
Non-Convex Optimization with Spectral Radius Regularization

Adam Sandler1, Diego Klabjan2, and Yuan Luo3

1Engineering Sciences and Applied Mathematics, Northwestern University
2Industrial Engineering and Management Sciences, Northwestern University

3Preventive Medicine (Health and Biomedical Informatics), Northwestern University

Abstract

We develop regularization methods to find flat
minima while training deep neural networks.
These minima generalize better than sharp
minima, yielding models outperforming base-
lines on real-world test data (which may be
distributed differently than the training data).
Specifically, we propose a method of regular-
ized optimization to reduce the spectral radius
of the Hessian of the loss function. We also
derive algorithms to efficiently optimize neu-
ral network models and prove that these algo-
rithms almost surely converge. Furthermore,
we demonstrate that our algorithm works ef-
fectively on applications in different domains,
including healthcare. To show that our models
generalize well, we introduced various meth-
ods for testing generalizability and found that
our models outperform comparable baseline
models on these tests.

1 Introduction
Finding flat minima solutions to optimization problems
is important, especially in machine learning applica-
tions. Such models generalize better than sharp minima
because the value of the loss function remains similar
around flat minima if the data is shifted, distorted, or
otherwise changed. Thus, in practice, optimal machine
learning models near flatter optima should perform better
than those near sharper minima on test data distributed
differently than the original training data [Keskar et al.,
2017].

Here, we define flat minima as those with a small spec-
tral radius of the Hessian of the loss function (i.e., the
largest absolute eigenvalue is small) and sharp minima as
those where the spectral radius is large. For flat minima,
there is no direction away from the minimum in which
the loss function immediately and rapidly increases or
decreases. Therefore, by regularizing the optimization
of models with respect to this spectral radius, we can ob-
tain solutions that are less susceptible to errors and biases
in training or test data.

However, this regularization presents certain chal-
lenges. For large neural networks, computing and stor-
ing the Hessian and the third derivative tensor (used in
the gradient of the spectral radius term) are intractable;
therefore, we develop methods to efficiently compute the
regularization term and its gradient without computing
these full quantities. We also design methods to intro-
duce errors and biases into the data to test the generaliz-
ability of these models.

To tackle these challenges, we build methods to reg-
ularize the spectral radius while computing Hessian-
vector products, rather than computing the full Hessian
and then multiplying by the vector. We approximate the
spectral radius and corresponding eigenvector using al-
gorithms such as power iteration and Locally Optimal
Block Preconditioned Conjugate Gradient (LOBPCG).
We extend methods used for computing Hessian-vector
products for neural networks and use them to efficiently
compute the eigenvector and spectral radius gradient,
used in our algorithms. Implementing these methods
within a batch stochastic gradient descent algorithm al-
lows us to optimize a neural network with a given loss
function and our regularization term.

We also present results with different regularization
parameters to show that our methodology is stable. Our
contributions are as follows.

• We develop algorithms for regularizing neural net-
works with respect to the spectral radius of the Hes-
sian, a novel use of a derivative measure for such
regularization.

• We derive differential operators for efficient com-
putation of Hessian-vector products for neural net-
works.

• We provide formal proofs of convergence and other
properties of our algorithm.

• We present experimental results on multiple real-
world data sets across different domains, designing
specific methods to test generalizability.

In Section 2, we review existing literature related to
our research. In Section 3, we derive the algorithm used
for our regularization. In Section 4, we discuss conver-
gence results and other properties of the algorithm. In



Section 5, we describe different generalizability tests and
present the results of our experiments with regularization
on various data sets.

2 Related Work
Existing research discussed how different learning meth-
ods affect the ability of neural networks to converge to
flat minima. Keskar et al. [2017] observed that large-
batch stochastic gradient descent (SGD) and its variants,
such as adaptive moment estimation (Adam), tend to
converge to sharp minima. In contrast, small-batch meth-
ods converge to flat minima. This implies that small-
batch methods generalize better than large-batch meth-
ods, as the training function at sharp minima is more sen-
sitive. Some possible causes include large-batch meth-
ods over-fitting, being attracted to saddle points, and
lacking the exploratory properties of small-batch meth-
ods (i.e., they tend to converge to the minima close to
the initial weights). Yao et al. [2018] showed that large-
batch training of neural networks converges to points
with a larger Hessian spectrum (both in terms of dom-
inant and other eigenvalues), showing poor robustness.
Jastrzebski et al. [2018]; Zhang et al. [2024] extended
these claims by showing that a large learning rate also
leads to flatter minima that generalize better than sharper
minima. Baldassi et al. [2021] showed that wide flat
minima in nonconvex neural networks arise as structures
from groups of minima around locally robust configu-
rations. Wu et al. [2022] showed that SGD favors flat
minima but left the connection between the Hessian and
generalization as an open question for future work.

