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Abstract
Multi-armed Bandit motivates methods with prov-1

able upper bounds on regret and also the counterpart2

lower bounds have been extensively studied in this3

context. Recently, Multi-agent Multi-armed Bandit4

has gained significant traction in various domains,5

where individual clients face bandit problems in a6

distributed manner and the objective is the overall7

system performance, typically measured by regret.8

While efficient algorithms with regret upper bounds9

have emerged, limited attention has been given to10

the corresponding regret lower bounds, except for a11

recent lower bound for adversarial settings, which,12

however, has a gap with let known upper bounds.13

To this end, we herein provide the first comprehen-14

sive study on regret lower bounds across different15

settings and establish their tightness. Specifically,16

when the graphs exhibit good connectivity proper-17

ties and the rewards are stochastically distributed,18

we demonstrate a lower bound of order O(log T )19

for instance-dependent bounds and
√
T for mean-20

gap independent bounds which are tight. Assuming21

adversarial rewards, we establish a lower bound22

O(T
2
3 ) for connected graphs, thereby bridging the23

gap between the lower and upper bound in the prior24

work. We also show a linear regret lower bound25

when the graph is disconnected. These lower bounds26

are made possible through our newly constructed27

instances. In the numerical study, we assess the28

performance of various algorithms on these hard in-29

stances. While previous works have explored these30

settings with upper bounds, we provide a thorough31

study on tight lower bounds.32

1 Introduction33

Multi-armed Bandit (MAB) is a well-known online sequen-34

tial decision making paradigm where a player selects arms,35

receives corresponding rewards at each time step, and aims36

to maximize their cumulative reward over a process of length37

T . Regret minimization is at the heart of MAB, where regret38

measures the difference between the cumulative reward ob-39

tained by always selecting the best arm and the cumulative40

reward achieved by a player’s policy. To this end, balancing ex-41

ploration (gaining information) and exploitation (maximizing 42

current reward) is key to the player’s success. Several classical 43

algorithms have been developed for different MAB settings 44

with proven upper bounds on the regret. Furthermore, to es- 45

tablish optimality of these algorithms, it is essential to prove 46

lower bounds of the same order (in terms of the time horizon 47

T ) for all algorithms in specific problem instances. If such 48

lower bounds exist, we refer to them as tight. These worst-case 49

scenario analyses determine the fundamental complexity of 50

bandit problems, validate whether the algorithms are optimal 51

or not, and motivate the development of optimal algorithms. 52

Specifically, in the instance-dependent case, KL-divergence 53

plays a crucial role in characterizing the hardness of distin- 54

guishing between optimal and sub-optimal arms. The seminal 55

work by [Lai et al., 1985] establishes an asymptotic regret 56

lower bound of order O(log T ) for consistent algorithms us- 57

ing an elegant regret decomposition approach that incorporates 58

KL-divergence. Subsequent work relaxes the assumptions of 59

consistency and asymptotics [Lattimore and Szepesvári, 2020] 60

assuming 2 arms. For the mean-gap independent case, [Lat- 61

timore and Szepesvári, 2020] demonstrate a minimax regret 62

lower bound of order
√
T . Furthermore, [Shamir, 2014] es- 63

tablishes a general regret lower bound of order
√
T for MAB 64

variants where multiple arms can be pulled at each time step. 65

The key idea behind these results is to construct problem in- 66

stances where the optimal arm is very close to the sub-optimal 67

arms but not too close, making it challenging for the player to 68

distinguish between them and resulting in a risk of getting less 69

rewards and significant regret. The gap is precisely chosen 70

and is the main technique. 71

Recently, the field of multi-agent Multi-armed Bandit (multi- 72

agent MAB) has gained significant attention, driven by the ap- 73

plication of cooperative learning processes in federated learn- 74

ing to various real-world scenarios, including e-commerce, 75

healthcare, and autonomous driving, as well as the increas- 76

ing demand for large-scale distributed decision learning pro- 77

cesses in sensor networks and robotic systems. A specific 78

motivating example of the MA-MAB problem is as follows. 79

Consider a ride-sharing platform offering various product 80

lines—premium, luxury, and regular cars—operated by op- 81

erational units in different areas. Each unit (client) suggests 82

a discount (arm) to users and obtains the revenue (reward) 83

often observing users’ behavior. Multiple units collaborate to 84



optimize the total revenues of the platform. This represents85

an MA-MAB problem aiming to enhance the overall platform86

performance. Formally, in multi-agent MAB, multiple agents,87

also referred to as clients or players, face multiple MABs.88

The objective of the clients is to optimize the overall system89

performance, which is quantified using regret. Regret mea-90

sures the difference between the cumulative reward obtained91

by pulling the optimal arm, where optimality is defined based92

on the average rewards across all clients, and the cumulative93

reward obtained by all the clients. Similar to the categoriza-94

tion in the traditional MAB framework, problem settings in95

multi-agent MAB are classified as either stochastic or adver-96

sarial, depending on the nature of reward distributions. In97

stochastic multi-agent MAB, the rewards for each client are98

independently and identically distributed over time, while in99

adversarial multi-agent MAB, the rewards are chosen by an100

adversary.101

The multi-agent MAB framework presents additional chal-102

lenges compared to the traditional MAB. Similar to MAB, it103

deals with the exploration-exploitation trade-off as a major104

challenge. However, in the multi-agent setting, each client105

faces this challenge while potentially lacking complete infor-106

mation about other clients. This limitation arises from the107

fact that optimality is defined based on average rewards across108

clients, requiring each client to obtain information from other109

clients, which, however, is constrained by the distribution110

of clients within the system. To tackle this issue, previous111

work has extensively studied settings that incorporate a central112

server, also referred to as a controller, as discussed in [Bistritz113

and Leshem, 2018; Zhu et al., 2021b; Huang et al., 2021;114

Mitra et al., 2021; Réda et al., 2022; Yan et al., 2022]. In this115

setup, the central server integrates and distributes information116

among the clients at each time step, which has led to a re-117

gret upper bound of order O(log T ) in stochastic multi-agent118

MAB matching the regret bounds in stochastic MAB. How-119

ever, despite being mentioned in [Martı́nez-Rubio et al., 2019]120

regarding the instance-dependent lower bound of order log T ,121

a formal lower bound statement has yet to be thoroughly ex-122

amined in this centralized structure. This research gap partly123

motivates the present study, where we aim to address this124

