpkUkak-
k=1 k=1

Now we solve for a as

Q Q
> pkUra =Y ppUsay
k=1 k=1
Q Q
a=0_peU)™ > prUkay.
k=1 k=1

Therefore, the server loss function is also represented by a quadratic form with local minimum at wj =
(Zl?:l pkUk)_l Zszl pkUkak and Hessian Hy = (Zl?:l pkUk-).

A.11. Proof of Theorem 6.3

For a linear SDE of the form, dX(¢t) = (a(t) + A(t)X(¢))dt + b(t)dB(t), the solution is normally distributed as
N(m(t),v(t)). The mean m(¢) is the solution of the ordinary differential equation (ODE) dm(t = A(t)m(t) + a(t)

with initial condition m(0) = X (0). The variance v(t) is the solution of the ODE dzsf) = 2A(t ) (t) + b(t)? with initial
condition v(0) = 0 (Movellan, 2011). These ODEs are straightforward to solve and we obtain the solution in Theorem 6.3.
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