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Abstract

We investigate the convex hull of the set defined by a single inequality with continuous and binary
variables with variable upper bound constraints. We extend the traditional flow cover inequality, and
show that it is valid for a restriction of the set in which some variables are fixed. We also give conditions
under which this inequality is facet-defining and, when it is not, we show how it can be lifted to obtain
valid inequalities for the entire set using sequence independent lifting. In general, computing the lifting
function is NP-hard, but under an additional restriction on the cover we obtain a closed form. Finally,
we show how these results imply and extend known results about the single node fixed charge flow
polyhedron.

1 Introduction

Many optimization problems arising from practical applications are formulated as mixed integer programs.
In many of these applications variable upper bound constraints are present. This is the case for the facility

location problem (see e.g. ( )), the lot-sizing problem (see e.g. ( )), and network
design problems (see e.g. ( )). Even if these constraints are not present in the
initial formulation, they can be generated by preprocessing, ( ). A successful approach for
solving such mixed integer programs is by branch-and-cut, ( ), ( ),

which requires generating valid inequalities for the underlymg polyhedron or a relaxation of it. In this paper
we study the polyhedron defined as the convex hull of feasible solutions to a single inequality involving
continuous and binary variables that are additionally related by variable upper bounds.

We study the set S described by



where a;, b;, 4, v; € Q for every i € N and_J € Q. Note that all the variables in S are bounded. By defining
the new variables x; = |a;|Z;, y; = y; if b; > 0, and y; = 1 — g; if b; < 0, we obtain the set S, which is
equivalent to S and given by

SEED SRS RS WL, 0
1ENT iEN] iENS iEN,
0 <z <u; +v9y; ZEJ\TQ+
0<z; <wuy — vy 1€ Ny
x > 0,y binary,
where b; > 0, v; > 0forie N = Nl+ UN; = N;r U N, . Note that with respect to S we have
Bi|7
i dl = Ci— Zgi<0 B’h

.bi:

o u; = |ag|(@; + v;) if b; < 0,

o v; = |a;|v; if b; > 0 and |a;|v; > 0, or b; < 0 and |a;|v; < 0,

e v; = —|a;|v; if b; > 0 and |a;|v; < 0, or b; < 0 and |a;|v; > 0,
and sets N;", N, , NJ*, N5 are defined as

e N ={ic N:a; >0},

e N ={ieN:v >0},

e Ny ={ie N:a; <0},

e Ny ={ie N:y; <0}.

We let P be the convex hull of S. We say that variable ¢ has a zero constant bound if u; = 0. If u; > 0, then
we say that it has a positive constant bound.
The basic special case not involving binary variables in the constraint, i.e. b; = 0 for every i € N, and

the seminal study on the topic is the work by ( ), which is extended and enhanced in
( ), ( ), and ( ). They all build on the notion
of a cover, which is also a building block in our work. Recently, ( ,b) studied a similar

polyhedron. That polyhedron is a particular case of S obtained by choosing v; = 0 for all i« € N. Set
S has more structure, which is embedded in with the variable upper bound constraints. The structure of
these additional constraints is heavily used in our work. Another special case of our polyhedron is studied

by ( ) in the context of multi-item lot-sizing. Their case corresponds to Ny = Ny = 0,
u; = 0,v; = K — b; for every i € N, where K is a constant. ( ) considers the case u; for all
i€ N,and Ny =0, N, = 0. ( ) study the problem with no binary variables in the
constraint (b; = 0 for all ¢ € N) but however uses more general variable upper bounds. The polyhedron
considered by ( ) can be obtained from our polyhedron if v; = 0 for all ¢ € N and

u; = 0 for all ¢ € N but one. This paper also shows that their model is a relaxation of the standard single
node fixed charge flow model. By using the same technique, it can be seen that it is also a relaxation of S.
A framework for obtaining many of previously studied inequalities is given by ( ).

In Section 2 we first give basic polyhedral results about S. Next we introduce the generalized flow cover
inequality and give sufficient conditions under which it is facet-defining. When it is not, we use sequence
independent lifting to strengthen it. Section 3 first outlines sequence independent lifting. Then we consider
sequence independent lifting of the flow cover inequality. A difficulty with lifting is not only that the lifting



function is not superadditive, but we show that it is NP-hard to compute the lifting function. To circumvent
this difficulty we lower bound the lifting function by its LP relaxation. This section also presents the resulting
valid inequality. Section 4 discusses a special case of flow cover inequalities for which the lifting function
is given in a closed form. Nevertheless it is not superadditive and therefore we provide a superadditive
lower bound of the lifting function. Finally we show that the resulting inequalities generalize and strengthen
results by ( ).

2 Valid inequalities

In this section we first give basic polyhedral results for P. We then focus on covers and the resulting flow
cover inequalities.

2.1 Basic polyhedral results

To guarantee that P is full-dimensional we impose some restrictions on its parameters. In the rest of the
paper, we make the following assumptions:

1. uj—v; >0forie Ny,
2. uizoforieN;,
3. ui+vi>0forz'€N2+,
4. u; >0 for i € Ny,

which are justified as follows. Note that u; +v; > 0 for ¢ € NQ’L and u; —v; > 0 for i € N5, otherwise y; =0
for any feasible solution. Second, we need u; > 0 for any i, which is clear for i € N, . For i € N, observe
that if u; < 0, then y; = 1 for any feasible solution. In addition, u; + v; > 0 for ¢ € N2+, since if not, then
u; = v; = 0, which implies x; = 0. Finally u; > 0 for ¢ € N, since if not, then we have z; = 0.

If assumptions 1-4 hold, then the following conditions are necessary and sufficient for P to be full-
dimensional.

Proposition 1. Let
b ke N1+
Pk = b + vk kENfﬂN{
|bk—vk| kENl_ﬂN;,

p=maxpg,and M ={k€ N :p, =p}. f p>0and u, >0 forall ke MN((N NN YU{i e Ny NN, -
b; > v;}), then P is full-dimensional if and only if

P+ Z b; — Z U — Z U — Z (wi +v;) < d. (2)

—nnF — AN~ —ANT —ANT
N NNy N1 ﬂN2 Ny NNy Ny NNy
b; <v; b; >v; b;<wv;

1=Vq

If either p = 0 or there exists k € M N ((N;” "Ny )U{i € Ny NNy : b; > v;}) with uy = 0, then P is

full-dimensional if and only if (2) is satisfied strictly as inequality. O
The proof of Proposition 1 is given in ( ). Trivial inequalities are those that belong to the
description of S. Using standard techniques the following proposition can be shown, see ( ).

Proposition 2. The trivial inequalities are facet-defining in the following two cases.
1. z < wuy £ vpy is a facet-defining inequality for k € Ny .

2. 21, > 0 is a facet-defining inequality for k € Ny . O



Next we give a general condition that inequality has to satisfy to be facet-defining. Whenever we do not
need to distinguish between N2Jr and N, , we write vy, since they are handled similarly.

Zﬁjmi—ZW;xri-Zp:ryiS(S (3)

ieN; iENT ieN

Proposition 3. If

is a nontrivial facet of P, then 7ri+ >0and 7; >0 for any i € N.

Proof. Let ¢ € N. Since (3) is nontrivial, there exists (z,y) € P such that it satisfies (3) at equality and
z; > 0 for i € Ni". Therefore (7,7) = (z,y) — (¢e;,0) € P for ¢ small enough, thus 7;7 > 0. Similarly,
there exists (z,y) € P such that it satisfies (3) at equality and x; < u; £+ v;y; for i« € Ny . Therefore
(z,9) = (z,y) + (ee;,0) € P for e small enough, thus ;" > 0. O

2.2 Flow cover inequality

In this section we introduce the flow cover inequality. We prove that it is valid in the case x; = y; = 0 for
every i € Ny, i.e. we assume that N; = (). The resulting polyhedron after fixing all variables in Ny to 0
is denoted by PT*. In Section 3 and Section 4 we remove this assumption by lifting it. For technical reasons
we denote the right hand side in (1) by d. As some variables may be fixed at their upper bound, d in this
section might be different from d’ appearing in the description of S.

A set C C Nf' is a cover if

A= Z(ui—i—vi-i-bi)—l— Z(ui—vi-i-bi)—i— Zui—d>0,

1€CYy i€Ch i€Cly

where C,, = CN Ny, Cy, ={i € CANy : b; > v}, and C, = {i € CN Ny : b < v;}, see Figure 1
(C,C;f,CF are defined and used in Section 3).
We define the flow cover inequality

ieC i€C i€Cy i€Cy i€Cy

If u; = b; = 0,v; >0 for all i € N and N, = 0, then (4) simplifies to the standard flow cover inequality
studied initially by ( ). Note that ( ,b), and
( ) do not present an equivalent inequality since they do not consider variable upper bounds.

Theorem 1. If C is a cover, then (4) is valid for P*.

