Divergence Results and Convergence of a Variance Reduced Version of ADAM:
Supplementary Materials

1 Proofs

1.1 Technical Lemmas

Lemma 1 In a probability space (2, F,P), let there be an F-measurable random variable X (w) and an event A € F
such that P{A} > 0. For a convex function ¢(x), we have

E[6(X)1{4)] _  (E[X1{A}]
P{A) 2¢< F{A] )

Proof: Let

E[X1{A}] 1
xo = P{A} = F{A] /AX(w)dIP’(w).

Since ¢ is convex, there exists a sub-gradient of ¢ at x, i.e., there exists an a such that

() > ¢(x0) + alz — zo)

for any x € R. Then we have

EpOOLAY 1 [
il ROt

1
> 5 ] a(X(w) = a0) + o(a0)P(w)

= e [ x)ap) + QP80 e
_ P{A}/AX( JiP(w) + S /Amp()

= axo+ P(xg) — axg
¢($0),

which finishes the proof.

Lemma 2 Forany x,y > 0,
(z+y)° <4’ +9°).

Proof: Fort > 0, let

nt) = LDy gttt
o148 1+t3
The derivative of h(t) reads
W) = 3(1 +20)(1+¢%) = 32(t +12) _ 73(:5 —1)(t+1)3
(1+2)2 (B +1)2

Apparently h(t) achieves the maximum at ¢ = 1, thus h(z/y) < h(1) = 4, and we have

(z+y)?°

- — < 4.
x3 + 3



Manuscript under review by AISTATS 2023

Lemma 3 Given oy = o/t and 3, € [0, 1), there exists a constant C > 0, such that for any t > 2 we have
t—1 4
Za]ﬂi_j < Coy.
j=1

Proof: Letting t* = | 51|, we have

t—1
doasl = Z%ﬁf T+ Z ;B
j=1

Jj=t*+1

< t=J
< azﬂl NI Y 3
Jj=t*+1
< a51 + @ B1
1-p1 t*+11-p
a2 a0 1

_ —1
< T taoayi o

Thus there exists a positive constant C such that for any t > 2,

t—1
Z ajﬂifj < Cay.

j=1

Lemma 4 Consider 0 < A< 1landT > 2, and let

1
)\Tfl = (1 - A) 3
t=1 t
1 T-1
1 A
vr—1 = tfz H <1 - t> .

Then we have

and

Proof: Notice that

T—
1
log A\p_1 = Z log (1 — ) Z ; —AlogT,

1t T
,>§ Zds = —ds=1logT.
t /t S 5 /13 5 )

Thus Ap_; < T4, Similarly, we have

T-1

= Z log(l—A>< —Alog Tl

k=t+1

Ar—

t

log



and then,

T—1 A T-1 A T—1

1/ T —A Z (t+1) Arp—A Z —2+A

VT_ISZ#(M) =T TSQT t ’
t=1 t=1 t=1

Again, applying the integral approximation yields

T-—1 T-1 t T-1 1 2 A
A< 4 / 5_2+Ads:1+/ s s <14 —— == <.
; < ; - . ST TATICoa

Then we have vp_; < O(T~4).

1.2 Proof of Theorem[I]
Let p = P(£ = 1). In each step, the update value is

gt

VB2vi—1 + (1 — B2)g?
_ a(w /5+6%)
_ V/Bave—1+(1—B2) (we /5+54)2

a(l—w¢/d)

\/62vt—1+(1_62)(1_wt/6)2

Ay =

with probability p

with probability 1 — p.

Apparently,

U}2

Flw) =2 4
(w) % dw,
and

w* = —§°.
We use contradiction to prove the theorem. Assume that E[F'(w;) — F(w*)] — 0. Notice that

F(w) — F(w”) (we —w*)?,

T2

which means that E[F'(w;) — F(w*)] — 0 is equivalent to [E [(wt - w*)z} — 0. Letus select 0 < € < 1/2, and we choose
T, such thatt > T, implies E {(wt — w*)z} < €. The following discussion is based on w; such that ¢t > 7.

We have
gt < “lgl o

VBt (0-B)i  VO-B)gg VI-B

where the inequality is due to v being non-negative for any k.

|Ad] =

6]

Let F; be the filtration including all the information obtained until the update of wy, including w;. We define the following
event

E = {Jw; — w*| < 6}
which is known given F;. We have

E [(w; — w*)?] €

B} =P {Ju —w'| 2 97 < U200 < O
Given E°, we simply bound the step size with the lower bound
o € !