knowledge gap and provide a comprehensive analysis of the125

regret lower bound within the centralized multi-agent MAB126

framework.127

The assumption of centralization may not be realistic in real-128

world scenarios, where clients are often limited to pairwise129

transmissions constrained by underlying graph structures. In130

response to this, a fully decentralized framework characterized131

by means of graph structures has been proposed in several stud-132

ies [Landgren et al., 2016b,a, 2021; Zhu et al., 2020; Martı́nez-133

Rubio et al., 2019; Agarwal et al., 2022; Wang et al., 2021;134

Jiang and Cheng, 2023; Zhu et al., 2021a,b]. This decentral-135

ized approach removes the centralization assumption, making136

it more general while introducing non-trivial challenges. To137

this end, certain assumptions on the graphs are incorporated138

in these studies. Examples include complete graphs [Wang et139

al., 2021], regular graphs [Jiang and Cheng, 2023], and con-140

nected graphs under the doubly stochasticity assumption [Zhu141

et al., 2021a, 2020]. In all cases, the regret upper bounds that142

are of order O(log T ), are consistent with those in the MAB 143

setting. Furthermore, recent research has focused on time- 144

varying graphs, such as B-connected graphs under the doubly 145

stochasticity assumption [Zhu and Liu, 2023], as well as ran- 146

dom graphs, including the Erdős-Rényi model and random 147

connected graphs [Xu and Klabjan, 2023a]. Likewise, in these 148

cases, the regret upper bounds maintain the order O(log T ). 149

However, it is important to note that the corresponding re- 150

gret lower bounds have not yet been addressed in the existing 151

literature, which is one of the main focuses of this study. 152

In a separate line of research, [Jia et al., 2021] have introduced 153

a regret upper bound in MAB of order
√
T , which is indepen- 154

dent of the sub-optimality gap ∆i representing the difference 155

between the mean value of the optimal arm and the mean value 156

of the sub-optimal arms. Their setting is standard MAB. Un- 157

like the above regret bound of order O(log T ) = O
(

log T
∆i

)
158

that tends to grow rapidly when ∆i approaches zero, this mean- 159

gap independent regret bound remains stable even when ∆i 160

is very small and thereby holding universally across different 161

problem settings. Building upon this, [Xu and Klabjan, 2023a] 162

analyze the decentralized multi-agent MAB framework with 163

random graphs, and establish a regret upper bound of order 164

O(
√
T log T ), which aligns with [Jia et al., 2021] up to a log- 165

arithmic factor. However, despite these advancements in the 166

regret upper bounds, the corresponding regret lower bounds in 167

the mean-gap independent sense have not yet been explored. 168

Addressing this research gap is one of the primary objectives 169

of this paper. 170

In addition to the classical stochastic settings, [Cesa-Bianchi et 171

al., 2016] investigate an adversarial multi-agent MAB problem 172

and provide a regret upper bound of order
√
T , demonstrat- 173

ing its consistency with the adversarial MAB problem under 174

the EXP3 algorithm. More recently, [Yi and Vojnović, 2023] 175

have focused on the heterogeneous variant, where different 176

adversaries are different across clients. The presence of het- 177

erogeneous adversaries poses a significant challenge, resulting 178

in a regret upper bound of order O(T
2
3 ), which is larger than 179

the regret bound for the standard MAB problem of order
√
T . 180

Furthermore, in the adversarial setting, they establish a re- 181

gret lower bound of order
√
T , which, while informative, is 182

smaller than their proposed regret upper bound. They achieve 183

this by leveraging the results from the MAB setting presented 184

in [Shamir, 2014] and constructing problem instances with 185

mini batches of adversarial rewards. Nevertheless, it remains 186

unexplored whether this lower bound is optimal and whether it 187

is possible to develop even larger lower bounds or smaller up- 188

per bounds in order to claim optimality. This paper improves 189

the lower bound in this setting and highlights its fundamental 190

challenge by incorporating mini batches and constructing a 191

novel graph instance. 192

We introduce a novel contribution to the decentralized multi- 193

agent MAB problem by investigating the regret lower bounds 194

in various settings, accounting for different graph structures 195

and reward assumptions. In the context of stochastic rewards 196

and instance-dependent regret bounds, we provide the first 197

formal analysis of the regret lower bound for the centralized 198



setting, demonstrating its tightness. We leverage the afore-199

mentioned classical idea in MAB and incorporate it into this200

multi-agent MAB setting. Additionally, we conduct a com-201

prehensive study on the regret lower bounds in decentralized202

settings under various graph assumptions by proposing in-203

stances that capture the problem complexities of multi-agent204

systems on a brand new temporal graph. We show that the205

regret bounds are of order Ω(log T ), aligning with the existing206

work’s regret upper bounds and establishing their optimality207

and tightness.208

Apart from the instance-dependent regret lower bounds of209

order Ω(log T ), we further extend our analysis to mean-gap210

independent regret lower bounds, presenting a novel contribu-211

tion as well. Specifically, we establish mean-gap independent212

regret bounds of order Ω(
√
T ), which not only validate near213

optimality of the algorithm proposed in [Xu and Klabjan,214

2023a] up to a log T factor but also coincide with the existing215

literature on MAB. This study enhances the understanding216

of the decentralized problem settings and provides valuable217

insights for future research in terms of robust methodologies218

in this context.219

Furthermore, our research extends to adversarial settings,220

where we establish regret lower bounds and demonstrate their221

tightness across various graph assumptions, including both222

centralized and decentralized scenarios. Firstly, we show that223

the regret lower bound is of order Ω(
√
T ) for complete graphs,224

which aligns with the results for traditional MAB problems,225

highlighting their inherent similarities. Particularly notewor-226

thy is our finding that the regret lower bound for decentralized227

multi-agent MAB with connected graphs is of order Ω(T
2
3 ).228

Notably, we construct a novel graph instance in the connected229

graph family and adopt a more complicated random shuffling230

mini batches, which increases the complexity of the problem.231

This result effectively bridges the gap between the regret upper232

and lower bounds presented in [Yi and Vojnović, 2023] and233

establishes that achieving a regret upper bound of O(
√
T ) is234

infeasible in this adversarial setting. Our work uncovers the235

inherent limitations and challenges of addressing adversar-236

ial multi-agent MAB problems even with good connectivity237

properties compared to traditional MAB problems. Moreover,238

we explore the regret lower bounds in disconnected graphs239

with a clique connected component and demonstrate regret240

lower bounds of order Ω(T ). These findings provide valuable241

insights into the performance limitations of multi-agent MAB242

algorithms in graph structures with limited connectivity.243