Proof. We use the proof technique given in ( ). If (z,y) € PT, then due to
nonnegativity we have » ;- ;i + > ;. biyi < d. We first introduce new continuous nonnegative variables ¢
as follows.

b= w; + vy —x; 1€ Cy
! U; — VY — X4 iEOvUCb

The resulting inequality reads
Z (vi +bi)yi + Z (bi —vi)ys < d— Zuz +th‘ .
i€Cy i€C,UC, ieC ieC
Next we make the substitution g; = 1 — y; for every i € C, U C} to obtain

Z (bi —vi)yi — Z (bi — i)y — Z (vi +b:)ys < =X+ Zti . (5)

i€Cy i€Cy i€Cy icC
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Figure 1: Partition of N into subsets

Now we use the mixed-integer rounding procedure (see e.g. ( )). Let & be
any number such that & > max{\, max;cc,, (v; + b;), max;cc,uc, |vi — bi|} and let o = (@ — A)/a&. We define
two real value functions

Fa(@) = |a) + 1A=
Fo(d) = min{0, %} = }%w.

In the next step we divide (5) by a. We follow by applying F,, to the coefficients of binary variables y, 7
and the left-hand side, and F, to the coefficients of the continuous variables ¢. This step is justified by the
concept of mixed-integer rounding. We obtain

’Uz'—bi bi—UZ‘ _ 'Uz'"'bi _
D AFal==—=)i+ ) AFa(==—)i+ D Ma(-——)i <=M+ ) ti. (6)
ie€C, 1€Cy 1€Cy ieC

It is easy to see that )\Fa(—g) = —min(\, d) for every d < a. Using this property and substituting back y
and z in (6) yields the claim. O

The following theorem gives conditions for flow cover inequalities to be facet-defining.
Theorem 2. If C is a cover and
1. there exists i € C,, such that u; +v; > A, and
2. there exists ¢ € (% such that u; — v; > A, and
3. there exists i € C, such that u; > A, and
4.
A+ max b; < max{ max (b; + vy), max _ (b; —wv;), max_  (v;—b;)},

iEN\C 1€ C i +v; >\ 1€CH w5 —vi >\ i€C, ,u; >\

then (4) is a facet-defining inequality for P+.



Proof. To prove the statement we show that there exist 2|N| affinely independent vectors in PT satisfying
(4) at equality. We denote vectors as z = (z1,Z2,Z3,Z4;Y1,Y2,Ys3, Y1), where (z1,y1) corresponds to the
coordinates of z from C,,, (x2,y2) to the coordinates of z from Cj, (x3,ys) to the coordinates of z from C,,
and (z4,y4) to the coordinates of z from N \ C. Let |Cy| = p and |Cy| = ¢, and without loss of generality
assume that u; +v1 > A, upp1 —Vpy1 > A, and upqq41 > A The following vectors, where € is a small enough
number, belong to P and satisfy (4) at equality.

a) For 1 <14 <p we define

z] =

(u+v—Xej,u—v,u,0;1,1,0,0) if u; +v; > A\,
(u+v—(AN—¢eer —eej,u—v,u,0;1,1,0,0) if u; +v; < A

At any z; we have

YowiHd b+ > (Wb =N A=y + Y (- =N A=y + > (= =Ny (7)

jec jecC JECy JeCy JjeC,
:Z(Uj-i-vj)—/\—i-Z(Uj—Uj)-f—ZUj—Fij—Fij:d, (8)
J€C, J€CY JEC, JEC, JECY

which shows that z; satisfy (4) at equality.
b) For p+ 1 <i < p+ q we have

S (u+v,u—v—Nej,u,0;1,1,0,0) ifu; —v; > A\,
270 (wtv,u—v—(A—€)epr1 — €€, u,0;1,1,0,0)  if u; —v; < A

(8) holds for all z5 as well, and therefore z5 satisfy (4) at equality.
c) For p4+ ¢+ 1 <i <|C| we have

zi—{ (u+v,u—v,u—Ae;,0;1,1,0,0) if u; > A,
i =

(u+v,u—v,u— (A—€)eprqr1 —€€;,0;1,1,0,0) if u; < A.
(8) holds for z5 as well, and therefore any z3 satisfies (4) at equality.
d) Let 1 <4 <pand

i (u+v—ve;,u—v,u,0;1—¢e;,1,0,0) if v; +b; > A,
A7) (wtv—(\=b; —v))er —vies,u —v,u,0;1 —e;,1,0,0) if v; +b; < A

At z4, (7) is equal to

Dolu o) —vit Y (uj— o)+ D uit Y bj—bi+ Y bjtui+b—A=d, (9)

JECY J€Ch JEC, JECY JECH
which shows that all z4 satisfy (4) at equality.
e) For p+1<i<p+ q we define

L (u+v,u—v+ve;,u,0;1,1—¢;,0,0) if b; —v; > A,
T (wtv,u—v—(A+v; —bi)epr1 +viei,u,0;1,1 —€;,0,0)  if by —v; < A.

At z5, (7) gives (9). Hence all z5 satisfy (4) at equality.



f)

Let p+¢q+ 1 <i<|C| and we define

i (u+v,u*v7u7'1}2'61'70;131361'70) 1fvz*blz>\a
%6 = (u+v,u—v,u— (A= v; +b)eprqgr1 —vi€;,0;1,1,¢;,0) ifv; —b; <A

At zg, (7) gives (9). Hence all zg satisfy (4) at equality.

We next present two families of vectors g) and h) for the particular case where

A+ max b; < max (b; + v;)
iEN\C 1€Cy,ui+vi >\

satisfies assumption 4. Similar points can be derived when

A+ max b; < max (bz - Ui)
ZGN\C 1€CH, U —V; >

or
A+ max b; < max  (v; —b;).
IEN\C i€Cy i > A
For i = |C|+1,...,|N| we have

ze = (u+v—uve,u—vu0;1—e,1,0e).

At 27, (7) is equal to

Z(Uj+Uj)*U1+Z(Uj7Uj)+ZU]‘+ Z bj*b1+2bj+vl+b1*)\:d, (10)

jecw jECb jecu jecw jecb

which shows that all z7 satisfy (4) at equality. It is easy to see that these vectors are feasible using
assumption 4 of the theorem.

Fori=|C|+1,...,|N| let
2zt = (u+v—vie,u—v,uee;l —e, 1,0, ¢).

At zg, (7) gives (10), and hence all zg satisfy (4) at equality, and their feasibility follows from the fourth
assumption of the theorem.

It remains to prove that they are affinely independent. We subtract (u+v — Aey,u—v,u,0,1,1,0,0) from all
the vectors, and multiply z; through zg by —1. Denote the new families of vectors by z?. Now if we arrange

them in the order 29,29, 28, 29, 22,20, 20 — 29, 20, we get the lower triangular matrix.

Since all elements except the very first one on the main diagonal are nonzero, this shows that they are

affinely independent. Thus (4) is facet-defining. O

If only the first three conditions of Theorem 2 are satisfied, then vectors z7; and zg might not be feasible

and (4) is a facet only for

in + Zbiyi <d

ieC ieC
0 <z <u +vy; i€ Cy
0 <z <uy — vy i€ Cy U,
y binary,

where only a subset of the variables and variable upper bound constraints is imposed. We next illustrate
the flow cover inequality (4) on an example polytope that will be used throughout the paper.



Example. Let P be given by

1+ T2+ 23+ 24+ 25 — e — 27 — s + 4y1 + 3y2 + y3 + 6ya + 3ys + 6ys + Tyr + 2ys < 29 (11)
0< 2 <3+2y; 0<24 <3 -2y 0< 2z <5 —4y7
0< 2y <51 0<m5 <5+ 2ys 0<zs<3—uys.
0<w3<4-—3ys3 0 <26 < 8ys

Thus N;" = {1,2,3,4,5}, N, = {6,7,8}, Nt = {1,5,6}, and N, = {2,3,4,7,8}.
Assume that y4 = y¢ = y7 = 1 and x4 = 1,26 = 8, z7 = 1, which corresponds to fixing x4, y4, T¢, Y6, L7, Y7
to their upper bounds (this is considered in detail in Section 3). Then (11) becomes

1+ X2 + 23 + o5 — T8 + 4y1 + 3y2 + y3 + 3ys + 2ys < 18.

Consider C = {1,2,3}. Then C, = {1},C, = {2},C, = {3} and A =9+ 7+ 4 — 18 = 2, thus C is a cover.
The flow cover inequality for C is

T+ x2 + a3 + 3y +y3 < 14. (12)

Conditions of Theorem 2 are satisfied and therefore (12) is a facet-defining inequality for PT, i.e. zg and yg
are fixed to 0. O

3 Valid inequalities from covers via sequence independent lifting

In this section we lift the flow cover inequalities (4) when no additional structure is imposed on the cover.
We show that computing exact lifting coefficients is an NP-hard problem. For this reason we carry out
approximate lifting. In Section 4 we consider specially structured covers that result in exact lifting.