E[A{E}] > —ﬁE[l{EC}] > TR
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For the samples in E, we have

EMUEY] = E[EIMYE}R] =EE[A|F]HEY
- E 1{E}{(1—P> N f(ll_l;;/)i)lwt/éf H
alw 4
- Hp VBavi1 +((1t£5542r)(213t/5 +64) H
> Ell{E}(lP)ngt_1+(1a_52)(1+26)2
_pﬁpw}. (2)

In the inequality, the first term is bounded because —20 < w;/d < 0 by the definition of E and the second term is bounded
by the bound of the step length in (TJ).

By applying Lemma([I]to (2), we have

« (0%

B Rt pE s mar e DO

We next focus on the conditional expectation

E[A{E}] > (1 - p)P(

t—1

(1= 52) ) By E [1{E}g7] .
k=1

E[vi11{E}]

We claim that for any trajectory in E and for any £ < ¢, we have

t—1 t—1 O[(t—k)
wy — Wy | = Al < A < ———=£.
‘ t k| jz_;c J j_zk| J‘ @

The last inequality comes from the bound of the step length in (I). Then we have

we a(t —k) - +a(t—k)
VIR T VIR
Let us recall that given F, we have —262% < wy, < 0, and hence
t—k) alt —k)
Y Uil R Uil § 3)
VI-B- VB
Then foreach k = 1,...,¢t — 1, we obtain
E[g:1{E}] = E[E[gi1{E}|F:]]
1/(1+p)
< B[(&[t1m]) " maEe]
<

5 {(E [g:(lw)lﬂ})l/(lwq

where the inequality holds for any p according to the Holder inequality. Let 0 < p < 1/2. According to the bound given
previously in (3) and § > 2, we have

Wi 2\ 2 a(t — k) 4 2
(7+5) < (m+25+5>

(1—%)2 < (iﬁ%—k%ﬁ—l).



Then we derive,

E [9126(1+M)|]:k} = p (% + 64)2(1+“) +(1-p) (% _ 1)2(1+M)
C L (St gy ) (S )
= (1+9) ( a\(/t% + 3 + 1>2(1+H) S8 4 (5% +20 + 1)2(1+#)
< 2 (HJr;JF )3-64+8”+ (5%+25+1)3
< 2 (%4—2) §oF8r 4 (\/(%4_35)3
< (W + 64) 5o 4 m + 1084°.

We have used § > 2 and 0 < p < 1/2. The last inequality holds because of Lemma Then we obtain

1/(14p) 30+ 1.3 403 1/(1+p)
(]E {gi(Hu)VkD " [(804 (t—k) —|—64) 58I 4 o3 (t — k)* +10863]

- (1 _ 52)3/2 (1 _ B )3/2
8a3(t _ k:)3 4043( ) 1/(1+p)
= ([ 464+ ——— 5O 10862 8“) §(5+8w)/(14n)
(G5 (1= 52)772
3 3 1/(1+np)
< (1(210‘ (;_)3]2 + 172) §(E5H8m/(14+n)
- P2
3 3
< (1(21a (;—)372 + 172) §5G+8u)/(1+p)
- P2

The third inequality uses § > 1 and thus

E[vr11{E}]

IA

12a ( — k)3
Z t—1—k 5+8u)/(1+

IN

1203
§OF8m)/(+n) { Z BE1E3 4 172}
V1=02 =

5(5+81)/(1+4) 7207 +172 Y .= A, 5581/ (1n)
(1 — B32)9/2 o

where the last inequality is because Y7o | Ba k% = (1 + 485 + 3)/(1 — B2)* < 6/(1 — B2)*. Thus, we have

IN

E[A{E}]

Y

146 a
e {< 1+ 64> VB2 My 5G+8 /(1) JP{E} + (1 — fB2) (1 + 26)2
146« }
1+64T- 5,

Y

1 ( 144 ) a

2 L1+0%) /2B, My 6G+8m/(Fm) 4 (1 — By)(1 + 26)2
149 @
1+0° V1B,

where the second inequality follows from

€ 1
IP’{E}>1—5—4>1—6>§.
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Then the full expectation of A; is

1 146 @
ElA] > = -
A 25 < 1+54> V2B My 3G/ 4 (1= B,) (1 + 26)?