Others used different ways to measure and find flat
minima, including loss functions and optimization al-
gorithms. Ma et al. [2020] suggested that Kronecker-
Factored Approximate Curvature (K-FAC) [Martens and
Grosse, 2015], an approximate second-order method,
may yield generalization improvements over first-order
SGD. Chaudhari et al. [2017]; Dziugaite and Roy [2018];
Pittorino et al. [2021] proposed an entropy-based loss
function to find solutions in flat regions and an algo-
rithm (called entropy-SGD) to optimize models. He et al.
[2019] observed that at local minima of deep networks,
there exist many asymmetric directions where the loss
sharply increases, which they call “asymmetric valleys.”
They proposed stochastic weight averaging (SWA) along
the SGD trajectory to bias solutions towards the flat side.
Chaudhari et al. [2017] also noted that many neural net-
works, trained on various data sets using SGD or Adam,
converge to a point with a large number of near-zero
eigenvalues, along with a long positive tail and shorter
negative tail. Our regularization method, which attempts
to reduce the spectral radius of the Hessian, is tailored
to avoid the eigenspectrum asymmetries described by
Chaudhari et al. [2017] and He et al. [2019].

Foret et al. [2021] developed a Sharpness-Aware Min-
imization (SAM) algorithm, which minimizes the maxi-
mum loss within a neighborhood of a point. Unlike us,
they focused on testing model generalization on fuzzy

Variable Definition
w model parameters or weights
f(w) loss function
H(w) Hessian of f(w)
ρ(w) spectral radius of H(w)
µ degree of regularization
K goal of ρ(w) < K
v̄ eigenvector corresponding to spectral radius

Table 1: Variable Definitions

labels. Andriushchenko and Flammarion [2022] have
raised doubts about SAM’s ability to generalize in other
settings. Adding SAM as a baseline comparison would
require training on multiple seeds due to the stochastic-
ity. Additionally, the SAM paper was published after the
original draft of this paper was posted to ArXiv.

While Yoshida and Miyato [2017] developed a spec-
tral norm radius regularization method, it looks solely at
the spectral radius of a neural network’s weight matrices
rather than the spectral radius of the Hessian of the loss
function. Though they experimentally showed that their
regularization method has a small generalization gap (be-
tween the training and test set), their method also had a
higher Hessian spectral radius than vanilla SGD, weight-
decay, and adversarial methods. We believe our regu-
larization method and generalization tests more directly
address finding flat minima and measuring their general-
izability.

Kaddour et al. [2022] compared SWA and SAM in
various computer vision, natural language processing,
and graph representation learning tasks. They concluded
that the effectiveness of these methods is influenced by
the dataset and model architecture. Flat-minima opti-
mizers can offer asymmetric payoffs, potentially leading
to slight performance decreases at worst, but significant
gains at best.

3 Algorithm
We summarize the main variables used and their corre-
sponding definitions in Table 1. We choose to express
our problem as a regularized optimization problem rather
than a constrained optimization or min-max problem,
as strict adherence to our spectral radius constraint is
typically unnecessary. Additionally, the regularized ap-
proach keeps the algorithm simple, while complexity is
computationally taxing for large neural networks. Thus,
our optimization problem is

min
w
f(w) + µmax{0, ρ(w)−K},

for weights w ∈ Rn, non-convex loss function f(w),
spectral radius (i.e., the maximal absolute eigenvalue)
ρ(w) of the Hessian H(w) of f(w), and regularization
parameters µ and K. This can also be viewed as La-
grangian relaxation of constraint ρ(w) ≤ K. For conve-
nience, we denote

g(w) := f(w) + µmax{0, ρ(w)−K}.



Our goal is to design efficient algorithms for solving
this minimization problem, with the caveat that we can-
not directly computeH(w). For large neural networks of
size O(n), computing and storing objects of size O(n2)
(such as the Hessian) is intractable. However, we can ef-
ficiently compute the Hessian-vector product H(w)v for
a given v ∈ Rn using a method discussed in Section 3.2.

In Section 3.1, we present and explain different vari-
ants of our algorithm. In Section 3.2, we discuss how to
compute the regularized term and its gradient.

3.1 Algorithms
Here, we present two versions of our algorithm: a batch
stochastic gradient descent power iteration algorithm
(Algorithm 1) and a LOBPCG algorithm (Algorithm 2).
The LOBPCG method tries to improve the run time of
power iteration by using a preconditioner (a transforma-
tion used to improve numerical methods). For simplicity,
we hide the wk dependencies (where wk is the value of
weights w at iteration k) for many of the variables by
defining: fk := f(wk), gk := g(wk), ρk := ρ(wk),
∇fk := ∇f(wk), etc. We let the step size αk be a pre-
defined function of iteration k and L be the maximum
number of iterations. We assume f(w) =

∑
i

f̄ (i)(w)

and write f̄ (i)k := f̄ (i)(wk) as the value of the loss func-
tion f on sample i at iteration k. We also let H̄(i)

k be the
Hessian matrix of f̄ (i) at wk.

Algorithm 1: Batch Stochastic Gradient Descent
1 Initialize w1

2 for k = 1, · · · , L do
3 Select batch Bk of cardinality U uniformly at

random
4 Compute∇fk = 1

U
∑
i∈Bk

∇f̄ (i)k
5 Initialize u, λ, and v
6 while ||u− λv|| > εk do
7 u = 1

U
∑
i∈Bk

H̄
(i)
k v (usingR{·})

8 λ = uT v
9 v = u

||u||

10 ρk = λ, vk = v

11 ∇ρk = 1
U
∑
i∈Bk

vTk∇H̄
(i)
k vk (usingR2 {·})

12 Update pk = ∇fk + µ∇ρk1 (ρk > K)
13 wk+1 = wk − αkpk

We start with Algorithm 1, a batch stochastic gra-
dient descent algorithm, which uses power iteration to
compute ρk and ∇ρk. Due to the implementation of
R{·} and R2 {·} (see Section 3.2) during these compu-
tations, the storage requirements of O(n) are not oner-
ous. Also, since the Hessian is symmetric, power itera-
tion converges at a rate proportional to the square of the
ratio between the two largest eigenvalues O

(
|λ1/λ2|2

)
,

rather than the typical linear rate O (|λ1/λ2|). Note that
the gradient computation in Line 4 can be done as part of
theR{·} in Lines 7 or 11.