Moreover, as part of our contributions, we implement existing244

popular algorithms on our proposed instances that are used to245

prove the regret lower bounds, report crucial findings, and pro-246

vide insights into next steps. Surprisingly, the performances247

of theoretically optimal algorithms can sometimes be inferior248

compared to suboptimal ones on such hard instances, sug-249

gesting room for improvement in the existing regret upper250

bounds and motivating the development of one-size-fits-all251

optimal algorithms. Furthermore, we examine the coefficients252

of the empirical regret curves among these algorithms and253

point out future directions for theoretical improvements. As a254

by-product, the computational study also validates the newly255

established regret lower bounds presented herein. 256

Our main contributions are as follows. We are the first 257

• to formally establish the tight instance-dependent regret 258

lower bounds of order log T in stochastic multi-agent 259

MAB in both centralized and decentralized settings, 260

• to study the mean-gap independent regret lower bounds 261

of order
√
T in multi-agent MAB, 262

• to prove that for adversarial settings, the regret lower 263

bound is of order T
2
3 and T for connected and discon- 264

nected graphs, the first of which bridges the existing 265

gap; a coherent analysis also extends to complete graphs, 266

where the result is of order
√
T . 267

• to construct technically worst-case scenarios and exam- 268

ine the exact regret of state-of-the-art methods on them, 269

which raises important research questions, and motivates 270

exciting future work. 271

The structure of the paper is as follows. First, we formally 272

introduce the problem settings along with the notations that 273

are utilized throughout the paper. In the subsequent section, 274

we provide the statements on the regret lower bounds in a wide 275

variety of settings. Last but not least, we present a comprehen- 276

sive numerical study on the newly proposed instances. Finally, 277

we summarize the paper and point out future possibilities 278

based on the findings. 279

2 Problem Formulation 280

Throughout the paper, we study a decentralized system with 281

M ≥ 3 clients, and T represents the time horizon. More 282

specifically, the clients are labeled as nodes 1, 2, . . . ,M on 283

a network, where the underlying graph at each time step 284

1 ≤ t ≤ T is represented by an undirected graph Gt. It 285

is worth emphasizing that the centralization structure is equiv- 286

alent to communications on a complete graph since every pair 287

of clients communicates through the central server. 288

Formally, Gt = (V,Et) is described by a unique vertex set 289

V = 1, 2, . . . ,M and an edge set Et that contains pairwise 290

nodes and conveys the neighborhood information of Gt. We 291

use Nm(t) to denote the neighbor set of client m, which repre- 292

sents all the neighbors of client m in Gt. It is worth noting that 293

the graph Gt can be equivalently described by its adjacency 294

matrix, denoted as (Xt
i,j)1≤i,j≤M , where the element Xt

i,j is 295

equal to 1 if there is an edge between clients i and j, and 0 296

otherwise. For simplicity, we specify Xi,i = 1 for any client 297

1 ≤ i ≤ M . We use GM to denote the set of all connected 298

graphs with M nodes. If G = Gt, we call it stationary and oth- 299

erwise temporal. In the Erdős-Rényi model we use superscript 300

c where c is the edge probability, e.g. N c
m(t) is defined based 301

on probability c. In the random connected graph model we 302

denote by c the probability of an edge being in such a graph. 303

Subsequently, we introduce the bandit problems associated 304

with the clients. Consistent with the existing literature, an 305

environment generates graphs Gt and rewards rmi (t). For 306

each client 1 ≤ m ≤ M , there are K ≥ 2 arms to be pulled. 307

At each time step t, the reward of arm 1 ≤ i ≤ K is denoted 308



as rmi (t), which is independently and identically distributed309

across time with a mean value of µm
i . The clients draw rewards310

independently of one another. The interaction between the311

client and the environment works as follows; Client m pulls an312

arm atm and obtains the corresponding reward rmat
m
(t) from the313

environment. Additionally, clients can communicate with their314

neighbors in Gt as provided by the environment. This means315

that two clients can exchange information if and only if they316

are connected by an edge. Below, we present a visualization317

of the proposed problem framework for illustrative purposes.318

Following [Yi and Vojnović, 2023; Zhu and Liu, 2023], we319

define the global reward of arm i as ri(t) = 1
M

∑M
m=1 r

m
i (t),320

and the corresponding expected global reward as µi =321
1
M

∑M
m=1 µ

m
i . An arm is called globally optimal if i∗ =322

argmaxi µi, and globally sub-optimal otherwise. The param-323

eter ∆i = µi∗ − µi represents the sub-optimality gap of arm324

i.325

We note that maxi T · µi = maxi E[
∑T

t=1 ri(t)] ≤326

E[maxi
∑T

t=1 ri(t)], by the Jensen’s inequality. If we es-327

tablish a lower bound on the regret defined with respect to328

maxi T · µi (called also pseudo regret), we establish that the329

expected regret with respect to E[maxi
∑T

t=1 ri(t)] exhibits330

the same lower bound. As a result, we focus on demonstrat-331

ing lower bounds on the pseudo regret throughout the paper,332

which is called regret for convenience.333

This allows us to precisely quantify the regret associated with334

the action sequence (policy) π = {atm}1≤t≤T
1≤m≤M . In an ideal335

scenario where complete knowledge of {µi}i is available,336

clients would prefer to pull the arm i∗. However, due to337

partially observed rewards from the bandits (dimension i)338

and limited access to information from other clients (dimen-339

sion m), the regret of a policy π in the bandit setting is de-340

fined as Rπ
T = Tµi∗ − 1

M

∑T
t=1

∑M
m=1 µ

m
at
m

. This regret341

metric quantifies the difference between the cumulative ex-342

pected reward obtained by following the globally optimal343

arm and the actual reward accumulated by executing the ac-344

tion sequence. We consider two types of policies. Denote345

σt,m
F = σ({{Isj }j∈Nm(s)}s≤t) where Isj represents the in-346

formation of all arms contained at client j at time step s347

and, denote σt,m
B = σ({{Isj (ajs)}j∈Nm(s)}s≤t) where Isj (a

j
s)348

represents the information of arm ajs contained at client j349

at time step s. In other words, σt
F captures the history of 350

all arms up to time t, whereas σt,m
B only contains the in- 351

formation of client m’s time dependent actions up to time 352

t. Henceforth, we have σt,m
B ⊂ σt,m

F . With these notations 353

at hand, we further define policy set ΠF and ΠB as ΠF = 354

{ft} where the domain of ft is on σt
F = {σt,m

F }m,ΠB = 355

{gt} where the domain of gt is on σt
B = {σt,m

B }m. To this 356

end we define RB
T = minπ∈ΠB

Rπ
T . Likewise, assuming 357

the observations of all arms are visible to the clients, which is 358

referred to as the full-information setting, we denote the regret 359

as RF
T = minπ∈ΠF

Rπ
T . 360

The primary objective of this paper is to develop theoretical 361

lower bounds on the regret in worst-case scenarios under dif- 362

ferent assumptions on the underlying graphs, where clients 363

operating in decentralized settings have certain regrets regard- 364