3.1 Overview of sequence independent lifting

One of the techniques used to construct valid inequalities for a given polyhedron is sequence independent
lifting, see ( ), and ( ). Let L, be a subset of N, which corresponds to the variables
fixed to their upper bounds, i.e. ; = u; +v;,y; = 1 fori € L,,. Let C C N\ L,, and denote L; = N\ (L, UC).
Variables from L; are fixed to their lower bounds, meaning x; = y; = 0 for ¢ € L;. Let also §; =1 for i € N1+7
and 6; = —1 for ¢ € Ny . After fixing the variables in N \ C the resulting set is

Po = {(I,y) S Rlcl X R‘Cl :Z(Sﬂ?i + Zb,yl < d — Z (6l(ul + Ui) + bl) R

icC icC €L,
0<z <uy vy ie€C,
y binary} .
Let
0<ay— Z(aixi + Biyi) (13)
i€C

be a valid inequality for P°. The goal is to construct a valid inequality for P of the form

0<ag— Z(Ofﬂi + Biyi) — Z (evi(w; — wi) + Bily: — wi)), (14)

ieC i€LiUL,,

where w} = w =0 for i € L; and w, = u; £ v;,w =1 for i € L,, by choosing appropriately the values of
a; and (;. In order to do so, we introduce the functions

hi(z) = max {ai(w — wi) + Bi(y — wy) : i(w — wj) + biy = 2,0 < = < w; + viy, y binary}, (15)



and

f(2) = min {ag — Z(aixi + Biyi) - Z((Sixi +biy;) <d—2,0<z; <u;£vy,i € C,y binary},

ieC ieC
where
d=d = (5i(u; £v;) +b;). (16)
i€Ly
The following theorem from ( ) provides a way to obtain the lifting coefficients «; and 3; from

the functions h;(z) and f(z) when f(z) is superadditive. A function f is superadditive on Z if f(z1)+ f(z2) <
f(z1 4+ 22) for all z1, 2o, 21 + 20 € Z.

Theorem 3. Assume that (13) is valid for P and that (a;, 3;) are chosen in such a way that h;(z) < f(2)
for any z where both functions are defined, and any ¢ € L; U L,,. Assume also that f(z) is superadditive.
Then (14) is valid for P. O

If f is not superadditive, ( ) prove that it is sufficient to find a superadditive function g such
that g(z) < f(z) for all z, and use the inequality h;(z) < g(z) to find values for («;, 3;). There might be many
functions that satisfy these conditions. To obtain the strongest inequalities we choose a non-dominated g(z),
which means that there exist no ¢’, ¢’ # g such that ¢’ is superadditive and g(z) < ¢'(z) < f(z) for every z.
In addition, the strongest inequalities are obtained by choosing («;, 8;) in such a way that h;(z) = g(z) for
at least two distinct z values (see ( ) for details).

3.2 Lifting functions

In this section we use the flow cover inequality and sequence independent lifting to obtain valid inequalities
for P. To this end, we let L, be a subset of N corresponding to the variables fixed at their upper bounds.
Let C C (N \ L.) be a cover with d defined by (16). Based on Theorem 1, (4) is a valid inequality of P
whenever xz; = y; =0 for all i € N\ C. In this section we obtain valid inequalities for P by lifting the flow
cover inequality, valid for P*, with respect to the variables in N\ C. Let C;f = {i € Cy, : b; + v; — A > 0},
Cr={ie€Cpibj—v;,—A>0}, C ={i€Cy:v;—b; — A >0}, and C* = C UC, UC] (see Figure 1).
In this case, the lifting function f(z) introduced in Section 3.1 is given by

f(z) = min (d*Z i+ vi =N =) = (i —vi =N =) =>_ (i =bi =Ny — > @i — Y bi%‘)

ieCd iecyt [iens ieC ieC
i+ Y byi<d-—z
icC icC

0<z <u+wvy; i€Cy
0<m <wu—wvy: 1€CUC,
y binary.

By using a reduction from a variant of the subset-sum problem given in ( ), we can prove
the following theorem.

Theorem 4. Given input of arbitrary nonnegative u, v, b, and d, there exists z such that it is NP-hard to
compute f(z). O

This negative result implies that we will obtain a superadditive approximation g(z) of f(z) in two steps.
First we find a function f such that f(z) < f(z) and then we derive a superadditive function g with
g(2) < f(2). We obtain f(z) by combining f(z) for those z, where we can derive a closed form formula, and
the LP relaxation associated with the IP problem defining f(z) otherwise.

Without loss of generality we reorder the variables so that C;f UC,” = {1,...,p}, where p = |C}} | +|C}F|,

and b; £v; > biyy T vy fori=1,...,p. Let y:=d =3, o u; — Ziecw\cjg(bi + ;) — Ziecb\c; (b; — v;).



Note that v = A+ 37, o+ (bi +v;) + Ziecj(bi —v;), and therefore v > 0. It is shown in ( )
that f(z) on S = (=00, =\ + by = v1] U [, d] is given by

- if —co<z< =,
z if =A<z <min{-A+>" w0},

f(z)=<0 if min{-X+>"  u;,0} <z<-XA+b £y, and
2= ect(bitvi =) ify<z<d

- Eiec;r(bi — U — )\)

Let frp(z) be the function obtained by relaxing the binary requirement on y in the definition of f(2). It

is clear that frp(z) < f(2). A lengthy calculation presented in ( ) shows that frp(z) is

d 72 U; — Z (bl + Ui) 72 (bz — Ui) if z § d 72 U; — Z (bﬂr’ui) 72 (bif’Ui),
icC i€Cy i€Cy i€C i€Cy i€Ch

~ k k—1

fLP(Z): fk(z) if’y—Z(biﬂ:’Ui) §Z<’Y—Z(biivi), and
i=1 i=1

2= (bitvi=N) =Y (hi—vi—)) ify<z<d,

tens ieCy

where for 1 < k < |Cf| 4+ |C;f| we define

k) =% k Vg bk :l:Uk : % Vi % Vi % Vi .
i=1 €0y i€Ct

Now we define f(z) to be f(z) for z € S and f(z) = frp(z) otherwise. It can be shown that f(z) is
continuous. We claim that the function

(5 = _Dk 2 € (—kd,—\+by £ v — kd) k=0,... 00
PN fop(z) =Dk ze(-A+bito —kd, (1—k)d k=0,...,00,

is a strong superadditive approximation of f(z) and is such that g(z) < f(z), where D = frp(d) = d —

Yicot (bi +vi=A) = 3o (bi —vi = A).
Functions f(z), frp(z) and g(z) are represented in Figure 2, where a1 = —A + (b1 £ v1).

Figure 2: f(z), fLp(z) and g(2)
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Theorem 5. g(z) is continuous, g(z) < f(z), superadditive and non-dominated by any other superadditive
function.

Proof. The first two statements are obvious from the definition of ¢g(z), and therefore we only prove the last
two. To show superadditivity of g(z) it suffices to show that g(z1) + g(z2) < g(z1 + 22) for z; < 25 such that
z1 + z2 < d. We consider the following three cases.

1. Let 0 < 21 < 29 < d. Define g1(2) = g(z1) + g(z — 2z1) for 21 < z < d, see Figure 3. Note that
g1(z1) = g(z1), since g(0) = 0. For all 2; < z < d, where the derivatives of g(z) and g;(z) exist, we

Figure 3: g(z) and g1 (%) for case 1

have ¢'(z) > ¢'(z — z1) = ¢{(z) because 0 < z; < z3 < d. The derivatives of g(z) and g;(z) do not exist
at a finite number of points, but since both functions are continuous the inequality g(z) > g1(z) follows
on the entire interval. Since z1 < 21 + 20 < 21 +d, we have g(z1) + g(22) = g(z1) + 9((21 + 22) — 1) =
g1(21 + 22) < g(21 + 22).

2. Assume now z; < 0 < z9. Let k be such that —(k+1)d < z; < —kd and define g1(z) = g(z1)+9g(z—21)
for zy < z < z; +d, see Figure 4. Note that g1(z1) = g(z1) and ¢1(z1 + d) = g(z1 + d). We consider
the two cases z1 < z < —kd and —kd < z < z; + d.

For z; < 2z < —kd we have ¢'(z) > ¢} (z) for all but finite number of points, which as in case 1 implies
g(z) > g1(2). On the other hand, for —kd < z < z; + d we have ¢'(z) < gj(2) for all but a finite
number of points. If there exists 2z such that g(z9) < ¢1(20), then g(z) < ¢1(2) for any z > z,. However
g1(z1+d) = g(z1 +d), which implies g(z) > g1(z). From above we obtain that for z; < 21 +29 < 21 +d,
it follows g(z1) + g(z2) = g(z1) + g((21 + 22) — 21) = g1(21 + 22) < g(z1 + 22).

3. Assume finally that 213 < 25 < 0. Let —(k; + 1)d < 21 < —k1d, — (k2 + 1)d < 29 < —kod and define

g1(2) = g(z1) + g(z — 21) for z1 — (ke + 1)d < z < 21 — kad, see Figure 5. Note that ¢1(21 — kad) =
g(z1 — kod) and gq(21 — (k2 + 1)d) = g(21 — (k2 + 1)d). Again we consider two cases.
For —(k1 + k2 + 1)d < z < 21 — kod we have ¢'(z) < ¢{(z) for all but finite number of points, which
as in case 1 implies g(z) > g1(z). For z1 — (ko + 1)d < z < — (k1 + ko + 1)d we have ¢'(2) > g1(z) for
all but finite number of points. If there exists zg such that g(zo) < g1(20), then g(z) < g1(z2) for any
z < zg, however g1 (21 — (k2 +1)d) = g(z1 — (k2 + 1)d), which implies g(z) > g1(2). For z1 — (ko +1)d <
21+ 22 < 21 — kad, we conclude g(z1) + g(22) = g(21) + g((21 + 22) — 21) = g1(21 + 22) < g(z1 + 22).