Algorithm 2: LOBPCG Method
1 Initialize w1

2 for k = 1, · · · , L do
3 Select batch Bk of cardinality U uniformly at

random
4 if k mod b = 0 then
5 Update K-FAC matrix T

6 Compute∇fk = 1
U
∑
i∈Bk

f̄
(i)
k

7 Initialize r and v
8 while ||r|| > εk do
9 u = 1

U
∑
i∈Bk

H̄
(i)
k v (usingR{·})

10 λ = uT v
11 r = u− λv
12 w = v + α̃T r
13 v = w

||w||

14 ρk = λ, vk = v

15 ∇ρk = 1
U
∑
i∈Bk

vTk∇H̄
(i)
k vk (usingR2 {·})

16 Update pk = ∇fk + µ∇ρk1 (ρk > K)
17 wk+1 = wk − αkpk

To improve the run time and convergence of our power
iteration method, we developed a LOBPCG method (Al-
gorithm 2). This method uses a step-size α̃ (not nec-
essarily fixed), preconditioner T (for example, K-FAC),
and update frequency b. The LOBPCG algorithm may
converge faster than the power iteration algorithm with
good choices for these parameters. Knyazev [2001] and
Knyazev et al. [2007] assumed and numerically showed
that T must be symmetric positive definite, with an ef-
ficient preconditioner being an approximation of H−1k
(as the condition number κ(THk) is low). We chose to
use Martens and Grosse’s [2015] K-FAC as the precon-
ditioner, as it satisfies these conditions and is well-suited
for neural networks.

3.2 Gradients of Regularization Term
The spectral radius can be expressed as ρ(w) =
v̄TH(w)v̄, where v̄ is the eigenvector corresponding to
the maximum absolute eigenvalue. To compute gradient
update steps for the regularization term, we calculate∇ρ
using Lemma 3.1 from Van der Aa et al. [2007].

Lemma 3.1. For distinct eigenvalues of a symmetric ma-
trix A(x) : R→ Rn×n,

dλi(x)

dx
= v̄Ti

dA(x)

dx
v̄i,

where v̄i is the eigenvector for eigenvalue λi.



The expression for this derivative is more complicated
with repeating eigenvalues, so we assume that the eigen-
value in question is distinct (in practice, this is usually
the case).

Using this result and assumption, we express
∇ρ(w) = v̄T∇H(w)v̄. Thus, by efficiently computing
H(w)v and vT∇H(w)v for w, v ∈ Rn, we can calculate
ρ(w) and ∇ρ(w), respectively.

Hessian-Vector Operations
In order to compute H(w)v and vT∇H(w)v for large
neural networks with w, v ∈ Rn, we extend Pearlmut-
ter’s [1994] operator v → Rv {f ;w}, defined as

Rv {f ;w} :=
∂

∂r
f(w + rv)

∣∣∣∣
r=0

.

Note thatRv {∇f ;w} = H(w)v. Thus, by applying the
differential operatorRv {·} to the forward and backward
passes used to calculate the gradient, we can compute
ρ(w) efficiently.

We extend this operation to
R2
v {f ;w} := Rv {R· {f ;w} ;w}

by applying the differential operator Rv {·} again to
the forward and backwards passes. Particularly, we
compute R2

v {x} and R2
v {y} during the forward pass

and R2
v {∇yf}, R2

v {∇xf}, and R2
v {∇wf} during the

backward pass, where ∇y , ∇x, and ∇w are the gra-
dients with respect to output y, input x, and weights
w. We derive our formulas in Appendix A. Since
R2
v {∇f ;w} = vT∇H(w)v, this allows us to efficiently

compute ∇ρ(w).
These methods keep the number of stored values

O(n), while directly computing the Hessian and third
derivative tensor would require O(n2) and O(n3) stor-
age (which is intractable for large networks).

4 Algorithm Convergence Analysis
Here, we show that Algorithms 1 and 2 almost surely
converge to a critical point, with some assumptions.
While we outline our proofs here, the details are in Ap-
pendix B.

We assume that batches B are randomly selected.
Note that pk = pk(wk). We made the following assump-
tions.
A1 f : Rn → R, f ∈ C5, g(w) is bounded from below
(without loss of generality, g(w) ≥ 0).
A2 Conditions on the learning rate and tolerance:

∞∑
k=1

α2
k <∞,

∞∑
k=1

αk =∞,
∞∑
k=1

εkαk <∞.