T

140 o L1 a
1+64/1T—5; 264 \/T= 35y

T> Ts

Notice that Ty = Q(§~(®+81)/(2+21)) T, — O(573) and Ty = O(5~*). As long as we set ;1 < 1/2, we have (5+8u) /(2 +
21) < 3 < 4, thus the right hand side can be positive for sufficiently large , only dependent on v and 5. We conclude that
we can assume E[A;] > ¢y > 0. This means w; keeps drifting in the positive direction. Then for any k¥ > 1 and ¢ > T, we
have

E [(wer —w*)?] = E[(werr — we)*] + 2E [(wipn — we)(we — w*)] + E [(wy — w*)?]
> B [(wipn — wi)?] = 2VE [(wirg — )2 E[(w; — w*)?] + E [(w; — w*)?]
2
= (VETwer —w)?] - VE[w —w)) )

where the inequality is the Cauchy-Schwartz inequality for random variables. If we select k large enough such that
k > 3\/¢/co, which implies kcg — v/€ > 2/, then E[(w;1x — wy)?] > (E[wirrx — we])? > k%c3, and thus from (4) we
have

E [(wigpr — w*)?] > (keo — Ve)® > de > ¢,

which contradicts the convergence assumption. Thus, ADAM diverges for this unconstrained stochastic optimization
problem. This completes the proof of Theorem [I]

1.3 Proof of Theorem 2]

Consider function 7(6) = (14 6)/(1 4 6*). We notice that (1) = 1, w(6) < 1 for § > 1, and m(+00) = 0. Since 7 has
only a finite number of stationary points, there exists a § such that 7 is decreasing on [0, c0). Thus for any b, there exists an

N such that for any N > N, N > b there exists a 0, > max(0*,9) > ¢* with

b

N = 7T(§N,b)-

Let us consider the following mini-batch problem with sample size N > N;'.

’LU2

falw) = 55 W forn=1,...,N —1,
N,b
w? 4

fN(w) = m + (b(SN,b + b — 1)’LU

)

Apparently, the selection of mini-batch B, satisfies

_ (31 b 1+6np

If M € B, we have

Otherwise, it is clear that




To summarize, the mini-batch loss reads

w2 1 oy
FB(w) = { P+ d%pw  with probability p
—w with probability 1 —p

_w—
251\/,1,

which is an OP(dx ), since oy > 6*. By Theorem ADAM diverges on this problem.

1.4 Proof of Theorem[3

Similarly to the proof of Theorem [2] there exists N* such that for each N > N*, there exists a 6y > §* such that

1 1+ oN
N 140y

We let

w?

fo(w) = ——406yw forn=1,...,N—1
20N
w? 4
fnw) = o— = ((N=1)+ (N = 2)dy)w.

20N

The selection of mini-batch B; satisfies
1
P{N & B;} = N
If N & B;, we have
B w? 4
FPH(w) = fi(w) = — + dyw,
20N
and otherwise
N -2 1 w?
FB(w) = - = —w.
() = = filw) + 7 v (w) ST

This is an OP(d ), which is divergent according to Theoremm

1.5 Proof of Theorem[d
We first introduce the following lemma.

Lemma 5 Given Assumption|[l|is satisfied, there exist positive constants Q1 and Qs such that for any t,

t—1

E[F(wig1)] — E[F(w)] < _N%HE [IVE(we) 3] + Qrauhe + Qacvy ];5?]6)\1@ + Q307
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Proof: Let us start from the application of L-smoothness of gradient of F'(w) as follows.

Flus) < Flw) + VFw) (s —w0) + 5 s
_ 2
— Fw)- %&VF(WV; Vo + <1ai g [V
ar(1—p1) a?L _ 2
— Flw) — tl 75; VF(w 1/225 T HV; 1/2th2
= F(w) - atvF(wt)TV;lmgt «(1 _551 Zﬁi kVF t) Vt_l/Z(gk — gt)
1 _
OétQL 1/2 2
e (Y
= F(w) — g VF(wt)TVt_l/2g(wt;§t)
T
+(1— 61 1/2
Zﬁ (G(wk; &) — G(wg; &)
T>
1 761 Zﬂi kVF TV 1/2 (g(wk;gt) *g(wﬁﬁt))
k=1
T3
o?L 12,
Taa—pe (I—Bt HVt "l
Ty
Bounding T: We start from
E[T)] = E[ v, A R (w H } +E [VF DTV (G (ws &) —VF(wt))]
> ]E[ v, VAY B (w H ] ;E{ VY4 (G we: €,) — VF(wy) H ]
2
> e WzﬂE (19 F 2] - f E[IG(wes &) — VF(w)l3]