Next we show that g(z) is not dominated by any other superadditive function which is less than or equal
to f(z). Assume for contradiction that this is not the case and that there exists a superadditive function
g(z) that dominates g(z) and never exceeds f(z). Let G = {z € (00,d]|g(z) > g(2)}. Note that G is not
empty and that z < 0 for all z € G as f(z) = g(z2) for z > 0. In addition, g(z + d) = g(z) + g(d) for
each z. Consider now z € G such that z +d ¢ G. Such a point clearly exists. By definition of z we have
g(z0+d) < g(z0+d). Then §(zo +d) < g(zo +d) = g(20) + g(d) < g(z0) + g(d), which is a contradiction to
superadditivity of g(z). O
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Figure 4: g(z) and g¢1(z) for case 2 Figure 5: g(z) and g¢1(z) for case 3

3.3 Lifted flow cover inequality

In this section we first give the resulting lifted flow cover inequality. Then we show that the inequality is
valid by deriving (o, 5;) for i € (N \ C)N L;. For i € (N \ C) N L, we only give the final result.

3.3.1 The resulting lifted flow cover inequality

To simplify notation we define ag = 0 and a; = —\ + E;Zl(bi + ;) for i € {1,...,p}, and ap4+1 = d. Note

that a, = v. We also let m; = W for i € {0,...,p} and observe that m; < m;y1, and mg = 0, and
my, = 1. Finally we let [; = g(a;) — %ai for i € {0,...,p}. Note that I; > l;11, and o = 0. Based

on these definitions, (m;,[;) is a slope and y-intercept of the linear pieces which define g(z) for z € [0, d].
Definition 1.
e Fori € Ni" N NS and b; < d let k! be the index with the property aj < b; < api ;.

e Forie N1+ N N;‘ let k? be the index with the property azz < b; +v; < a2, if by +v; < d and k?=p

For i € N; NN, let kZ be the index with the property ay: < b; < ayz,q if b; < d and k? = p if b; > d.

Forie N; N N;r and d > b; —v; > 0 let kzl be the index with the property ay: < b; —v; < ag1,q.

For i € Ny ﬂNQ‘|r and b; —v; < 0 let k} be the index with the property agr —t;d < by —v; < aplyr — t;d
for a uniquely defined integer t; > 1.

The lifted flow cover inequality is given in the next theorem.

Theorem 6. Let L, be a subset of N and C be a subset of N \ L, such that

1€Cy i€Ch i€Cly

where C,, = C NS, Cp={i € CNNy : b;>v;},C, ={i € CNN; : b; <v;},d = d_ZieLumer(uii
v +b;) + ZieLumN{ (u; £v; — b;), and let L; = N\ (L, UC). Then the following lifted flow cover inequality,

12



where («;, 8;) € J; and the lifting sets J; are defined in Appendix A,

Z(Hiz + biyi) + Z 9(bi)yi + Z (9(bi)yi — @) + Z (izi + Biyi)
ieC ie(N;\C)NL, iENT NL; i€(NF\C)NL,
u; >0 u; >0 u; =0

+ Y (i = (i £ ) = (i + g(Fvi — b))y — 1)) = > g(dvi —bi)(wi

i€(N;\C)NL, iEN] NL,

<d- Z (u; £v; +b;) + Z (u; T v; — by)

i€NNL, iEN]T NLy
- Z (vi +bi =N (1 =) — Z (bi —vi = N1 —yi) + Z (vi = bi = Xy,
1€Cy, i€Cy ic€Cly

is valid for P.

—1)

(17)

O

We derive the second and the third terms in Section 3.3.2, the fourth term together with the sets J; in

Section 3.3.3, and the fifth and the sixth terms in Section 3.3.4.

Example (continued). Consider L, = ) and C = {1,2,3,5}. Then C,, = {1,5},C, = {2},C, = {3} and

A=94+10+7+4—29 =1, thus C is a cover. The resulting flow cover inequality is

1+ 22+ 23+ x5 + Yo — 2y5 < 17.

The lifting function is

z 14<2<0

~JoO 0<z<"7
9(2) = %z—% 7T<z<13
1z—4 13<2<15

z—13 15 < 2 < 29.

Now we lift variables (z;,y;) for i = 4,6,7,8,9:
e 4 (N \C)NL; and ug = 3 > 0, thus (a4, B4) = (0,g(bs)) = (0,9(6)) = (0,0).
e 6¢ (N, \C)N L, with ug = 0, and therefore (ag, 35) = (0,0).

e 7€ Ny NLjand u7 =5 > 0, hence (a7, B7) = (—1,9(b7)) = (-1,9(7)) = (-1,0).

e 9 (NS \C)NL; and ug = 0, and therefore (ag, By) = (0,0) or (%, —3) or (3,—9) or (1,—11).
After lifting we obtain the following four valid inequalities for P:
r1+ a2+ x3+ a5 — 27 — 28+ Y2 —2y5 < 17

1 5
CU1+$2+$3+9€5*$7*$8+69€9+y2*2y5*6y9§17

1 9
5E1+$2+$3+$5—9€7—$8+§$9+y2—295—5319§17
1+ 22+ 23+ T5 —x7 — T8 + X9 + Y2 — 2ys — 11lyg < 17.

13
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3.3.2 Lifting coefficients for variables with positive constant bounds

For i € (N, \ C) N L; we derive here the function h;(z) introduced in (15) for the particular case where
u; > 0. The case where u; = 0 is studied in Section 3.3.3.

Proposition 4. If u; > 0, then h;(z) is given by

max (P41 (2), plos vt ) for i e N AN
max ), ) fori € Ni- NNy
max <P[ ; (Z) b _u7_v77b ](Z) for i € Ny NNy

max <P[ (Zz, (Z) [bi 7U1+U7,’b ](Z> for i € Nf A N;,

[O uz ( buuz vi+b; ](

where

I oz zel

I _Jai(z = bi) + B zel
wai(z)_{oo 2 ¢ 1.

Proof. We only prove the case i € Nfr N N; since the other cases can be proven similarly. Because of (15)
we have

hi(z) = max(a;x + B;y)
T+ by==z2
0<z<u +vy
y binary.

If y; = 0, then the value the objective value is «;z for z € [0,u;]. If y; = 1, then the objective value is
hi(z) = a;j(z — b;) + B for z € b, u; + v; + b;]. The result follows. O

Now we determine values for «; and (;, which provide the strongest lifted inequalities.
Proposition 5. If i € N;", then (o, 3;) = (0,g(b;)). If i € Ny, then (ay, 3;) = (=1, 9(b:)).
Proof. First assume that i € Nl+ . We need to consider the following three cases

1. If o; > 0, then h;(z) > 0 for z > 0. However we need f(z) > h(z). Since f(z) = 0, this case is
impossible.

2. If @; =0, then

h(Z) _ 0 0<z< mln{ul,bl}
Bi b <z<wu; v +b.
Since we need h(z) < g(z) and h(z) as large as possible, it is easy to see that 3; = g(b;).
3. If a; <0, then

W) o 0 < z < min{u;, b; }
zZ) =
ai(z—=0b;)+ B b <z<wEv+ b
The strongest restriction on f3; is imposed when z = b;. For this z, we need to impose that 3; < g(b;).
The best possible lifting coefficient for y; is therefore obtained by choosing 8; = g(b;).
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When i € Ny, note that —a;z < h;(z) < f(2) = z on [—A,0], and therefore a; < —1. To make h;(z) as
large as possible, but still keep it smaller than g(z) we need —c; (2 — b;) + 8; = g(2) at z = b;, and therefore
Bi = g(b;). This completes the proof. O

By using Proposition 5 we obtain the second and the third term in the lifted flow cover inequality (17).

Finally, note that we prove in Theorem 2 that under some conditions (4) is a facet of PT. Therefore the
best lifting coefficients for the variables in N;" should be 0 in that case. Indeed, if conditions 1-4 hold, it
can be verified that g(b;) = 0, which implies that (;, 3;) = (0,0) for i € N}

3.3.3 Lifting coefficients for variables with zero constant bounds

Let i € (N;7\ C) N L; and u; = 0, which corresponds to the fourth term in the lifted flow cover inequality.
This case is more involved since there are less restrictions on the behavior of h(z) around z = 0.

1. Assume i € N, . This case is impossible because of Assumption 4 about the full-dimensionality of P
in Section 2.1.

2. Assume i € N;” N N5". In this case

hi(z):{o z=0

a;(z —b;) + B z € [bi, by + ;.

If b; > d, then the support sets of g and h intersect only at z = 0 and therefore («;, 8;) = (0,0) is the
best lifting pair.

Assume now that b; < d. We want to choose (ay,3;) in such a way that h;(z) < g(z) for every z
where both functions are defined. For z = 0 the inequality holds for any («;, ;) and therefore it
suffices to consider z € [b;,b; + v;]. On this set h; is linear while g is piecewise linear and convex.
Convexity follows from the fact that ¢ is equal to frp on this set, and frp is the value function of a
linear program. The best possible («;, 3;) are chosen in such a way that h;(z) = g(z) for at least two
different z values. It is clear therefore that h; matches one of the linear pieces of g.

An example of several possible alternatives for the largest h;(z) is shown in Figure 6. Be definition
apr < b; < apryy and az2 < b; +v; < a2y, and therefore the slope and y-intercept of h;(2) are given
by

(Oéi,ﬂi) = (mj,lj + mjbz-) for kll <j< k‘?