A3 The moments do not grow too quickly:∣∣∣∣∣
∣∣∣∣∣ 1

U
∑
i∈B
∇f̄ (i)(w)

∣∣∣∣∣
∣∣∣∣∣
j

≤ A(1)
j +B

(1)
j ||w||

j ,

∣∣∣∣∣
∣∣∣∣∣ 1

U
∑
i∈B

vT H̄(i)(w)v

∣∣∣∣∣
∣∣∣∣∣
j

≤ A(2)
j +B

(2)
j ||w||

j ,

for j = 2, 3, 4 and all k; positive constants A(1)
j , A(2)

j ,

B
(1)
j , B(2)

j , any weights w and unit vector v, and any
subset B of cardinality U .
A4 The Hessian H(w) is Lipschitz continuous.
A5 We have εk ≤ 1 and εk → 0 as k →∞.
A6 Outside a certain horizon, the gradient points toward
the origin. There exists D <∞ such that

inf
||w||2≥D, v

wT
∑
i∈B

[
∇f̄ (i)(w) + µvT∇H̄(i)(w)v

]
> 0,

for any subset B of cardinality U . There are well-known
tricks to ensure this assumption, such as adding a small
linear term [Bottou, 1998].

First, the stopping criteria for computing the eigenvec-
tor is met.
Lemma 4.1. Power Iteration (Steps 7-10 in Algorithm 1)
and LOBPCG (Steps 9-14 in Algorithm 2) always finish
in a finite number of iterations with ||vk − v̄k|| ≤ εk,
where v̄k is an eigenvector corresponding to the leading
eigenvalue of Hk = 1

|B|
∑
i∈B H̄

(i)
k .

This follows from the proofs of power iteration con-
vergence by Parlett and Poole [1973] and LOBPCG con-
vergence by Knyazev [2001].
Lemma 4.2. Given Assumptions A1-A6,
lim
k→∞

vTk∇Hkvk = lim
k→∞

∇ρ̄k, where ∇ρ̄k is the

true gradient of the Hessian’s spectral radius.
We split vTk∇Hkvk into components for the true

eigenvector v̄k and our estimate vk. Then, we bind it,
showing that Assumption A5 is sufficient for Lemma 4.2
to hold.

Then, we show that these stochastic algorithms fit our
bounds on the moments of the update term. Here, we
take the expectation with respect to the choice of batch
Bk, conditioned on the history

Pk := B1, · · · , Bk−1, w1, · · · , wk, α0, · · · , αk.
Lemma 4.3. Given Assumptions A3-A4,

EBk

[
||pk||j

∣∣Pk] ≤ Aj +Bj ||wk||j ,
for j = 2, 3, 4, positive constants Aj and Bj , and any k.

We split pk into its components pk := ∇fk + µ∇ρk.
We use the Assumptions to bind each of these compo-
nents. Then, we combine the results to show that the
lemma holds.

Next, we show that the iterates are confined.
Lemma 4.4. Given Assumptions A1-A6, the iterates wk
in Algorithms 1 and 2 are bounded almost surely.

We define a sequence that is a function of wk and
show that the sum of its positive expectations is finite.
Then, we apply the Quasi-Martingale Convergence The-
orem and show that since the sequence converges almost
surely, the norm of our weights wk is bounded. Next,
using our assumptions and Lemma 4.4, we prove almost
sure convergence.



Theorem 4.1. Given Assumptions A1-A6, in Algorithms
1 and 2 the loss function values g(wk) converge almost
surely and∇g(wk) converge almost surely to 0.

We use confinement of wk to show that positive ex-
pected variations in g(w) between iterates are bounded
by a constant times our learning rate squared α2

k. Using
Assumption A2 and the Quasi-Martingale Convergence
Theorem, we show that gk converges almost surely.
Then, we show that∇gk almost surely converges to zero.
Our proofs of Lemma 4.4 and Theorem 4.1 are based on
Bottou’s [1998] proof that SGD almost surely converges.

5 Experiments
We tested our spectral radius regularization algorithms
on the following data sets: forest cover types [Blackard
and Dean, 1999], United States Postal Service (USPS)
handwritten digits [LeCun et al., 1990], and chest X-rays
[Wang et al., 2017]. The forest cover-type data uses car-
tographic data to predict which of seven tree species is
planted on a plot of land. The USPS digits data includes
images of digits 0-9 from scanned envelopes. The chest
X-ray data uses images to identify which of the fourteen
lung diseases patients were diagnosed with. We further
describe these data sets in Appendix C.1.

Additionally, we trained unregularized, He et al.’s
[2019] asymmetric valley, Chaudhari et al.’s [2017]
entropy-SGD, and Martens and Grosse’s [2015] K-FAC
models, which serve as baseline comparisons. These
other methods for finding flat minima were discussed in
Section 2 and serve as baseline comparisons.

5.1 Setup
To test if models with lower spectral radii generalize bet-
ter than those with higher spectral radii, we created test
sets that are differently distributed from the training data.
To accomplish this, we employed covariate shifts and im-
age augmentation techniques and introduced new, dis-
tinct data. We provide a more detailed description of our
software, parameter values, and architectures in Appen-
dices C.2 and C.3.

For the forest cover-type data, we weighted the test
plots of land to shift the mean of the features. Then,
we compared the accuracy of the trained models and re-
peated them for one thousand shifts. These perturbations
simulate test conditions with poor measurements or cli-
mate changes. This weighting method is opposite to Shi-
modaira [2000]; Huang et al. [2006]; we made the test
and training data have different, rather than similar, dis-
tributions.