less of the policies deployed. 365

3 Lower Bound Analyses 366

Before analyzing the regret lower bounds in bandit settings, we 367

consider its relationship with the regret in the full information 368

setting. The full information setting provides a less black-box 369

approach for characterizing the regret of algorithms. 370

Theorem 1. For decentralized multi-agent problems on any 371

graph Gt, for all problem instances we have RF
T ≤ RB

T . 372

Proof. Consider any policy π ∈ ΠB . Since it only requires 373

the information of clients’ actions σt
B , and σt

B ⊂ σt
F , we 374

obtain that π ∈ ΠF . Subsequently, we arrive at ΠB ⊂ ΠF by 375

the arbitrary choice of π, which yields that minπ∈ΠF
Rπ

T ≤ 376

minπ∈ΠB
Rπ

T , or equivalently RF
T ≤ RB

T . 377

Subsequently, we establish the following regret lower bounds 378

in the instance-dependent and mean-gap independent sense 379

for the full information setting. 380

Theorem 2. For decentralized multi-agent online problems 381

with full information, if the graph G is a complete graph, then 382

there exists a problem instance such that the regret of any 383

online distributed learning algorithms is at least Ω(
√
T ) and 384

Ω(log T ) in mean-gap independent and instance-dependent 385

settings, respectively. 386

Proof sketch. The complete proof is presented in Appendix; 387

the main idea is as follows. We note that the complete graph 388

case is approximately equivalent to a single-agent bandit 389

problem with full information. For the single-agent case, 390

there exists literature establishing the corresponding instance- 391

dependent regret bound of order log T and mean-gap indepen- 392

dent regret bound of order Ω(
√
T ), as introduced in [Golden- 393

shluger and Zeevi, 2013] and Shamir [2014], respectively. 394

3.1 Instance-dependent 395

Next, we demonstrate the instance-dependent lower bounds 396

in stochastic bandits for different graph structures, building 397

upon the previously established lower bound for the full infor- 398

mation setting. More specifically, instance-dependent lower 399



bounds depend on the sub-optimality gap ∆i that varies across400

different problem settings, which allows for a more precise401

characterization of regret in various instances, reflecting their402

complexities. The graph structures include time-invariant com-403

plete, connected, and regular graphs, as well as time-varying404

complete, connected, regular graphs, and time-varying Erdős-405

Rényi (E-R) model and random connected graphs, which406

encompass the graphs studied in prior works. The formal407

statement is as follows.408

Theorem 3. For decentralized multi-agent MAB problems409

with any numbers of clients and stochastic rewards, if Gt410

are complete, or connected or regular, and either stationary411

or temporal, or if Gt follow the E-R model or are random412

connected graph, then the instance-dependent expected regret413

RB
T of any algorithm is at least Ω(log T ).414

Proof sketch. The complete proof is deferred to Appendix;415

the main idea is as follows. We construct an instance where416

the number of arms is 2 and ∆2 = µ1 − µ2 > 0. For the417

complete graph case, we consider the time period Ta when418

clients achieve an agreement and Td when clients experience419

disagreement. Subsequently, we decompose the regret as420

Rπ
T = Td∆2 +

1
M

∑
m

∑
t∈Ta

(µ1 − µam
t
). The case where421

Td = Ω(log T ) directly leads to the conclusion. On the other422

hand, the scenario where Td = o(log T ) is managed by divid-423

ing the time horizon into intervals
t0∪
j=0

[2j , 2j+1 − 1], where424

t0 = log T . This division enables us to derive T d
a = Ta ∩425

[td, T ] = [td, T ] ≥ 2
1
2 log T , where td = max{t|t ∈ Td} + 1426

and the inequality holds by Td = o(log T ).427

For T d
a , the regret 1

M

∑
m

∑
t∈Td

a
(µ1 − µam

t
) is related428

to the regret in a single-agent multi-objective bandit prob-429

lem [Xu and Klabjan, 2023b] and, precisely, the regret is430

bounded from below by the Pareto pseudo regret RTd
a ,M =431

Dist(
∑

t∈Td
a
(µm

at
)m, O). The latter exhibits a lower bound of432

order Ω(log T ) as shown in Theorem 6 in [Xu and Klabjan,433

2023b]. This concludes the regret lower bound in settings with434

complete graphs.435

Using the monotonicity of regret in graph complexity, we436

derive the same lower bounds for scenarios with random con-437

nected graphs or the E-R model. This concludes the proof.438

Remark. While [Martı́nez-Rubio et al., 2019] discuss the439

instance-dependent regret lower bound of order Ω(log T ) in440

the centralized setting, we provide the first formal statement441

for various graphs. The result coincides with the lower bound442

in the single-agent MAB setting. Furthermore, the result is443

consistent with the established upper bounds in the multi-agent444

MAB settings, thereby demonstrating its tightness.445

Additionally, we also consider scenarios with disconnected446

graphs, which can result in linear regret due to the presence of447

isolated clients when the rewards are heterogeneous. The first448

result applies to consistent algorithms, following the classical449

assumption made in some existing literature. The consistency450

assumption states that the regret of the considered algorithms451

is of order o(T a) for any constant 0 < a ≤ 1. The second 452

result applies to any algorithms, with the constraint of limiting 453

the number of arms to 2. These results are summarized in the 454

following statements. 455

Theorem 4. For decentralized multi-agent MAB problems, if 456

graph G is disconnected with a clique connected component, 457

then there exists a problem instance such that the regret of any 458

online distributed algorithms that are individually consistent 459

at local clients is at least Ω(T ). 460

Proof sketch. The proof is deferred to Appendix; the main 461

logic is as follows when the clique is an isolated vertex. 462

We construct a problem instance as follows. For clients 463

1, . . . ,M − 1, their reward distributions are the same, reading 464

as (∆, 0, . . . , 0) ∈ RK , while for client M , the reward distri- 465

bution reads as (0, 2∆, 0, . . . , . . . , 0) ∈ RK for any ∆ > 0. 466

We assume node M is isolated. Using any consistent algo- 467

rithms at client M leads to E[nM,2(T )] = Ω(T ) and subse- 468

quently results in a linear regret. Here nM,2 is the number of 469

pulls of arm 2 at client M . 470

As mentioned earlier, we remove the consistency assumption 471

by assuming the number of clients is 2, which essentially 472

deals with the trade-off between the problem setting and the 473

considered algorithms. 474

Theorem 5. For decentralized multi-agent MAB problems, if 475

graph G is disconnected with a clique connected component, 476

then there exists a problem instance with K = 2 such that the 477

regret of any online distributed algorithms is at least Ω(T ). 478

Proof sketch. The proof is given in Appendix; the proof logic 479

is as follows when the clique component is an isolated vertex. 480

We again let client M be an isolated node. For two arms 481

labeled as arm 1 and 2, we construct the instance at clients as 482

follows. Let random variable x follow a uniform distribution 483

in {0, 1} and be fixed once determined, and for any time step 484

t, the reward rjk(t) is generated as r1k(t) =
{
x arm 1
1
2 arm 2

and 485

for j > 1 we have rjk(t) =

{
1
2 arm 1
1
2 arm 2.