where the first inequality applies the Cauchy-Schwartz inequality and the second inequality is due to

d 2
—1/4 2 o (ViF(wy)) , _ 1
v el = X R 2 T & (V) = e IVFel:

and
(ViF(wi) — Gi(we; &)
\/ ’Dt i T €

d
72 VF U}t) gz(wtvgt))

”Vfl/ﬁl(g(wt;ft) - VF(wt))HZ _

-

&
Il
_

IN

\[

\/ G (we; &) — VE(wy)|l3-

According to the unbiased assumption, we have

d
E [IG(wi; &) = VE@w)|3] = ZE [(Gulwis &) = ViF(w)?] = Y- Var(Gi(wi; &) < d.

i=1

®)



Then we can lower bound the expectation of 77 as

E[T)] > ©)

> B [IVF ] -

d
A
2./€
Bounding T5: Notice that for two random vectors X and Y, and a constant ¢ we have

2

oX 4yl =X SR T,
a 2 a
and thus
E[YTX] > -2 B{IX[Z - 5BV}
= 2 2 942 2
If Fr. = {&,...,&k—1}, then wy, is known given F. We then have
t—1
B = Y AE [VFw) TV (0w &) - Gwis &)

k=1

t—1
= Yot (B [VFw) TV, (ks &) — Glwni €0)) 17|

k=

t—1

> 528 ' |08 [V TR 7] + 5 166056 ~ Gluns )1 17|
> —726 { E [IVF@)IZ] + E [E [||g<wk;§k>—g<wk;5t>||§|fkﬂ}
_ ”25 {Le[Ivr@lE]) + 28 [E [IV6tuse) - VROl 7]}

Cl2 1 1 t—k 2
> 5B IVF@l] - 2261 E [I1VG (wei &) = VF()|3]
> R [IVE@IE] - Zﬂt o)
= 21— ! a2 L1 7k

for any positive constant a, where the third equality holds because G(wy; &k ) and G(wy; &) are i.i.d. given Fy, and thus

E|I6(wi; &) = G )15 17| = E[I6(wni &) = VF i) I3 1Fe | +E [IG(wii &) = VF (i)l 17 |
2B [(G(w; &) — VE(wi) [F) T E[(Glwis &) — VF(wi)) | Fi]

28 [ IG(wn: &) — VF (w3 1 7] -

The last inequality applies ().
Ifa= \/e(l — 1)/2VG? + €, then we have

2
E[Ty] > 2d” < o Zﬁi oW )

>~ [IVF(wi)}] -
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Bounding T5: We derive

t—1

I3 = Zﬂf_kVF(wt)Vt_l/Q (G(wr; &) — G(we; &)

Y

t—1
=Y B [PV Ig (s &) - Glwis o)l
k=1

Y

=
——= > B Fllwe — wi
LG 2 ~1/25
= - A Zag i
Ve i )

JZZHH

Y

t—1t—1

G2
6\/1*51;26
lj k
L2 & -k
S
€ 1_ﬁ1j:1 k=1
IG: =,
_ a; B
6(1—51)3/2; i1
. __Lee
= (i - gy

where the first inequality is the Cauchy-Schwartz inequality, the second inequality applies L smoothness of G(+; £) for any
&, the forth inequality holds because

®)

d 2
el =\ e e = v
’ 2 1= S vite™ Je(l—p)
and the last inequality comes from Lemma 3]

Bounding T): 1t is easy to show that

=y —H < 9)

According to the bounds in (@), (7). (8) and (@), we get

Bl ()] - BIF)] < o { 5B [IVF@ol] - 5720 }

Oét(lfﬂl) 1 2 2d G +e€ k
- {4mE[VF<wt>||} A Zﬂi Ak}
N LG2C ., LG,
VIT=A(1-5)" 2e<1—ﬁ§>2“t