For USPS digits, we augmented the test set using ran-
dom crops and rotations, a subset of the perturbations
used by Hendrycks and Dietterich [2019] to benchmark
robustness on ImageNet. These modifications simulate
test conditions where digits are written on angles, cut
off, or poorly scanned. We also compared how mod-
els trained on USPS data performed on MNIST [LeCun
and Cortes, 2010] and images from Conditional Genera-
tive Adversarial Networks (GANs) [Mirza and Osindero,

Test Relative Shift Acc.
Model ρ Acc. Mean 95% CI
Unregularized 36.58 71.74 -2.80% [-3.38, -2.23]
Asym. Valley 23.28 70.99 -1.48% [-1.96, -1.01]
Entropy-SGD 6.82 69.69 -1.41% [-1.89, -0.92]
K-FAC 58.55 70.83 -2.29% [-2.85, -1.72]
µ=.01, K=1 1.68 69.71 -1.61% [-2.10, -1.13]
µ=.01, K=0 2.16 70.39 -0.96% [-1.31, -0.61]
µ=.005, K=1 3.09 70.97 -1.50% [-1.97, -1.02]
µ=.001, K=5 7.15 70.67 -1.80% [-2.28, -1.32]
µ=.001, K=0 9.03 70.87 -1.96% [-2.44, -1.48]
LOBPCG 1.99 69.49 -2.87% [-3.45, -2.29]

Table 2: Comparison of forest cover-type models. Performance
on the shifted test data is measured relative to each model’s test
accuracy (accuracy on shifted data divided by accuracy on test
data minus 1). Optimal values are bolded.

2014]. Zhang et al. [2022] used performance on GAN-
generated data to predict generalizability.

For the chest X-ray models, we compared perfor-
mance on two similar transfer learning data sets, CheX-
pert [Irvin et al., 2019] and MIMIC-CXR [Johnson et al.,
2019] (using the six conditions common to all three data
sets). We kept the labeled training and validation sets
separate due to differences in how the conditions were
recorded. As the new chest X-ray data contains different
patients with conditions not present in the training data, it
tests how well these models perform in different popula-
tions. Kim et al. [2019]; Salehinejad et al. [2021] stated
that the use of data from multiple geographically and
temporally distinct sources is important to demonstrate
the generalizability of medical image models. Zech et
al. [2018] showed that a CheXNet model [Rajpurkar et
al., 2017] trained to detect pneumonia generalized poorly
to data from other hospital systems and times. Since this
is a multi-class, multi-label problem, we measure perfor-
mance using the mean area under the curve (AUC) of the
receiver operating characteristic curve over each class.

We selected different regularization parameters µ and
K via an informal grid search. If µ is too large, the model
will converge to a flat outlying point, predicting the same
class for each sample. If µ is too small, the regularization
will be ineffective.

Details on hyperparameters, network architectures,
hardware, and software are in Appendix C. Data sizes
are also discussed in Appendix C.1.

5.2 Results
We trained a feed-forward neural network on forest
cover-type data and compared the accuracy of models
on the randomly shifted test sets. We selected different
regularization parameters µ and K via an informal grid
search. Table 2 shows a benefit to the asymmetric valley,
entropy-SGD, and power iteration regularized models
over the unregularized model. The K-FAC and LOBPCG
models do not significantly outperform the unregularized
model. While there are some differences between the
various regularized models – there is some delineation



between those with lower ρ and higher – all generalize
better than the unregularized model. The relative de-
crease in accuracy on the shift data is less on the regu-
larized models than on the unregularized model. Also,
our spectral radius measure ρ mostly follows the reg-
ulation strictness. Our strictest regularized model with
µ = 0.01,K = 0 and small ρ = 2.16 saw the lowest
decrease in accuracy on the shifted data. The confidence
intervals show that models that performed worse on the
shifted data also had a higher variance in their results.
We further discuss the LOBPCG results in Section 5.5.

We trained a convolutional neural network on USPS
digits, using various regularization and optimization
methods, and compared the accuracy on multiple test
sets. Per Figure 1, while the models performed com-
parably on the test data (all models have an accuracy of
94.47-95.91%), our regularized models (both power iter-
ation and LOBPCG) performed significantly better than
the unregularized model on both augmented test data sets
(87.10-91.08% vs. 86.20% on Augmented Test 1; 65.37-
69.06% vs. 63.03% on Augmented Test 2). Our regular-
ized model with µ = 0.005 and K = 0 was the most ac-
curate on the USPS and augmented test sets. The model
with the lowest spectral radius (1.16, µ = 0.05 and
K = 1) performed second-best on the augmented data.
The asymmetric valleys model outperformed the other
baseline models but was still 2.2%-3.9% worse than the
µ = 0.005 and K = 0 model on the augmented data.
Also, Figure 1 shows that there is a clear relationship
between our regularization parameter µ and the spectral
radius ρ for our regularized models: as µ increases, ρ
decreases (provided it is greater than K). Figure 2 uses
70 models with different spectral radii to show that as ρ
increases, the magnitude of the generalization gap (be-
tween the test and augmented test sets) increases. This
implies that models with higher spectral radii tend to per-
form worse on this generalization task.