The randomness of 486

x changes the optimality of arms, and makes client M even 487

harder to identify the global optimal arm and impossible to 488

achieve sublinear regret even though inconsistent algorithms 489

are deployed. 490

Remark. To the best of our knowledge, this is the first re- 491

sult on the regret lower bound for settings with disconnected 492

graphs. This linear regret essentially highlights the inherent 493

complexity of multi-agent MAB problems compared to their 494

single-agent counterparts. 495

3.2 Mean-gap independent 496

We note that the instance-dependent regret bounds have de- 497

pendencies on ∆i, particularly on 1
∆i

, which can lead to large 498

regret bounds when ∆i ≈ 0 and thus necessitate more accurate 499

regret bounds. In addition, ∆i’s are not known to the clients in 500



advance. Therefore, apart from the instance-dependent regret501

lower bounds, we also investigate the mean-gap independent502

regret lower bound that is independent of ∆i and applicable503

to both stochastic and adversarial settings. The regret order504

in this case is
√
T , which differs from the log T bound. The505

following theorem summarizes these results, considering all506

the previously mentioned graph structures.507

Theorem 6. For decentralized multi-agent MAB problems508

with any numbers of clients and stochastic rewards, if Gt are509

complete, connected or regular, and stationary or temporal,510

or the E-R model or random connected graphs, then the mean-511

gap independent regret of any algorithm is at least Ω(
√
T ).512

Proof sketch. The formal proof is in Appendix; the main logic513

is as follows. The proof is similar to that of Theorem 6, ex-514

cept that we consider mean-gap independent bounds using515

Theorem 4 in [Shamir, 2014]. We first analyze settings with516

complete graphs and establish RB
T ≥

√
KT
1+M = Ω(

√
T ).517

Likewise, the monotonicty in graphs of the regret bounds al-518

low us to determine the same result for other graphs, which519

concludes the proof.520

Remark. This lower bound of order
√
T corresponds to521

the mean-gap upper bounds presented in [Xu and Klabjan,522

2023a] and [Jia et al., 2021] for multi-agent and single-agent523

MAB problems, respectively. This consistency further shows524

the tightness of the lower bound we have derived.525

3.3 Adversarial526

Since the mean-gap independent regret bounds hold for the527

stochastic problem setting, they also hold for the adversarial528

problem setting. This is due to the fact that the set of stochastic529

settings is essentially a subset of the set of adversarial settings.530

Therefore, our result remains consistent with the result in [Yi531

and Vojnović, 2023].532

Theorem 7. For decentralized multi-agent MAB problems, if533

the graph Gt is a complete graph, then there exists a problem534

instance such that the regret of any online distributed learning535

algorithms is at least Ω(
√
T ).536

Furthermore, we construct special connected graphs, in ad-537

versarial settings and demonstrate that they lead to a regret538

lower bound of order Ω(T
2
3 ). This bound is larger than the539

commonly observed O(T
1
2 ) in single-agent adversarial set-540

tings and decentralized multi-agent adversarial settings with541

complete graphs. We summarize these results in the following542

two theorems, one for a large number of clients and the other543

one for a small number of clients.544

Theorem 8. For decentralized multi-agent MAB problems,545

if the number of clients M ≥ Ω(T
1
3 ) and the graph Gt is a546

connected graph with two expanders of size M
4 having distance547

d ≥ ηM
8 given constant 4 > η > 0, then there exists a problem548

instance such that the regret of any online distributed learning549

algorithm is at least Ω(T
2
3 ).550

Proof sketch. The proof is deferred to Appendix; the idea is 551

summarized as follows. We consider clients are distributed 552

on a special connected graph, e.g. a path graph and focus 553

on two subsets of node, denoted as I0 and I1, respectively, 554

that satisfy |I0| = |I1| = M
4 , and the shortest path dp from 555

I0 to I1 meets the condition dp ≥ ηM
8 . Then the choice of 556

M gives dp ≥ Ω(T
1
3 ) and we import the result in [Yi and 557

Vojnović, 2023] and obtain RB
T ≥ Ω(

√
dp · T ) = Ω(T

2
3 ) for 558

full-information settings. 559

Remark. Note that the existence of such graphs is guaranteed 560

by the property of expanders of size M
4 . An expander of size M

4 561

has a diameter of order logM (Proposition 3.1.5 in [Kowalski, 562

2019]). Indeed, for η = 4, a path is such an expander. 563

For small values of M , achieving the same regret lower bound 564

requires additional effort since the setting allows for more 565

communication between clients. In this case, we present the 566

following result that establishes the same lower bound on 567

regret by importing techniques from information theory. 568

Theorem 9. For decentralized multi-agent MAB problems, 569

if the number of clients M = T
2
15 and the graph Gt is a 570

connected graph with two expanders of size M
4 having distance 571

d ≥ ηM
8 given constant 4 > η > 8 · 8− 2

15 , then there exists a 572

problem instance such that the regret of any online distributed 573

learning algorithms is at least Ω(T
2
3 ). 574

Proof. Let M mod 4 = 0 and T > 8. Denote expanders of 575

size M
4 as two disjoint subsets of nodes I0 = {1, 2, . . . , M

4 } 576

and I1 = { 3
4M, 3

4M+1, . . . ,M}. Note that |I0| = |I1| = M
4 . 577

By the definition of Gt, the shortest path distance between 578

I0 and I1 is d ≥ ηM
8 . We set ϵ =

√
4
η
M2

2 T− 1
3 . It follows 579

8ϵ2d ≤ 1. 580

Let B1 be Bernoulli with probability 1
2 + ϵ and B2 Bernoulli 581

with probability 1
2 . Consider the bandit problem as follows. 582

Let X be a random variable following a uniform distribution 583

on {0, 1, . . . , M
4 }. For client X ≥ 1, arm 1 follows B1 and 584

arm 2 follows B2. For i ∈ I0\{X}, let the arms follow B2. 585

All clients not in I0 have all rewards 0. 586

Additionally, we re-sample random variable X every d steps, 587

i.e. we re-specify the client X if X ≥ 1. If X = 0, all 588

clients have reward based on B2. We denote the number 589

of such re-sampling steps as D, D = ⌊T
d ⌋, which leads 590

to a sequence {X1, X2, . . . , XD}. The following holds for 591

i ∈ I0. Subsequently, let us define distribution Qi
j(arm) = 592

P (arm|Xj = i) and Q−1
j (arm) = P (arm|Xj = 0). Note 593

that Q−1
j represents that all clients in I0 share the same re- 594

ward distribution. Let Qi
j,t(arm) = P (arm|σt, Xj = i) 595

and Q−1
j,t (arm) = P (arm|σt, Xj = 0). It is easy to 596

verify that DKL(Q
−1
j,t , Q

i
j,t) = 1

2 log
1
2

1
2−ϵ

+ 1
2 log

1
2

1
2+ϵ

= 597

1
2 log(1 +

4ϵ2

1−4ϵ2 ) ≤
1
2 · 4ϵ2

1−4ϵ2 ≤ 4ϵ2, where the first inequal- 598

ity uses the fact that log(1+ x) ≤ x and the second inequality 599



holds by the choice of ϵ = M2

2 T− 1
3 ≤ 1

4 since T > 8.600

Therefore, by the chain rule for relative entropy, we601

obtain DKL(Q
−1
j , Qi

j) =
∑(j+1)d

t=jd DKL(Q
−1
j,t , Q

i
j,t) ≤602 ∑(j+1)d

t=jd 4ϵ2 ≤ 4ϵ2d. By the Pinsker’s inequality we have603

that DTV (Q
−1
j , Qi

j) ≤
√

DKL(Q−1
j ,Qi

j)