1 2
< —atwﬁﬂz [HVF(wt)Hz} 2\[
LG*C LG? 5
{6(1 — £1)3/? - 2¢(1 = p1)? } e

Qd\/G +e =
—u A ————— tZﬁf Pk




Letting

d
@
Qs = 2dvVG? + €
T 1= By

2 Y 2
0s — LG2C LG

=B " 2e(1- )
completes the proof.
Proof of Theorem[d} According to Lemma 5] we have

Fing — F(w1) < E[F(wr41)] — F(w1)

T

= S E[F(wis)] — E[F(w)]
t=1

4\/(;27;%51[‘3 IV F(w; || +leat)‘t+Q2zZ;at261

+Qs3 Z ai.
=1

Then we obtain

T T
1
_— aEIVF(w)?] < F(wy) — Fyr + 179\
4m; E[IVF(wy)l3] < F(w) £ ng tAt
T  t-1 T
+Q2 Y > BTN+ Qs af
t=1 k=1 t=1
T
< F(wy) — Finr + Q1 Z Qg
t=1
T T T
+Q2 z Ak Z B a4+ Qs Z a;
k=1  t=k t=1
T
< F(wi) — Fius + Q1 Z QA
t=1
T T
>t
k= t=1
Noticing that the left-hand side can be bounded as
T T
2 . 2
> @k [[VFw)l3] = " ar min E [[VF@)l],
t=1 t=1 -

we obtain

e P
mln [||VF(wt)H } < Ti—i_e +4vVG?+ ¢ (Ql + Qs ) Zt}l L
1sts D1 O 1=F5/) ¥

T 2
W +Q§

t=1 %t
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1.6 Proof of Theorem[3]

Applying L-smoothness of gradients of F' and strong convexity of F', we have
F(2) = F (o) 4 (o) (5 ) o (o )
F (wéz)) F (w£2)> + F’ (w@) (wém w§2)> + g (w(2) — w§2)>
By definition, we have

L 2
F(of) = F () 2 P (o) (08 —uf) + § (0 - ul?) - 5 (o - ul?)

v

IN

(2 2 (2) 2 (2) ~ (2
— p (wf) s mg) — oy my @ m _ Laj mg)
A 2(2) (2)
E§2)+e 652)Jre 2 5+ 2 oN
2
B e o TR
= « w -
! V@3 VQ4
2 2
Loy (= AF () + i) pog (7 (wi?))
2 Q4 2 Q3
where
Qs = ~(2)+€
~(2)
Qs = + €
1
o= 1— m—41 -

1

Thus we have

m®

F(u) () = (00D o
1

where q(z) = Q52% + Qgx + Q7 is a function with parameters
p

cazy® Bt
T T
Qs — co3y?Bi(l—B1) o2y
Q4 V@2
0. - S azy(1 — B1) n cazy®(1—B1)* Li@%.
VQs VQi 2Q4 2Q3

Apparently, from
=2) @\? - 2
v, = (gl ) <G
A(2) 1-8 Z 2 1-8 .,
U1 = m{‘rl ( /Bm—H * ( ) + (gf)) mi—l 2 :/8 e k G? = GZ’

we have

e< Q3 §6+G2
€< Qy <e+G2



Noticing that

A = QF—4Qs5Qr
_ o242 2 <1 _ 2cas n CLOc%)

Q4 V@Qs Qs
a3y B3 <  2ca c2a%>
> Ta UTVa T
o3 ( _co )2
o U 2

where the first inequality uses the property of the strong convexity parameter and the L-smoothness gradient parameter
¢ < L, we have that there exists

- —Qs + VA
2Qs

Qs — VA
2= 2Qs

such that g(z1) = g(z2) = 0. We claim that |z1| < 1 and |x2| < 1, which is implied by

VA < min{2Q5 + Qs,2Q5 — Qe }- (10)

We notice that

2Q5 + Qs = a\jﬁ (i?ﬁ 1)

205 - = SR (PR L)

and

A < ady?3? (1 _ 2Lay N L2a§>

Q4 VQs Q3
_03?pE (1_ Laz)Q
Q4 V@3

where the inequality holds according to AssumptionLag > 2v/G? + € > 24/Q3. Thus we have

X < 2218 (Laz B ) azyp (caw(?& -
vasT o\ Y s e N

where the second inequality holds according to Assumption 26, -1 26, 1 £/ %

1) < min{2Qs5 + Q¢,2Q5 — Q¢},

= 1_ Bm+1 G+€ = 1_ ﬂm+1

Hence we obtain (10, which implies that g(z) > 0 where |z| > 1. As we assume

1 2
] = [P (1”)

F(af") = F (wf?) > 0,

)

we have

which finishes the proof.