We also trained two GANs on USPS data using
Linder-Norén’s [2021] (GAN1) and Chhabra’s [2021]
(GAN2) methodology. We found that the images gen-
erated by GAN1 were too similar, causing the models to
classify or misclassify them in the same way. For exam-
ple, the µ = 0.005 and K = 0 model misclassified 0’s as
2’s, 5’s as 3’s, and 9’s as 6’s. GAN2 did not suffer from
this issue. The figure on the right of Figure 1 shows the
results. The model that performed best on the augmented
tests (µ = 0.005 and K = 0) performed fourth-best on
the MNIST (59.80%) and GAN2 data (88.15%) but per-
formed poorly on GAN1 (70.44%) due to the aforemen-
tioned issues. The regularized models with ρ ≈ 1.51 per-
formed best on the GAN data; the regularized model with
µ = 0.03 and K = 0 was 99.82% accurate on GAN1,
and the µ = 0.1 and K = 2 model was 91.35% ac-
curate on GAN2. Entropy-SGD performed best on the
MNIST data (67.12%), but regularized models were the
next four best-performing models. While examining the
GAN results, we realized that the generated images were
abnormally distributed relative to the USPS images. To
determine if these results were coincidental or due to this

Batch Test Relative Shift Acc.
Size ρ Acc. Mean 95% CI
32 5.25 69.39 -2.88% [-3.46, -2.29]
64 4.05 68.84 -3.10% [-3.69, -2.52]
128 2.16 70.39 -0.96% [-1.31, -0.61]
256 1.32 69.30 -1.52% [-2.01, -1.04]
512 1.24 69.16 -1.49% [-1.98, -1.00]

Table 3: Effect of batch size on accuracy of forest cover-type
models with µ = 0.01 and K = 0.

Batch Size ρ

32 4.82
64 3.31
128 2.16
256 1.39
512 0.93

Table 4: Computed spectral radius of forest cover-type model
with µ = 0.01 and K = 0 trained with batch size of 128.

distribution, we constructed two data sets, Const1 and
Const2, from the augmented test data to mimic the ab-
normal image distribution in GAN1 (see Appendix D)
and found that the µ = 0.005 and K = 0 model per-
formed best on the constructed data. Thus, we conclude
that the GAN1 results appear to be a coincidence and
recommend the µ = 0.005 and K = 0 model.

For chest X-ray comparisons, we trained CheXNet (a
121-layer DenseNet trained on chest X-ray data, based
on github.com/zoogzog/chexnet) as our baseline. Us-
ing this model as an initialization, we trained for an
additional epoch with our spectral radius regularization
method, comparing the mean AUC. Similarly, we used
this initialization to train the entropy-SGD, K-FAC, and
asymmetric valley models. For our regularized model,
we employed gradient clipping to curtail an exploding
spectral radius gradient. Figure 3 shows that the two
models with the lowest spectral radius ρ, our regularized
model (µ = 10−4 and α = 10−6) and entropy-SGD, per-
formed best on the transfer learning chest X-ray data sets.
Our model had a 5.34% lower ρ than entropy-SGD and
a lower performance drop on 3-of-the-4 transfer learning
data sets. In Appendix E, we use Grad-CAM to highlight
the regions of the X-rays used to make predictions. We
show that the two models with the lowest spectral radius
overlap the most in explanations, signifying that their ex-
planations generalize better too.

5.3 Batch Size
As discussed in Section 2, Keskar et al. [2017]; Yao et
al. [2018]; Jastrzebski et al. [2018] showed that large-
batch training methods yield more generalizable models.
This motivated us to analyze the effect of batch size on
the spectral radius and generalizability of our regularized
forest cover type and USPS models. Contrary to their
findings, we found (Tables 3 and 5) that smaller batch
models have a larger spectral radius. Despite this, the

https://github.com/zoogzog/chexnet


Figure 1: Accuracy of models trained on USPS data. Augmented Test (AT) 1 uses random crops of up to one pixel and random
rotations of up to 15◦. AT 2 uses crops of up to two pixels and rotations of up to 30◦.

Batch Accuracy
Size ρ Test AT 1 AT 2 MNIST GAN1 GAN2 Const1 Const2
32 7.88 93.27 85.00 61.58 55.21 90.07 86.18. 70.47 71.67
64 4.93 94.47 87.64 65.58 59.30 80.77 86.52 74.24 73.54
128 2.69 95.91 91.08 69.06 59.80 70.44 88.15 78.20 78.54
256 2.14 94.42 88.59 67.76 57.99 73.28 82.31 75.87 76.04
512 2.08 94.97 86.85 64.62 50.79 73.16 89.63 72.27 73.12

Table 5: Effect of batch size on accuracy of USPS models with µ = 0.005 and K = 0.

model with the original batch size (128) generally per-
formed best on our comparison tests. However, Table 4
shows that the batch size is a major contributing factor to
the computed spectral radius.

5.4 Computational Time Breakdown
Figure 4 shows that the computational time of the power
iteration regularization method was relatively high but
not prohibitively so. The unregularized models were the
fastest to train, followed by the asymmetric valley mod-
els. The power iteration model took the longest to train
on forest cover-type data and the second longest to train
on USPS. LOBPCG significantly improved the training
time of the forest cover-type model to the point where it
was the third-fastest model. However, it only decreased
the training time of the USPS model by 3%. K-FAC took
the longest to train on USPS data and the third longest on
forest cover type. Entropy-SGD was the second longest
on forest cover-type data and the third fastest on USPS.