2 ≤ ϵ
√
2d. (1)604

The expected reward of arm 1 is 1
8 + 1

M
|I0|

|I0|+1ϵ from605

µ1 =
1

M

M∑
m=1

µm
1 =

1

M

∑
m∈I0

µm
1 +

1

M

∑
m̸∈I0

µm
1

=
1

M

∑
m∈I0

[
E[µm

1 |X1 ∈ I0]P (X1 ∈ I0)+

∑
m∈I0

E[µm
1 |X1 ̸∈ I0]P (X1 ̸∈ I0)

]
+

1

M

∑
m̸∈I0

0

=
1

M
(

|I0|
|I0|+ 1

(
1

2
+ ϵ+

1

2
(|I0| − 1))+

1

|I0|+ 1
(
1

2
+

1

2
(|I0| − 1)) =

1

8
+

1

M

|I0|
|I0|+ 1

ϵ

and of arm 2 is 1
8 from µ2 = 1

M

∑M
m=1 µ

m
2 =606

1
M

∑
m∈I0

µm
2 + 1

M

∑
m̸∈I0

µm
2 = 1

M

∑
m∈I0

1
2 +607

1
M

∑
m̸∈I0

0 = 1
8 . As a result ∆1 = ϵ

M
|I0|

|I0|+1 ≥ ϵ
2M608

since |I0| ≥ 1. Let us denote by nm,1(T, j) the number of609

pulls of arm 1 by client m during the jth epoch which is the610

optimal arm. Therefore, we obtain611

E[RB
T ] = E[E[RB

T |X1, . . . , XD]] (2)

= E[E[
1

M

M∑
m=1

(
ϵ

2M
(T − nm,1(T )))|X1, . . . , XD]]

= E[E[
1

M

M∑
m=1

(
ϵ

2M
(

D∑
j=1

d−
D∑

j=1

nm,1(T, j)))|X1, . . . , XD]]

= E[
1

M

M∑
m=1

D∑
j=1

E[(
ϵ

2M
(d− nm,1(T, j)))|X1, . . . , XD]]

=
1

M

M∑
m=1

D∑
j=1

E[E[(
ϵ

2M
(d− nm,1(T, j)))|Xj ]]

=
1

M

M∑
m=1

D∑
j=1

∑
i∈I0∪{0}

E[( ϵ
2M (d− nm,1(T, j)))|Xj = i]]

|I0|+ 1

≥ 1

2M2
(

1

|I0|+ 1

D∑
j=1

∑
i∈I0∪{0}

E[ϵ · (d− n1,1(T, j))|Xj = i])

=
1

2M2
(ϵ · T − ϵ

|I0|+ 1

D∑
j=1

∑
i∈I0∪{0}

EQi
j
[(n1,1(T, j))])

where the the first and fifth equality use the law of total ex-612

pectation, the third equality is by the fact that T =
∑D

j=1 d613

and
∑D

j=1 nm,1(T, j) = nm,1(T ), and the sixth equality uses 614

the distribution of Xj defined by P (Xj = i) = 1
|I0|+1 for 615

i ∈ I0 ∪ {0}. 616

Note that EQi
j
[(n1,1(T, j))] − EQ−1

j
[(n1,1(T, j))] = 617∑(j+1)d

t=jd (Qi
j(a

1
t = 1)−Q−1

j (a1t = 1)) ≤ d ·DTV (Q
−1
j , Qi

j) 618

where the last inequality is by the definition of the total varia- 619

tion DTV . 620

This immediately gives us that 621∑
i∈I0∪{0}

D∑
j=1

EQi
j
[(n1,1(T, j))]

≤
∑

i∈I0∪{0}

D∑
j=1

(j+1)d∑
t=jd

(Q−1
j (a1t = 1) + d ·DTV (Q

i
j , Q

−1
j ))

≤ T + d
∑

i∈I0∪{0}

D∑
j=1

DTV (Q
i
j , Q

−1
j ))

≤ T + d
∑

i∈I0∪{0}

D∑
j=1

(ϵ
√
2d)

= T + dDϵ
√
2d(|I0|+ 1) = T + T · |I0|+ 1

4

where the second inequality uses
∑

i Q
−1
j (a1t = 1) = 1 and 622

dD = T , and the third inequality uses (1), and the last equality 623

holds by the choices of d and ϵ that satisfy ϵ
√
2d(|I0|+ 1) ≤ 624

|I0|+1
4 . Here we also use the lower bound on η. 625

Consequently, we arrive at E[RB
T ] ≥ 1

2M2 (ϵT − 626

ϵ(T+T · |I0|+1
4 )