1.7 Proof of Theorem [6l and Theorem (7]

We start proving the following lemmas.
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Lemma 6 Given Assumption@ we have that forany 1 < k < mand1 <t < T, the ADAM states in Algorithmwith
option A satisfy

IN

3G,

9G2.

=
=
IN

Proof: By definition, we have

j=1
k .
Ul(:) = (1-0) Zﬂéﬂgf) ®g§t)'
j=1

Applying the Cauchy-Schwartz inequality, we obtain

[], < a-s3 st
j=1
< a-m At ([vEs ()], + o @, +1vr @)
j=1
< (1—51&5{“]‘3%3(?
j=1
and
Hvl(f) , S (-5 Zﬂk ngf)@g(t)
= (1—52)Zﬁg_j HQ;U
j=1
< -y ([or (w)], + [or @, +IvF @)
j=1
< (1—62)Zk:ﬁ§_j9G2§9G2.

Jj=1

Lemma 7 Given Assumption[3} there exist positive constants Qg and Qg such that Algorithm 2| with option A satisfies that
for any t,
~ ~ ~ 2
F(Weq1) — F(@;) < —Qscem ||[VE(wy) 5 + Qoo

holds almost surely.

Proof: We start from the application of L-smoothness of gradient of F'(w) as follows

- - . - - L _ .
F(W1) < F(wy) + VF(W) " (W1 — @) + 3 @1 — @l

(D) )
Z (wk+1 — Wy )

k=1

2

- L
F(wt + VF wt T Z (w,i?_l — U)](;)> + = 9
k=1

2

Em: ( (t)) ) i

2

= F(wt)—atVFthf:( t)) 2 t

k=1




By definition and the resetting option, we have

~ (t 17/61 t) 1/2 b t)
= =5 (W) Zﬂ 7!
1
and thus

F(wi41)

IN

F(@t)—at(l—ﬁl)VF(wt)T; 1_1ﬁ1 ( ) Zﬁk gl

a?L -1/2

2
~ (t)
2 my

S (v)

k=1

+

2

= F(w,) —oy(1— B1)VF(wy)" i (Z f{ﬂ ( (t))‘l/z) g](-t)
1

Jj=1
2

a?L 1/2

~(t)
2 My

> (1)
k=1
= F(wy) — (1= B1)

2

Bounding T,: We have

Y

/N
N——
=
no
4
=
i)
IN
s
=

1
k k
k:'liﬂl = — Bk

TgET | LV F ()2

Uki+€

IN

- ﬂi” IIVF(wt)Hz
,Z Ve

m

Zl_ﬁl

G 1 & a
TR T S TR @

IN

IN
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where the second inequality employs the assumption that the gradients of F' are bounded. Secondly, according to L-
smoothness of gradients of every loss function, we derive

HVF@Q(W?U“VP£W<@9H2 < LHwY)_wy)Q
i1 —1/2
- L (v)
=1 2
J —1/2
S OétL (‘/l(t)) ml(t)
2

, __ 3GL

= 17512 NG —(1751)\/5(3'—1)% (13)

where the first inequality applies the Cauchy-Schwartz inequality and the last one applies Lemma[f] By plugging equations

(T2) and (T3) into equation (TIJ), we obtain

" 3G3L 3G2L
T2 =2 gyl T T T e~ e (1
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Bounding T5: We obtain
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In summary, we get

m(1— f1) 3G2Lm(m —1)/(1 — B1)? + 9G?*Lm?

F(wi) < F(wy) — atﬁ HVF(@t)“g + 9¢
= F(@;) — Qsoym ||VF(@y)|5 + Qoo?,
where
Qs 1_761
VIG? + €
0 3G?Lm(m —1)/(1 — B1)? + 9G?Lm?
9 = .