Figure 5 shows that three-quarters of Algorithm 1’s

run time is spent on power iteration (lines 5-10). About
another 15% is spent on computing ∇ρk using R2 {·}
(line 11). 5-10% was spent on computing the results and
other tracked statistics.

5.5 Spectral Radius Computation
As shown in Section 5.4, the LOBPCG can improve
computational training time. These models also had the
second-lowest spectral radius (see Section 5.2). How-
ever, given the following drawbacks, we cannot univer-
sally recommend using this method. It requires addi-
tional parameter tuning of the update frequencies b and
step sizes α̃. We could not reasonably train a LOBPCG
model on the chest X-ray data since the additional mem-
ory constraints required a reduced batch size, making the
run time onerous. Furthermore, we found that the resid-
ual norm (||Hv − ρv||) was significantly higher for the
LOBPCG method than for the power iteration method.
Thus, our experiments indicate that the power iteration
method generally outperformed the LOBPCG method.



Figure 2: The generalization gap (augmented test accuracy di-
vided by test accuracy minus 1) of USPS models tends to be
larger for models with larger spectral radius ρ. A dotted linear
trend line is given for reference.

6 Conclusion
We developed algorithms for regularized optimization of
neural networks, targeted at finding flat minima. Fur-
thermore, we developed tools for calculating the regu-
larization term and its gradient. We proved that these
methods almost surely converge to a critical point. Then,
we demonstrated that our regularization generalizes bet-
ter than baseline comparisons on a range of applicable
problems by designing unique methods.

However, optimal performance requires tuning the
regularization parameters µ and K to balance the loss
and spectral radius terms, a data- and model-dependent
process. We observed that stricter regularization per-
formed better until the regularization was too strict and
the model would choose the majority class for all sam-
ples. Finding this point requires trial and error.
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Appendices

A Hessian-Vector Operations Derivation

The forward computation for each layer of a network
with input x, output y, weights w, activation σ, bias I ,
error or loss measure E = E(y), and direct derivative
ek = dE/dyk is given by:

xk = xk(yk−1, wk) =
∑
j

wjkyj(k−1)

yk = yk(xk, Ik) = σk(xk) + Ik

The backward computation:

∂E

∂yk
= ek(yk) +

∑
j

wjk
∂E

∂xj

∂E

∂xk
= σ′k(xk)

∂E

∂yk
∂E

∂wjk
= yk

∂E

∂xj

ApplyingRv {·} to forward pass:

Rv {xk;w} =
∑
j

(
wjkRv

{
yj(k−1);w

}
+ vjkyj(k−1)

)
Rv {yk;w} = Rv {xk;w}σ′k(xk)

The backward computation follows as:

Rv
{
∂E

∂yk
;w

}
=e′k(yk)Rv {yk;w}

+
∑
j

[
wjkRv

{
∂E

∂xj
;w

}
+ vjk

∂E

∂xj

]

Rv
{
∂E

∂xk
;w

}
=σ′k(xk)Rv

{
∂E

∂yk
;w

}
+Rv {xk;w}σ′′k (xk)

∂E

∂yk

Rv
{
∂E

∂wjk
;w

}
=ykRv

{
∂E

∂xj
;w

}
+Rv {yk;w} ∂E

∂xj

This yields the result found in Pearlmutter [1994]. How-
ever, we extend it one step further by applying Rv {·}
again, i.e., applying R2

v {·} = Rv {Rv {·}} to the origi-
nal forward pass:

R2
v {xk;w} =

∑
j

[
wjiR2

v

{
yj(k−1);w

}
+ 2vjkRv

{
yj(k−1);w

}]
R2
v {yk;w} =R2

v {xk;w}σ′k(xk)

+ (Rv {xk;w})2 σ′′k (xk)



The backward computation follows as:

R2
v

{
∂E

∂yk
;w

}
=e′′k(yk) (Rv {yk;w})2

+ e′k(yk)R2
v {yk;w}

+
∑
j

[
wjkR2

v

{
∂E

∂xj
;w

}
+

2vjkRv
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∂E

∂xj
;w

}]
R2
v

{
∂E

∂xk
;w

}
=2Rv {xk;w}σ′′k (xk)Rv
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∂yk
;w

}
+ σ′k(xk)R2

v
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∂E

∂yk
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}
+R2
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+ (Rv {xk;w})2 σ′′′k (xk)
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∂xj
;w

}
+ ykR2

v

{
∂E

∂xj
;w

}
+R2

v {yk;w} ∂E
∂xj

The original formulation Rv {·} allows us to effi-
ciently compute H(w)v, which can be used to compute
ρ(w) and/or estimate the eigenvector v̄ corresponding
to the spectral radius (via power iteration or LOBPCG).
However, the extended formulation R2

v {·} allows us to
efficiently compute vT∇H(w)v and thus ∇ρ(w). This
enables us to efficiently compute the gradient of our op-
timization problem for use in gradient descent methods.

B Convergence Analysis Proofs
B.1 Stochastic Gradient Descent Convergence
First, we prove the convergence of our regularization
term (Lemma 4.2).

Proof. We start by splitting vTk∇Hkvk into its compo-
nents

vTk∇Hkvk =(vk − v̄k + v̄k)T∇Hk(vk − v̄k + v̄k)

=(vk − v̄k)T∇Hk(vk − v̄k)

+ 2(vk − v̄k)T∇Hkv̄k + v̄Tk∇Hkv̄k.