This corresponds to case 1 in Appendix A.

Note that m, < mq for p < ¢, however, I, + mpb; > l; + mgb;, since these are the values of f,(z) =
mypz + 1, and fy(z) = mgz + ;. Thus o, < a4 and B, > 3, for p < ¢, and therefore the inequalities,
which are constructed by lifting variables with indices p or ¢ do not dominate each other.

3. Assume i € N; N N;. We have

0 z=0
hi(z) = {—ai(z —b)+ B z€[bi—v,bil.

If b; — v; > d, then the support set of g and h intersect only at z = 0 and therefore (o, 3;) = (0,0) is
the best lifting pair; see case 2 in Appendix A.
We assume now that b; —v; < d. For b; —v; > 0, the domain of h;(z) is a subset of {z : z > 0} and this
case is identical to the above case by only changing the sign of «;. Therefore the slope and y-intercept
of h;(z) are given by

(ai,ﬁi) = (—mj,lj + mjbz) fOI‘ k,} S] S k? .

This is case 3 of Appendix A.

15



Figure 7: Possible h(z) fori € NfﬁN;r, b;—v; > as—d
Figure 6: Possible h(z) for i € Nf N N;r and b; < ag

In this case we have o, > a4 and 3, < 3, for each p < ¢, hence again inequalities which are constructed
by lifting variables p or ¢ do not dominate each other.

The case b; — v; < 0 is more complicated. Let ms < D/d < mgy1 for a uniquely defined integer
s€{0,1,...,p}. Consider the following five cases.

a) as —d < b; —v; < ag and a; < b; < as: In this case for any 1 < j < k? we have
(a) y 1<j <Kk
(Oél',ﬁi) = (7mj, lj -+ mjbl) lf mj(b1 — ’Ui) -+ lj S g(bz — Ui). (19)

Let jo be the smallest j such that m,;(b; — v;) +1; < g(b; — v;). Then we have one more choice,
which reads

(0, ) = (—g(a”) — b —v)

Qj, —b; +v;

g(ajz) - g(bi - Ui) g(ajz) - g(bi - Ui)
) j2) ) bz . 20
g(ajz) aj, — b; + 0; Ay + P by + 0, ( )
We also have another set of possibilities given by

(0, Bi) = (=g, s = D +my(d+bi)) if mybs + 1 = D+ myd < g(by), (21)

for k} <j <p—1 (see dashed lines in Figure 7), and if j; is the largest j such that m;b; + ; —
D +mjd < g(b;), then we have one more choice

(0, i) = <— 9(00) = 9(aj41 — d)7g<bi)) . (22)

bi — Gj 41 —+ d

This choice is depicted by the dotted line in Figure 7. Note that (19) and (20) do not occur
in Figure 7 due to the choice of b; and v;. Note also that all presented coefficients yield non-
dominated inequalities. Expressions (19)-(22) correspond to case 4a in Appendix A.

(b) b; —v; > ag and b; < a1: In this case we have just one choice given by

(@) = (- 220 g )

Vg

which is case 4b in Appendix A.
(c) b; —v; <as—d and b; < as: First for k} <j < s—1 we have
(i, Bi) = (=my, lj — tiD + mj(tid + bi)) . (23)
Second, if t; = 1 we can use (21) and (22). If ¢; > 1, the only possibility is
D D
(i, Bi) = <_d’g(a3) — g%t mﬂ%) : (24)
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Figure 8: Possible h(z) fori € N; NN, by —v; > Figure 9: Possible h(z) fori € N; NN, by —v; <
as —d and b; > a, as —d and b; > ag

Note, that in this case g(b;) = 0 and g(b; — v;) = b; — v;. Case 4c in Appendix A corresponds to
(21), (22), and (23), (24).

(d) b; —v; > as —d and b; > as: For s < j < k? we have
(i, Bi) = (=my, 1j +m;bi) . (25)
This case is shown by dashed lines in Figure 8. In addition, for 1 < j < s — 1 we obtain
(i, Bi) = (—my, L +myby) i my(b, — ) +1; < g(by —vy), (26)

which do not occur in Figure 8, and (20), which is represented in Figure 8 by the dotted line.
The first set in case 4d, Appendix A, matches (25), the second one corresponds to (20), and the
last one to (26).

(e) b; —v; < as —d and b; > as: We have possibilities (23), (24) and (25); see case 4e in Appendix
A, which are represented by dashed-dotted, dotted, and dashed lines, respectively, in Figure 9.

Note that in typical sequence independent lifting, ( ), ( ),
( ), g(2) has only two slopes. This is not the case here and therefore we obtain several («;, 5;)
pairs.

3.3.4 Alternative strategies to variable fixing

So far we have considered lifting of variables from L;, i.e. x; = y; = 0 for ¢ € L;. Similarly we can
obtain lifting coefficients for variables from L,,, which are fixed at the upper bounds. This result is given in
Proposition 6. The proof can be found in ( ).

Proposition 6. If ; = u; £ v;y; and y; = 1, then for u; > 0 the lifting coefficients are given by

oy (L Fu = g(Fui = by)) i€ Ny
(i, Bi) = {(07 —g(tv; — b)) i€ Ny .

The case u; = 0 does not produce additional coefficients. O

This proposition gives the fifth and the sixth terms in the lifted flow cover inequality (17).

Along with fixing variables to upper and lower bounds described earlier we can consider mized variable
fixings, where one of the variables from the pair (z;,y;) is fixed to the lower bound and the other one to the
upper bound. Lifting coefficients for these cases are obtained by the same procedure. We thus present only
the final results.
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Proposition 7.
Lo =0,y =1, €N (o, 8) = (0,—g(=by)).
2. 2;=0,y;=1,7€ Ny : (v, 8i) = (=1, —g(=b;)).
3.z =u;, y; = 0,1 € N and w; > 0: (a4, 8;) = (1, 9(b; £ v;)).
4. z;=wu;, y; = 0,4 € Ny and u; > 0: (o, ;) = (0,9(b; £ v;)). O

We did not consider these variable fixings in our lifted flow cover inequality. Their addition is straightforward.
Another possibility are intermediate variable fixings, where continuous variable x; is fixed in the interior
of its range. We now prove that these variable fixings do not give lifting coefficients.

Proposition 8. If z; = f; is fixed to a value 0 < f; < u; £ v;y;, then the corresponding lifting coefficients
(a4, B;) do not exist.

Proof. Let f; € (0,u;), and let h{(z) be the objective value of h;(z) when y; = 0, and f; € (0,u; £ v;) and
hi(z) be the objective value of h;(z) when y; = 1. Note that h;(z) > h?(z) and h;(z) > h}(z). Consider the
following possible cases.

Lo, =f;, y; =0,i € N and u; > 0: h(2)
2. 7= fi,yi=1,i€ N;" and u; > 0: hl(z) =
3. 2= fi,y;=0,i€ Ny and u; > 0: h¥(2) = —ayz on [fi — w;, fi].
4. x; = fi,y; = 1,i € Ny and u; > 0: hi(2) = —ayz on [fi — u; F v, fi].
In all cases h;(z) > mz on [a, b] for some m € R, m #0,a < 0 and b > 0. However, we know that f(2)

= a;z on [—fi, u; — fi.
on [—fi,u; £ v; — fil.

Z on

[¢,0] and f(z) = 0 on [0, d] for some & < 0 and d > 0. To compute the lifting coefficients we need hi( ) < f(2).
If m > 0, then h;(z) > mz > 0 = f(z) on (0,min{b,d}], and if m < 0, then h;(z) > mz > z = f(z) on
[max{a, ¢}, 0). Therefore lifting is not possible in any of these cases. O

Proposition 8 is not surprising since a similar result is obtained by ( ) when v; =0

for all 7 € N.

4 Valid inequalities from specially structured covers

The main difficulty in lifting the flow cover inequality (4) is the inability to compute the lifting function.
In this section we show that under additional structure imposed on the cover we can explicitly give the
lifting function. Let C' be a cover. Assume without loss of generality that the variables in C U Clj are
ordered according to the nonincreasing order of b; + v;, i.e. by £v1 > by £ vy > --- > b, £ v,. Recall that
p=|CE|+ |C;f|. If we also assume that b; > b; for i < j, we say that C has compatible orders. Note that
the order of the variables not in C;} U C’;‘ is irrelevant in the definition of compatible orders.

4.1 Lifting function

If C has compatible orders we can derive an explicit form of f(z).

Theorem 7. If C has compatible orders, then

—A —c0<z< —A
ZHRA= T (it v) A+ (b k) < 2 <min{30 w4+ X0 (w £ v,), A,
0<k<p-1
f(z) = { kX min{ 3w+ 0, (s £ o), A} < 2 < A F R (b £ vy),
0<k<p-1
2= iect bitvi—A)  —A+30 (i £v) <z <d,
~Yicoy (b —vi = X) O
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The proof of Theorem 7 is very technical, and it is presented in Appendix B. In general f(z) is not
superadditive, therefore we again need to find a superadditive function g such that g(z) < f(z). We define

(5= {A k(i £v1) <2< A+ (k+1)(b£v1) i=0,4+1,42,...
T e Cibitor— ) A+ k(b £v1) < 2z < k(b £v1) i=0,%1,+2, ...
Note that f might not be continuous. ( ) prove that g(z) is superadditive and is not dominated

with respect to f(z). Figure 10 illustrates f and g in the compatible orders case.