2¢
Proof of Theorem@: If F(w) is c-strongly convex, we have
IVE @) > 2¢(F(w) - F7),
and thus according to Lemma[7] we have
F(Wy41) < F(wy) — 2¢Qgoym (F(wy) — F*) + Qga2,
which is equivalent to

Coma
t

Fu) - F* < (1 - ) (F(@) — F*) + Qoo

We obtain recursively

By definition, we have Coma < 1, and thus we can use Lemma@to obtain

F(wr) — F* <0 (T~%m).

Qy

Proof of Theorem 7} Let us consider the set of indices A = {t € N : |[VF(w;)|| = 0}. If the set is infinite, there exists a

sequence {t;}> such that || VF (@, )|| = 0 for all k. Then we have

lim inf ||V F ()|, = 0.

Otherwise, A is finite, and thus its maximum exists. For all t > 7 := max A, we have |VF ()|, > 0. Applying Lemma

[7l we have
F(@y41) — F (@) < —0qQsm | VE(iy)[|5 + Qoo

Then it follows

Fint — F(wr11) < F(wryr) — F(wr41)
T T
< Y —Qsmay |[VE(@)|3+ Qs Y of,
t=7+1 t=74+1
and thus
T T _ T
. . ~ F(Wr41) — F Q
2 2 T+1 inf 9
i (VR 0 ecs Do e VR@)l; < —E =g g8 3T a?
TS t=r+1 t=r+1 8 87 =1
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Then, we have

min_[|VF(@)]|5 <

T+1<t<T

which yields

1

T

t=r+1 Xt

lim min
T—+oo 74+1<t<

For all » > 7, there must exists an s > r such that

{ F(Wr41) — Fint

Qsm

~ 2
LIVE@)I3 =o.

IVE(ws)ly < [[VE(w,)lly -

Otherwise, if there exists an rg > 7, such that for all s > rq we have

then for all T" > r(, we have

min

IVE(ws)lly = [[VE (W)l

IVE(@,)3 =

T+1<t<T

which contradicts (T7), since A is a positive constant.

Q T
+Q;zz:ﬁ}’

t=7+41

A7)

min ||[VF(@,)|3 = A >0,

+1<t<ro

Lett; =7+ landforall k € N, let t;1 = inf {s >t} : |[VF(w,)|, < |VF(w,)|,} - This implies a sub-sequence
{IVF(w,)ll,}, of sequence {|[VF(w)|,},. Since

by employing (I7), we have

which implies that

This completes the proof.

2 Experiments

2.1 Network Structure

IVE(wi,)ll; =

min_ ||V E(w)]],

TH1<t<ty

lim [ VF(@, )], =0,

htrgggf IV F(w)] = 0.

Dataset

Input dimension

Hidden dimension

Output Dimension

CovType
MNIST

98
784

100
100

7
10

Table 1: Feedforward network structure

The feedforward networks used in the experiments have two fully connected layers with the dimensions described in Table

The structure of the CNN used in the experiments is described as follows. The CNN is mainly composed of two convolution
layers, two max pooling layers and one fully connected layer. The kernel size of the convolution layers is 4 and the kernel
size of the pooling layers is 2. The numbers of channels of the two convolution layers are 16 and 32, respectively, and the
dimensions of the fully connected layer are 32 for input and 10 for output.

2.2 Additional Results
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Figure 1: Relative difference of VRADAM in classifying Embedded CIFAR10 with Logistic regression
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Figure 2: Relative difference of VRADAM in classifying MNIST with CNN
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Figure 3: Relative difference of VRADAM in classifying MNIST with FFN
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Figure 4: Deviation of VRADAM and ADAM for MNIST with CNN
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Figure 5: Deviation of VRADAM and ADAM for MNIST with FFN
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Figure 6: Deviation of VRADAM and ADAM for CovType with logistic regression
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Figure 7: Deviation of VRADAM and ADAM for Embedded CIFAR-10 with logistic regression
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Figure 8: Deviation of VRADAM and ADAM for MNIST with logistic regression
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Figure 9: Deviation of VRADAM and ADAM for NSL-KDD with logistic regression
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Figure 10: Sensitivity on initial point for MNIST with CNN
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Figure 11: Sensitivity on initial point for MNIST with FFN
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Figure 12: Sensitivity on initial point for Embedded CIFAR-10 with logistic regression
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Figure 13: Sensitivity on initial point for CovType with logistic regression
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Figure 14: Sensitivity on initial point for MNIST with logistic regression
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Figure 15: Sensitivity on initial point for NSL-KDD with logistic regression