|I0|+1 ) ≥ 1
2M2

1
4ϵT = Ω(T

2
3 ) where the last inequal- 627

ity uses |I0| = M
4 ≥ 2 and the equality holds by the choice of 628

ϵ and M . 629

Remark. It is worth noting that this lower bound is consis- 630

tent with the regret upper bound in [Yi and Vojnović, 2023], 631

bridging the gap between the regret upper bound O(T
2
3 ) and 632

the lower bound Ω(
√
T ) in [Yi and Vojnović, 2023]. Surpris- 633

ingly, it also coincides with the regret lower bound for online 634

learning with feedback graphs in [Alon et al., 2015], where 635

the feedback received by the client is limited to a graph struc- 636

ture. This connection highlights the relationship between the 637

decentralized multi-agent MAB system and MAB with side 638

information on graphs. Lastly, we observe that this bound 639

is larger than
√
T in the single-agent MAB, manifesting the 640

fundamental difference between multi-agent and single-agent 641

MAB in the presence of connected graphs, in addition to the 642

settings with disconnected graphs. 643

4 Numerical Experiments 644

We have demonstrated regret lower bounds that apply to all 645

algorithms in different settings by constructing novel problem 646

instances. In this section, we conduct a comprehensive numeri- 647

cal study to understand how the newly constructed challenging 648



instances affect the performance of existing algorithms. The649

results, consistent with our established regret lower bounds,650

also highlight opportunities for methodological and analytical651

improvements aimed at achieving optimal regret upper bounds.652

Furthermore, they provide insights into the future direction of653

such improvements. We select these algorithms based on the654

following criteria: i) corresponding regret guarantee, ii) low655

computational complexity, and iii) wide usage in the existing656

literature.657

Specifically, we examine the exact regret of different algo-658

rithms on our newly proposed instances across various multi-659

agent MAB settings, representing worst-case scenarios. Recall660

that the problem complexity is determined by how the rewards661

and graphs are generated. In this paper, we consider both662

stochastic and adversarial rewards, along with graphs exhibit-663

ing different levels of connectivity, ranging from complete to664

random and disconnected graphs. We have constructed four665

hard instances (scenarios), categorized as follows - Instance666

1 with stochastic rewards and complete graphs based on The-667

orem 3, Instance 2 with stochastic and adversarial rewards668

and disconnected graphs (see Theorem 4), Instance 3 with669

adversarial rewards and complete graphs exhibited in Theo-670

rem 7, and Instance 4 with adversarial rewards and connected671

graphs based on Theorem 8. Within them, we include the672

optimal algorithms in terms of regret’s upper bounds in T .673

For Instance 1, the optimal algorithms include CoopUCB in674

[Martı́nez-Rubio et al., 2019], Gossip UCB in [Zhu et al.,675

2021b], and GosInE in [Chawla et al., 2020], all of which lead676

to a regret upper bound of order log T . In Instance 2, every677

algorithm is optimal since they all have linear regret of order T678

if the reward is bounded. In Instance 3, the optimal algorithm679

is known to be EXP3, with regret of order
√
T . In Instance 4,680

the recently developed FEDEXP3 in [Yi and Vojnović, 2023]681

results in an upper bound of order T
2
3 .682

Our experimental details are as follows. The time horizon is683

fixed at T = 2000. For Instance 1 and 3, we consider M = 5684

clients distributed on a complete graph, with K = 2 arms and685

a heterogeneity level of h = 0.1. For each arm k, the associ-686

ated mean reward values µm
k are M equal length intervals of687

[0.1, 0.1+ (k+1)/K · h] in Instance 1. In Instance 3, we use688

the same mean reward values but they are shuffled randomly689

every 6 periods. For Instance 2, we consider M = 5 clients690

distributed on a disconnected graph where clients 0, 1, 2, 3691

form a complete graph and client 4 is an isolated point, with692

K = 2 arms and a heterogeneity level of h = 0.1. For each693

arm k, the associated mean reward values follow the same694

partitioning as in Instance 1 and 3. Instance 4 requires further695

explanation. We consider M = 10 clients distributed along696

a path graph, with K = 2 arms. The mean reward values697

for arms 1 and 2 of clients 1 and 2 are either 0.5, 0.5 + ϵ or698

0.5, 0.5, randomly chosen. The rewards for clients 2, 3, . . . , 8699

are 0 at all times. The mean reward values for arms 1 and 2700

of clients 9 and 10 are 0.5. We have specified these parame-701

ters to ensure relatively low computational complexity while702

meeting the requirements for constructing the hard instances.703

In Instance 1 and 2, we compare all algorithms and report704

their exact regret to examine whether the possibly non-optimal705

algorithms, which are optimal in more general settings like 706

Instance 3 and 4, have the potential to outperform the so-called 707

optimal algorithms in worst-case scenarios. Likewise, in In- 708

stance 3 and 4, we compare FEDEXP3 and EXP3 and derive 709

their regret values to draw similar conclusions. 710

The evaluation metric is the empirical regret, calculated by 711

averaging Rπ
T as defined in Section 2 over 50 runs. In contrast, 712

the communication cost can be computed explicitly, which is 713

discussed in Section 4.2. 714

4.1 Comparison Results 715

Next, we present the regret performances of the aforemen- 716

tioned algorithms on instances 1, 2, 3, and 4, as shown in 717

Figures 1, 2, 3, and 4, respectively. In these figures, the x-axis 718

represents the time steps, and the y-axis represents the corre- 719

sponding cumulative regret up to the corresponding time step. 720

Furthermore, we fit the regret curves based on the theoretical 721

regret order and report the coefficients of these curves, which 722

ultimately demonstrate the performance comparison among 723

the algorithms. 724

Figure 1 shows the regrets of CoopUCB, GosInE, Gos- 725

sip UCB, EXP3, and FedEXP3 on Instance 1. We note that, 726

except for Gossip UCB, all other algorithms exhibit sublinear 727

regret, which is due to the fact that Gossip UCB relies on 728

the assumption that the spectral gap of the graph is strictly 729

positive. Our constructed instance violates this assumption 730

and thus serves as a worst-case scenario. Among the remain- 731

ing algorithms, CoopUCB and GosInE have much smaller 732

regrets compared to EXP3 and FedEXP3, which coincides 733

with their optimal regret bounds. More precisely, the coeffi- 734

cients of the regret curves, with respect to log t, for CoopUCB, 735

GosInE, EXP3, and FedEXP3 are 0.51, 2.94, 6.46, and 3.84, 736

respectively. The fitted regret curves are presented in Figure 4. 737

This indicates room for improvement for EXP3 and FedEXP3, 738

since they exhibit log t regret on hardest instances. Perhaps 739

their regret in the stochastic setting is O(log T ) despite being 740

designed for adversarial reward. Such reasoning has a gap 741

since there might be other hard instances. 742

For all the aforementioned algorithms, their regrets on Instance 743

2, where the graph is disconnected, are shown in Figure 2. Not 744

surprisingly, all the algorithms exhibit linear-style regrets, con- 745

sistent with our established regret lower bounds. Among them, 746

FedEXP3 and EXP3 perform much better, despite their the- 747

oretical regret bounds of order T
2
3 and

√
T , respectively, in 748

the adversarial setting on complete graphs, which are less 749

favorable compared to the log T obtained by CoopUCB, Gos- 750

sip UCB, and GosInE with stochastic rewards on connected 751

graphs. More specifically, FedEXP3 has the smallest regret, 752

even though its regret bound is the largest. In the meantime, 753

CoopUCB exhibits the largest regret, as it assumes homoge- 754

neous rewards in its original analysis and thus is more sensitive 755

to this worst-case scenario. This suggests the robustness of 756

FedEXP3 and EXP3 in worst-case scenarios. More surpris- 757

ingly, it demonstrates and motivates studying the trade-off 758

between regret bounds and robustness. Regarding the linear 759

relationship, we also examine the coefficients of the regret 760

curves. Specifically, the coefficients for CoopUCB, GosInE, 761



Gossip UCB, EXP3, and FedEXP3, in terms of t, are 0.008,762

0.009, 0.007, 0.008, and 0.006, respectively, which aligns with763

the above comparisons among the algorithms. The fitted regret764