/@) /

a, v d*
— /@
- 8(2)

Figure 10: f(z) and g(z) for the case of compatible orders

4.2 Lifted flow cover inequality from specially structured covers

Lifting coefficients (c, (3;) are obtained similarly to the general case presented in Section 3. (See
( ) for details.) Here we give only the main conclusion. We define the family of sets J; for i € (N,FNL;)\C
withui:O,andbi<dfori€N1+ and b; —v; < d fori € Ny, as

[ (9lar + (k] +1)(ar + X)) — g(bs)
J"‘{< it (W D tA) b

g(alJr(zl
a1+(k

glar + (k} + 1) (a1 + N)) —

U{ (i)

g9(bi +vi) — g(a1 + k(a1 +N)) 9(bi +vi) — glar + kf (a1 + ) 72
S bz i) — —— bz i 7ki A )
U{( bi+Ui*a1*k?(a1+>\) ag( +'U) bi+1}1'7(117]€142((11+>\) ( +v; —ay (al+ ))

D(a1 + X)) — g(bi)
+1

a1+ A) —b; (a1 + (ki +1)(a1+2) = bz‘)) }

where

a1+15i1(a1+k)§biSal+(E}+1)(a1+A),a1+l§f(a1+k)Sbi+vi§a1+(kf+1)(a1+A) fOI"’L.EN;'_
ay +ki(ay +N) < b —v; < ay + (K} 4+ 1)(ay +N),a1 + k2 (ag +X) <b; < ay + (k7 +1)(ag + ) fori € Ny .

Ifi € (Ny NL;)\ C with u; = 0 and either b; > d for i € N;" or b; —v; > d for i € Ny, then J; = {(0,0)}.
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Theorem 8. If C is a cover with compatible orders, then

Z(wi + biyi) + Z 9(bi)yi + Z (9(bi)yi — i)
ieC ie(N\C)NL, iENT NL,
u; >0 u; >0

+ > (i + Biy) + Y, (—ouwi + Bigs)

ie(NFANH\C)NL, iEN] NN NL;
ui:O ui:0

+ > (@i — (i £ ) = (i + g(Fvi — b))y — 1)) = > gldkoi —bi)(yi — 1)

i€(N;\C)NL, iEN] NL,
i€NNL, 1ENT NL,

=Y it b = NTA =) = > (b= N =)+ Y (v —bi = Ay (27)

i€Cy i€Ch ieC,
is valid for P for any («y, ;) € J;. O

Example (continued). For cover C = {1,2,3}, we have L, = {4,6,7}, C;t U C;r ={1,2}, b; £ v; = (6,2)
and b; = (4, 3), thus C has compatible orders. The two functions are

—1 —oo<z< -1
-1 —-6<z< -1
z —1<2<0
0 0<z<5 z -1<2<0
z
f(z) = -~ g(z) =140 0<2<5
(2) z—5H 5<z<6 (2)
z—5H 5<z<6
1 6<2<7
1 6<z<11
z—6 7<z<19

Lifting variables (z;,y;) for i = 4,...,8 gives the following coefficients.
e 4 (N\C)NL;and ug =3 > 0, thus (ag, B84) = (0,9(bs)) = (0,9(6)) = (0, 1).
e 5.6 (N \C) N Ly, hence (a5, B5) = (1, —vs — g(Fvs — by)) = (1, —2 — g(—5)) = (1, ~1).
e 6 (N NN )\ CNL and ug = 0, and therefore (a, B) = (0,—1) or (—%, %) or (—1,1).
e 7€ Ny NL; and uy =5 > 0, hence (ar, 37) = (=1,9(b7)) = (—1,9(7)) = (-1,1).
e 8¢ Ny NL,, hence (a3, 85) = (0,—g(£vs — bg)) = (0,—g(—3)) = (0,1).
The resulting three inequalities are:
T1+ T2+ 23+ 25 — 27 —y1 + 202+ Ya —Ys — Yo + Y7 +ys < 19,
1+ 22+ 23+ 25 — 1$6—$7—y1+2y2+y4—y5+ 1y6+y7+y$ <19,

6 6
T1+ X2 +x3+ 25 — T — 7 — Y1+ 2y2+ Y4 —Ys +ys +yr +ys < 19. O

4.3 A note on the single node fixed charge flow covers
( ) consider the set
S = {(m,y) eR” x R": Z T; — Z x; <d,x; < vy i € N = N;"UN; ,y binary }

ieN; iENT
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They choose L, C N; and project variables with indices from this set to their upper bounds, so z; = v;
and y; = 1 for i € L,. Defining a cover as C C NT with A\ = > icc Vi —d > 0, they project variables from
N\ (CUL,) to zero and consider the flow cover inequality

0<d + > vi=> mi— Y (0= N1 -w), (28)

€Ly, ieC 1eCt

where Ct = {i € C : v; > A\}. Lifting (28) they obtain a valid inequality for S that reads

D@t Y (=N —y) = Y By

i€CULT i€eCt i€eLt
<d+ Y w— > gw)(—y) = D g—vdm+ Y @, (29)
1EN] NLy 1€EN] NLy €L~ i€L——

where

k(vl — )\) k"Ul - A S (7 S k’Ul,

L* is an arbitrary subset of N*\ C, L™ is an arbitrary subset of N~ \C~,and L=~ = (N~ \C7)\ L~. We
now show that (29) can be obtained from Theorem 8 with u; = b; = 0, N; =0, Nfr N L, = 0 and particular
choice of values for a; and 3; for i € (N7 \ C) U (N; \ Ly). Therefore Theorem 8 strictly generalizes the

5_{%—1:/\ vy < v < (k+ 1oy — A

results of ( ). Moreover we show that (29) can be further strengthened by an adequate choice
of (o, B).
For i € NT\ C with the above assumptions we have
Ji ={(0,0)} (30)
A Ao —A)
—— 1
U{ (Ul’ (% ) } (3 )
U {(1, —k(vy = A) kv — A<y < kvl} (32)
A A
_ - ;| : < < 1 — .
U{ (Ui yw— /\,k‘)\ S — )\U’> kv <wv; < (k+ 1wy )\} (33)
Note that (32) and (33) are mutually disjoint. For ¢ € N~ \ L, with the above assumptions we have
A Mo —A)
{50 )
U{(O,—(k+1)>\)) Atk < < (k+1)v1} (36)

Uiikvl ’Uifk’l)l
a k(vr = A) — v i) kv < v < A+ Koy b 37
U{( 'Ui_(k—l)vl—)\’ (v1 )—v +Ui—(l€—1)v1—)\v> v < + Ul} (37)

Similarly, (36) and (37) are mutually disjoint. Let (c;, 3;) be defined by (30) for i € N;~ \ (C U L) and by
(34) for i € L~~. Then inequality (27) from Theorem 8 becomes

Swit D> i+ Y (wi= N1 —y)+ > B

eC ie L+ ieCt ie L+

<d+ Z Vi — Z g(vi)(1 —y;) — Z Biyi + Z ;T + Z ;. (38)

1€EN] MLy G€EN| MLy ieL— ieL— €L~

If (o, 3;) are defined by (32) for all i € L™ and by (36) for all i € L™, then (38) is identical to (29). If there
exists j € L such that (o, ;) is defined by (33) or j € L™ such that (aj, ;) is defined by (37), then (38)
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is at least as strong as (29). To prove this let (z,y) be in the LP relaxation of S and consider the difference
between the lifting term in our case denoted by a;z; + 3;y; and in case considered by ( ) and
denoted by &;z; + B;y;. Then for j € LT we have

- ~ A A
(o5 + Bjy;) — (&5 + Bjy;) = ko A (k)\ - m”j)yj —zj — (kA —vy)y; =

z kv = vj +y; v — kv > vy, ks = v; +y; vy~ ko :y.kvlvj_vﬂz+vﬂ2'_kvlvj —
Tvj—kvi+ A P —kvi+ AT TP~k + X oy — kv + A J v; —kvy + A ’
and for 7 € L™
- ~ v; — kvy v; — kvy
(s 4 ) ~ @+ ) = =2 (ko ==
1}]2- — kvv; ’U]Q- — kvyv;

7([’»‘(”01 7>\)7Uj)yj Z (7 Uj —(k‘—l)vl - A + Vj —(kj—l)’l}l —)\Uj)yj =0

Finally note that if we choose (31) or (35), we get additional new inequalities.

5 Conclusion

In this work we derive valid inequalities for the convex hull of S. We start with a generalized flow cover
inequality and next we lift it by using sequence independent lifting. The main difficulty in this procedure is
the fact that the lifting function is NP-hard to evaluate and therefore a lower bound needs to be obtained. If
an additional structure on the cover is imposed, then the lifting function can be expressed in a closed form.
Unfortunately, it is not superadditive. All proofs of the presented results are long and extremely technical.
We believe further generalizations of S, e.g. variable upper bounds involving several binary variables or
variable lower bounds, would complicate the proofs even further, most likely to the point, where an analysis
along the same lines is no longer possible.

In a sequel paper, ( ) discuss sequence dependent lifting for S. Among other
variable fixings, we consider fixing all binary variables but one. We are able to obtain the complete polyhedral
description of the resulting set. Unfortunately, computing lifting coefficients from resulting inequalities is
NP-hard. An interesting line of research is to perform sequence independent lifting starting with these
inequalities. This is a challenging task since each binary variable that needs to be lifted is present in two
inequalities and therefore the lifting function is multivariate.
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A Definition of the lifting sets used in Theorem 6

1.i€ N NNy
mg L mgh) sk <G <EF} bi<d
T {(0,0)} b >d
2. i€ Ny NN and b; —v; > d

Ji ={(0,0)}
3. ieNfﬂN;andd>bi—vi20
Ji ={(=mj,l; +m;b;) 1k} <j <k}

4. i€ Ny NN and b; — v; < 0 with my < D/d < mgyq

(a) as —d <b; —v; < ag and a1 < b; < as

Ji = {(_mjalj +myb) 1 1< 5 < kP m(bi —v) + 1 < g(b; _Ui)}

U

U () [ d),g(bi) tj1 = max{j : myb; +1; — D+ myd < g(b;) }
b —aj, 11 +d

U{( mj,1l; D—i—mJ(d—l—b)):kilSjSp—l,mj(bi—i—d)—i—lj—Dgg(bi)}

(-2l 20 0y - KA 0 ) sy = min g = )+ < 005 - 0}

aj, —b; +v; aj, —b; +v;

(b) ag <b;j—v;<0and 0 < b; < aq

{0}

(¢) by —v; <as—dandb; < as

Ji = {( mj,l; tD+mj(td+b)):k}§jgsl}

—mj,l; — D—l—m](d—kb)):sgj§p—1,mj(bi+d)+lj—Dgg(bi),tizl}

= A +1 +d

D
( 7gas _daS+mjbi):ti>1}

i —v; > as —d and b; > ag

Uy
U{ ( g(b g(aj,+1 — d),g(bi)) cj1 =max{j:m;b; +1; — D+m;d < g(by)}, t; = 1}
Ut

b

(d)
Ji = {(_mjalj +myb;) s << kjmy(by —vi) +1; < g(bs —Uz')}

U { (_g(ajz_) = othi = vi)ag(%) - g(ajZ_) = olbi = vi) (aj, — bi)) i g2 =min{j 1 m;(b; —v;) +1; < g(bi — Ui)}}

ah*bi+’l)i ah*biﬁ*’vi

U{(—ijj +mybi) 1< <s—1,m;(bi —vi) +1; < g(bs _Ui)}
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(e) by —v; <as—dand b; > as
Ji:{( mj,l; tD+mJ(td+b)):kl-1<j<s—1}

U{(mj,lj erjb,) ) S] S k?,m](b, 71}1') +ZJ S g(bl Uz)}

U{ (_l;vg(as) - %as +m_jbi> Sty > 1}.
B Proof of Theorem 7

Proof. Consider first the reduced problem

—max (w4 3 - wmt DO Hvdyit Y @hi-vi Ny Y biyi)  (3%)

i€C ieCy icc, iecy i€C\C+
in+zbiyi <d-=z (39b)
ieC i€C
0<z; <u;j+wvy; 1€Cy, (39¢)
0<z; <u;—wvy; 1€CUC, (39d)
y binary. (39¢)

At zp = -2+ E 1(bi £v;) for 0 < k < p the solution of the LP relaxation of this problem is integral and
has the form

(‘iag): (ula"'auk7uk+1ivk-ﬁ-lw"vup:l:vpa up-‘rl:l:vp-‘rla"'vuq:tqu Ug+1y -5 Un;
0,..., 0, 1, 1, L, ., 0, ...,0)
chucy (Cw\CHU(CN\C) Co

where |Cf UC;7| = p, |Cyy UCy| = g and |C| = n. This follows from Section 3.2. Therefore this vector is a
solution to the IP problem. The objective function f(zp) at (Z,y) has the value

n

(p—k)\+ Z (u; £ v; + b;) Z uz—i—Zu, (40)

1=p+1 1=q+1
If we fix variables from (C,, \ C;f) U (Cy \ C;f) U C, to the values they have at (Z,7), and consider z; =
A+ Z?Zl(bi +v;) + ¢, where 0 < ¢ < min{}, Zle wi + Y041 (ug £ v;)}, then problem (39) reduces to

q

fz)= D> (witvi+b)+ Y wi+g(a)

i=p+1 i=q+1

where

= max (Z T + Z — )y + Z A+ vl)yz)

ieCy ions
le+2bzyl<2ul Z (bi £v;) —¢ (41)
i=k-+1

0 <z <u; +v9y; ZEC:';
0<z; <wu—viy; i€CT
y binary.

25



We now prove that an optimal solution for this problem has to have y; = 0 for 1 < ¢ < k and y; = 1 for
k+1<i<p. Let (z,y') be any feasible solution and define ¢’ = {i € C;} UC} : y} = 1}. The value of
the objective function at (x!,y') is

(5 S X arom)

iechuc i€Cy ieCyt

=Y 2+ D> (AT

(@iyl) =l i€

Consider the following three cases.
1. Let |C'| =p— k.
Since the variables are ordered according to the decreasing order of b; + v;, we have

p

Z(biivi) > Z (bi:l:vi)—s.

ieC’ i=k+1

I3 i+ ce bi < 20y uit Y i (bitw;) —¢, then there exists a j € C” such that z} < u;+wv,
or le < u; for some j ¢ C'. Consider (z2,y?) defined as y? = y* for any i, and 2? = 2! + Je;, where

. P L uy vy —at ifje
S=min | > (bitv)—e— Y bi— Y i, > (42)
i=ht1 iec iec’ Uj =& ifj¢C
(22,9?) is feasible by the choice of § and gives the objective function value of
P

szl + Z(/\:I:vi) + 0,
i=1 ieC’

which is larger than at (z!,y!). If § is defined by the second term in (42), then the same update can be
repeated for another component of (22, y?) and eventually § will be defined by the first term in (42).
Therefore it suffices to consider only vectors that satisfy (41) at equality. If (22,4%) is one of them,

then , , »
wa’zZui—i— Z(bi:l:vl)—s—sz,
i=1 i=1 i=k+1 ieC’
and
p p p
(in—f— Z ()\—’Ui)yi—f— Z ()\+'Uz)yz) = Zui—i- Z (bi:tvi)—s— Z bZ+Z()\$’U1) (43)
=1 iEC,I iECJ (z3,y3) =1 i=k+1 ieC’ ieC’

Assume C' # {k+1,...,p}andletl € C", I < kand m ¢ C’, m > k. Define C" = (C"\{i})U{m}. Then
‘C”| =p—- k a’nd hence ZiEC” (bz :l:Uz) > Z?:k-l,-l(bi ZEUZ) —E. Deﬁne ($4’ y4) as ,7;‘4 = gjg —x?el —xfnem
and y* = % — e; + €. (2%, 9*) is feasible since

P P
=1 =1

1<i<p 1<i<p
i#l,m Jj#l,m
= Z zd Z by —ad —ad — b+t 4zl by,
1<i<p 1<i<p
P p
1<i<p 1<i<p i=1 i=k+1
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Inequality (44) follows from by, < b; by assumption of compatible orders. If Y7 | af + 3. .o b; <
P u + Zf=k+1(bi + v;) — &, then we can construct (2°,y°) using the procedure described above

such that
Zm +Zb—2ul Z (b; +v;) —e. (45)

ieC’ i=k+1

The value of the objective function at (z°,%°) is

(Zxﬁ-z (A=) yl+z A+v;) 1>

ieC ieC,

p P
=3 u Z (bivi)—e— Y b+ Y (AFv;). (46)

(25 ,y5) i=1 eC’ eC

Subtracting (43) from (46) yields

- Z b; + Z(/\:F%‘)‘szi_ Z()\:Fvi):(bl+vl)_(bm+vm)Zoa

ieC i€C’ icC’ i€C’

which shows that the value of objective function at (z°,9°) is equal to or larger than at (22, y%). Note,
that (25, y°) is obtained from (22, y3) by swapping the values of two y coordinates, and then adjusting
to equality at (45). Repeating this procedure we end up with C’ = {k + 1, ..., p}, which provides the
objective function with the value

q n p p
f(Zl): Z(utivz—i-bz)—k ZU,+ZU1 Z b:l:Ui)—E— Z bi+ Z()\:sz)
i=p+1 i=q+1 i=k+1 i=k+1 i=k+1
q n
1=p+1 1=q+1 1=

If initially C’ = {k + 1,...,p}, then (47) is obtained at (z*,y3) and by the above argument it is an
optimal solution.