curves are presented in Figure 5.765

We next focus on Instance 3, where the graph is complete766

and rewards are adversarial. We show the regret of FedEXP3767

and EXP3 in Figure 3. Consistently, both exhibit sublinear768

regret based on their theoretical bounds. Remarkably, unlike769

the theoretical regret bounds, which are of order T
2
3 and T770

respectively and suggest that FedEXP3 should have a larger771

regret, FedEXP3 actually leads to smaller regret in this worst-772

case scenario. More precisely, with respect to the function t
1
2 ,773

the coefficients of the regret curves for EXP3 and FedEXP3774

are 0.967 and 0.273, respectively. The fitted regret curves are775

presented in Figure 6. This demonstrates the superior perfor-776

mance of FedEXP3 over the theoretically optimal one, namely777

EXP3. It implies it might be possible to derive a smaller the-778

oretical bound for FedEXP3 when constrained to complete779

graphs. Moreover, this conclusion highlights the differences780

between reward dynamics and graph dynamics, uncovering781

the complexity of multi-agent systems and necessitating im-782

provements in the dependency of regret on more precise graph783

complexities, especially since an unexpected conclusion is784

drawn from Instance 1.785

Lastly, on Instance 4, where the rewards are adversarial and786

the graph is connected (path), we present the regret perfor-787

mances of FedEXP3 and EXP3 in Figure 7. We observe that788

both algorithms result in much larger regret compared to the789

complete graph case. FedEXP3 performs slightly better than790

EXP3, which is again validated by the coefficients of the re-791

gret curves with respect to t
2
3 ; the coefficients for EXP3 and792

FedEXP3 on this instance are 0.053 and 0.033, respectively.793

The fitted regret curves are presented in Figure 8. EXP3 ex-794

hibits limited learning process, coinciding with its less refined795

linear regret bound (which any algorithm meets). In contrast,796

FedEXP3 grows sublinearly, considering its regret bound of797

order T
2
3 , which demonstrates its robustness in this extremely798

hard case. It is worth noting that EXP3 and FedEXP3 are still799

closely matched, which suggests the potential for establish-800

ing a smaller regret bound for EXP3, beyond the naive linear801

regret bound.802

In summary, through these experiments on our novel hard803

instances, we not only validate the performance of existing al-804

gorithms and observe the proven regret lower bounds, but also805

propose the following crucial research questions. First, it is806

important to demonstrate the trade-off between regret bounds807

and robustness, especially when the regret bounds themselves808

are optimal in T . This allows us to push the Pareto front by809

developing new algorithms. Meanwhile, there is certainly810

room for refining the analytical bounds of existing algorithms,811

beyond the specific settings where their regret bounds are812

proven. Moreover, it would be informative to characterize813

how the regret bound of an algorithm continuously varies with814

problem settings, especially in edge cases (boundaries), in-815

stead of considering an algorithm only in a specific setting. A816

worst-case scenario in setting A may be a relatively good case817

in setting B when A subsumes B, which implies a possibly 818

smooth transition between them. By doing so, we can more 819

precisely select the best algorithm based on different problem 820

settings. 821

4.2 Discussion of Computational Complexity 822

While the main focus of this paper is on regret bounds, con- 823

sistent with most of the existing literature, computational 824

complexity has been gaining recent attention. It is worth 825

noting that for stochastic settings, the aforementioned algo- 826

rithms—Gossip UCB, CoopUCB, GosInE—have a time com- 827

plexity of order O(M2 + M · K), as in [Xu and Klabjan, 828

2023a]. In the meantime, the time complexity of FedEXP3 829

and EXP3 is also O(M2+M ·K), resulting from message ex- 830

changes and arm updates. We would like to highlight that this 831

complexity can be reduced by incorporating a parallel mech- 832

anism where all agents perform executions in parallel. This 833

raises further considerations of synchronous vs asynchronous, 834

which goes beyond the scope of this paper and is thus left for 835

future research. 836

5 Conclusion 837

In this paper, we conduct a comprehensive study on the regret 838

lower bounds in a decentralized multi-agent MAB framework 839

across various settings, which provides an understanding of 840

the fundamental challenges posed by different problem set- 841

tings and insights into the development of optimal algorithms. 842

Specifically, we establish instance-dependent and mean-gap 843

independent lower bounds for stochastic settings, which are 844

of order log T and
√
T , respectively, for all existing graphs. 845

These results are consistent with the existing upper and lower 846

bounds, showing their tightness and consistency, respectively. 847

Additionally, we introduce a novel problem instance in ad- 848

versarial settings that leads to a regret lower bound of order 849

Ω(T
2
3 ). This finding bridges the gap between the existing 850

lower and upper bounds and highlights the distinction between 851

the multi-agent and single-agent counterparts. In the following 852

table, we reaffirm the tightness of the proved lower bounds 853

by comparing them with existing regret upper bounds of al- 854

gorithms for instance-dependent, mean-gap independent, and 855

adversarial scenarios. More specifically, we consider DDUCB 856

in [Martı́nez-Rubio et al., 2019], FedDr-UCB in [Xu and Klab- 857

jan, 2023a], GosInE in [Chawla et al., 2020], LCC-UCB in 858

[Agarwal et al., 2022], UCB-warm in [Jia et al., 2021], and 859

FEDEXP3 in [Yi and Vojnović, 2023]. The table indicates that 860

the orders of the lower bounds and upper bounds match. 861

Upper & Lower Algo.

Instance log T
DDUCB, FedDr-UCB

GosInE

Mean-gap
√
T

LCC-UCB, FedDr-UCB
UCB-warm

Adversarial T
2
3 FEDEXP3

Furthermore, we uncover worst-case scenarios in multi-agent 862

MAB settings by demonstrating a linear regret when the 863

graphs are disconnected, which adds to the difference between 864

multi-agent and single-agent MAB. 865
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6 Future Work and Implications866

Although the regret lower bounds match the upper bounds867

of some existing algorithms, implying their optimality with868

respect to T , this indicates that there is no possibility of achiev-869

ing a smaller order in T by developing new algorithms, thereby870

diverting such efforts. Supported by the differences between871

the actual regret observed in numerical experiments and the872

theoretical regret bounds, we point out that the constants in873

terms of M,K, and graph complexity leave room for improve-874

ment through better algorithms or analyses and for measuring875

and improving the robustness of algorithms. One potential876

approach could be to measure how regret varies across prob-877

lem settings, e.g., through derivatives. Ideally, these potential878

algorithms could push the Pareto front regarding the regret879

bounds and robustness. Such development may start with880

our constructed instances (worst-case scenarios) in the theo-881

rems. Therefore, as a next step, we suggest exploring novel882

algorithms with smaller coefficients that are closer to the es-883

tablished lower bounds and robust enough to adapt to changes884

in problem settings. More generally, with the recent growth885

of large-scale systems, it is promising to explore the depen-886

dency on M and K for both regret upper and lower bounds,887

considering the optimal order of T . Moreover, the problem888

complexity of multi-agent systems, as indicated in the numer-889

ical experiments, necessitates exploring the dependency on890

graph complexity induced by M clients, such as spectrum891

and degree. These characterizations would greatly facilitate a892

framework that precisely shows the effect of M,K, and graph893

complexity, rather than focusing solely on T . From a practi-894

cal perspective, although regret bounds have been the main895

focus in most existing literature, computational efforts are no896

longer ignorable in these large-scale systems. Consequently,897

moving forward, it is crucial to examine the trade-off between898

regret and computational complexity, potentially using Pareto899

optimization.900

Figure 8
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