. Assume now that |C'| = p—k+1t, 0 <t < k. Repeating the swapping procedure described in the
previous case, it is easy to see that an optimum for this case is obtained when (41) is satisfied at
equality. This is still possible because

p P
eC’ i=k—t+4+1 i=k+1

Let (xG,yG) be such a solution. Then y; =1 for k—t+1<i<pandy; =0for 1 <i<k—t. Hence
={k—t+1,...,p}and Y7 a8 =3 w;+>7 | (bixv) —e—> ", . b;. Thus the value
of f(z) at (z,y%) is

q n
S wtvi+b)+ > w (Zxﬂr S vyt Y Aty
i=p+1 i=q+1 iech icot (x,y5)
q m
= Z(ui:l:vi—i—bi)—ki:ul—i—z:ul Z b:l:vl—e—Zb—FZ AFv)
i=p+1 i=q+1 i=k+1 i=k—t+1 i=k—t+1
4 k q n
=(p—k+OA+ Y uwi— > (o) + > (wiEvi+b)+ > u—e (48)
i=1 i=k—t+1 i=p+1 i=q+1

Subtracting (48) from (47) we obtain Zf:k_tﬂ(bi +v;) —tA = Z?:k_tﬂ(bi +v; —A) > 0, which
follows from C’ C C;f UC,". So the previous case is better.
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3. It remains to consider |C'| =p—k—t, ¢t > 0. If
NIFSINED RS M WINE oy (N
i€C’ ze(Cf;UC'*')\C’ i€C’ i=k+1
then consider (z7,y") such that 37 = 1if and only ifi € C’, 27 = u; if y} = 0 and 2] = u; +v; if y} = 1.

For a given C’, x;’s are at the upper bounds and therefore (27, y") provides the largest objective value,
which is

Z (u; +v; +b;) + Z (sz + Z — )y + Z (A+ vl)yl)

i=p+1 i=q+1 icCh i€C, (x7,y7)
q n
Z (uz:I:vz—l-bl)—F Z Uu; + Z(ui:tvi)—k Z Ui-i—Z()\:F’Ui). (49)
i=p+1 i=q+1 i€C’ ic(CHuchH\eor e’

Subtracting (49) from (47) we obtain

(p—k))\—kzp:ui—s—z:ulztvz Z u; — Z()\:Fvi):t)\—gzo, (50)
i=1

i€C’ ze(C{f}uC+)\C’ i€C’

since € < A. Thus, as before the first case is better.
If

Z(uiivz) Z ul—l—Zb >Zuz Z i ;) — &,

i€C’ zE(CfEUC*)\C’ i€C’ i=k+1

then equality in (41) is still obtainable and we can start the procedure of shifting ones in y towards
the end. Since

D k+t P
Z (uij:vi)—i—ZuZ Z b; —Zul Z (b; £ v;) <ZuZ Z (b; £ v;) — ¢,
i=k+t+1 i=1 i=k4t+1 i=k+t+1 i=k-+1

eventually we obtain C” such that |C”| =p — k — t and

Zulivl Z uz—l—zb <Zuz Z (bi £v;) —

i€C ze(C:CuCJf)\C” i€C’ i=k+1

We have already shown in (50) that a vector with these properties cannot correspond to an optimal
solution.

Finally, let C"” be the set preceding C” in the sequence obtained in the swapping procedure. Then for

C"" we still have .

Z (bl + ’Ui) > Z (bl + Ui) — E&. (51)

eC!" i=k+1

We cannot show that the solution corresponding to set C” is better than or equal to the one cor-
responding to C" because we are not able to obtain equality after the last swap as we did in the
first case at (45). However, we know that the solution corresponding to C"” is better than the one
corresponding to any set preceding C'” in the constructed sequence. Hence we need to show explicitly
that the solution corresponding to C"” is worse than or equal to the one obtained in the first case. To
do this we use the fact that if (z8,y®) is the best solution corresponding to C”, than (41) at (z8%,%%)
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is satisfied at equahty, and therefore Y0 | af = Y70 ui+ 30, (bi£v;) —e — >, .o bi. Thus the
value of f(z1) at (z8,98) is

q n
Z(Uiivi+bi)+ Z (leJrZ A —vy)y; + Z()\+'Ui)yi)
i=p+1 i=q+1 ieCh i€C+ (x8,y8)
q n
= Z(uiivi—l-bi)—i-z:ul—l—z:ul Z bivl—s—Zb—i—Z AFv)
i=p+1 i=q+1 i=k+1 iecn iecn
p p q n
= (p—k—t)A—FZui—i— Z (b; +v;) — Z (b; £ v;) + Z (u; £ v; +b;) + Z U; — €.
i=1 i=k+1 iecm i=p+1 i=q+1
(52)
Subtracting (52) from (47) we obtain
(p— k)\—f—Zuz—s—p k—t)A— Zul Z (b; £ v;) + Z(bi:tvi)—i-a
i=k+1 el
P P P
=t\— Z (bi:l:’l}i)—F Z (bi:tvi) >tA— Z (bi:l:’l)i)—‘r Z (biivi)—&‘:t/\—cSZO,
i=k+1 ieCn i=k+1 i=k+1

where the first inequality follows from (51) and the second one from € < A and ¢ > 0. Therefore again
the first case is better.

We proved that if z = *>\+Z§:1( i ;) +e, 0 <e < min{, Zz VUi Y h o (ui£v)} and if variables
from (C,, \ Cf) U (Cy \ C}f ) U G, are fixed to the values they have at (Z,%), then the optimal solution has
yi=0for 1 <i<p,yy=1fork+1<i<pand >’ | a :Zf:lui—i—z:f:kﬂ(ui:tvi)—e.
The objective value is given by (47). At this point we should consider set {¢; : ¢« = 1,...,p}, such that
Zle gi=candg; <wu; forl1 <i <k, e <wu; v for k+1 <i < p. However, for ease of exposition we
assume that u; > ¢, and hence €; = . Then the vector

/ /
(' y)= (u1 —¢€, ..., Uk, Ukt1 £ Vkt1, -, Up T Vp, Upt1 £ Vpt1,...,Ug £ Vg, Ught, ... Un,
0 ,...,0, L, .., 1, L, .., 1, 0, ....0) (53
chucyt (Cw\CHU(CN\C) Co

satisfies above conditions. Now unfix one variable j from (C,, \ Cf) U (Cy \ C;7) and consider the vector
(z",y") with 7/ = u; and y7 = 0. We show that it is impossible to have a larger value for the objective
function at (z”,y”) than at (z',3'). Due to the switch of the value at the j coordinate, f(z) decreases by
b; £v;. To compensate this we can use only variables from C;} U C’lf . We need to choose t variables, which
have y; = 0 and switch them to 1, because each such switch increases the value of f(z) by A. Hence t is
determined by (t — 1)A < b; £ v; < tA. From the previous discussion it follows that the best variables to
switch have indices k — t < i < k. Without loss of generality assume that j = p+ 1. Thus

1
(2", y") =(u1 — &, ... Up—p, Uk—t41 £ Vk—t1 — Vo ooy Up £ Vpy Upp1, Upgz F Upia, -, Uqg £ Vg, Ug, - - - 5 Un,
0 ,...,0, 1, . 1, 0, 1, ey 1, 0, ...,0),
chucyt (C\CHHU(CH\CF) Cy

where v is the largest number such that tA — v > b1 + v,11. However, for (2”,y”) we have

k
ZZ‘;/—FZy;/bl:Zl‘;—i—Zyibzﬁ- Z (bizl:vi)—l/—bp_;ﬂ—’l}p_;,_l
eC ieC ieC ieC i=k—t+1
> in JrZygbi F A=V —bpy1 — Upt1 > Zx; + Zy;bi,
ieC i€C ieC ieC
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and we know that (z’,y’) satisfies (39b) at equality. Hence (z”,y”) is infeasible. Unfixing more than one
variable from (C,, \ Cf) U (Cy \ C;f) can be considered as a multiple step process, where at each step we
unfix one variable. By the above argument setting y; to 0 for any variable from (Cy, \ Cf) U (Cy \ C;7)
requires switching y; to 1 for some variables from C; U C;", which yields an infeasible solution. Hence to
get an optimal solution we need y; = 1 for i € (Cy, \ C}) U(Cy \ C;). Unfixing variables from C, is similar.

So far we showed that (z',y’) given by (53) is an optimal solution for z = f>\+2§:1 (bitvi)+e, 0<e<
min{\, E?Zl wi+y o (uitw;) b If Zle ity 8 g (uitv;) < A, thenlet e = Zle i+ Y0 (uitw;)
and consider (2%, y?) defined by ? = u; for 1 <i < k+1,2) = u;4v; for k+2 <i <p,y; =0for 1 <i < k+1
and y; = 1 for k+ 2 < i < p. Then

4 P k+1 4 P p P
i=1 i=1 i=1 i=k+2 i=k+2 i=1 i=k+2
p p p p
§Zui—|— (bi:tvi)—)\<2ui+ Z(biﬂ:vi)—a.
i=1 i=k+1 i=1 i=k+1

Hence (2, 3°) is feasible and its objective value is

q n P
(p—k—-1DA+ Z(uz':l:vi—kbi)—i- ZUH—Zui. (54)
i=p+1 i=q+1 i=1

If Zf;l i+ 301 (ug £v5) > A, then let € = X and from (47) the optimal value is

n

(p—k)A+ Eq: (wi v+ b))+ > uﬁiui—x (55)
i=1

1=p+1 1=q+1

k+1

It is easy to see from (40) that at z = —A+ > .1,

(b; £ v;) the objective value is

n

(p—k—l))\—i- i(uiivi—i—bi)—i— Zui—i-iui. (56)

i=p+1 i=q+1

Since (54) equals to (55) and both equal to (56), and f(z) is nondecreasing, we conclude that for Z§=1(bi +

v;) + Inin{Z:f:1 wi+ 0 g (us £ v), A} <z < =X+ Zf;l(bl + v;) the objective function is constant. [
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