The last term v̄Tk∇Hkv̄k = ∇ρ̄k by definition. We apply
the triangle inequality and bind the other terms. Given
the convergence criteria on vk and Assumptions A1 and
A4 (with ||H(w) − H(ω)|| ≤ L||w − ω||, ∀ w,ω ∈
Rn, L ≥ 0), it follows that∣∣∣∣(vk − v̄k)T∇Hkv̄k

∣∣∣∣ ≤ L ||vk − v̄k|| ≤ Lεk.

For the first term, we similarly get∣∣∣∣(vk − v̄k)T∇Hk(vk − v̄k)
∣∣∣∣ ≤L ||vk − v̄k||2
≤Lε2k.

Given Assumption A5, the limit

lim
k→∞

vTk∇Hkvk = lim
k→∞

v̄Tk∇Hkv̄k = lim
k→∞

∇ρ̄k.

Next, we prove that Algorithms 1 and 2 follow the as-
sumed update steps (Lemma 4.3):

Proof. We begin by splitting pk into its components

||pk||2 =||pk −∇gk +∇gk||2

=||pk −∇gk||2 + ||∇gk||2

+ 2 (pk −∇gk)
T ∇gk.

Let us first assume ρk > K. By the definition of gk and
the triangle inequality,

||∇gk||2 ≤ ||∇fk||2 + 2µ||∇fk||||∇ρk||+ µ2||∇ρk||2.

Taking the expectation (with respect to batch Bk con-
ditioned on the history Pk) and applying the Cauchy-
Schwarz inequality yields

EBk

[
||pk||2

∣∣Pk] ≤EBk

[
||∇fk||2

∣∣Pk]
+ 2µ

(
EBk

[
||∇fk||2

∣∣Pk]) 1
2

×
(
EBk

[
||∇ρk||2

∣∣Pk]) 1
2

+ µ2 EBk

[
||∇ρk||2

∣∣Pk] .
Applying Hölder’s inequality with ||∇fk||2, ||∇ρk||, p =
3/2, and q = 3 yields

EBk

[
||∇fk||2||∇ρk||

∣∣Pk] ≤ (EBk

[
||∇fk||3

∣∣Pk]) 2
3

×
(
EBk

[
||∇ρk||3

∣∣Pk]) 1
3 .

Similarly, using ||∇fk||3, ||∇ρk||, p = 4/3, and q = 4
yields

EBk

[
||∇fk||3||∇ρk||

∣∣Pk] ≤ (EBk

[
||∇fk||4

∣∣Pk]) 3
4

×
(
EBk

[
||∇ρk||4

∣∣Pk]) 1
4 .

Applying this, we obtain

EBk

[
||pk||3

∣∣Pk] ≤EBk

[
||∇fk||3

∣∣Pk]
+ 3µ

(
EBk

[
||∇fk||3

∣∣Pk]) 2
3

×
(
EBk

[
||∇ρk||3

∣∣Pk]) 1
3

+ 3µ2
(
EBk

[
||∇fk||3

∣∣Pk]) 1
3

×
(
EBk

[
||∇ρk||3

∣∣Pk]) 2
3

+ µ3 EBk

[
||∇ρk||3

∣∣Pk] ,



EBk

[
||pk||4

∣∣Pk] ≤EBk

[
||∇fk||4

∣∣Pk]
+ 4µ

(
EBk

[
||∇fk||4

∣∣Pk]) 3
4

×
(
EBk

[
||∇ρk||4

∣∣Pk]) 1
4

+ 6µ2
(
EBk

[
||∇fk||4

∣∣Pk]) 1
2

×
(
EBk

[
||∇ρk||4

∣∣Pk]) 1
2

+ 4µ3
(
EBk

[
||∇fk||4

∣∣Pk]) 1
4

×
(
EBk

[
||∇ρk||4

∣∣Pk]) 3
4

+ µ4 EBk

[
||∇ρk||4

∣∣Pk] .
Given Assumption A3, this implies that

EBk

[
||pk||j

∣∣Pk] ≤ Aj +Bj ||wk||j ,

for j = 2, 3, 4 and some positive constantsAj , Bj . Com-
bining this with the above results shows that the sec-
ond, third, and fourth moments of the update term are
bounded, as required.

If pk ≤ K, then pk = ∇fk, and the statement follows
from Assumption A3.

The rest of this proof uses our assumptions and lem-
mas and follows Bottou’s [1998] proof that SGD con-
verges. In the next step, we prove confinement (Lemma
4.4).

Proof. Let ϕ(x) :=

{
0, x < D,

(x−D)2, x ≥ D, and ψk :=

ϕ(||wk||2). This implies that

ϕ(y)− ϕ(x) ≤ (y − x)ϕ′(x) + (y − x)2,

for y, x ∈ R. Note that this becomes an equality when
x, y > D.

Applying this to ψk+1 − ψk, we derive

ψk+1 − ψk ≤
(
−2αkw

T
k pk + α2

k||pk||2
)
ψ′(||wk||2)

+ 4α2
k

(
wTk pk

)2 − 4α3
kw

T
k pk||pk||2

+ α4
k||pk||4.

By the Cauchy-Schwartz inequality, we get

ψk+1 − ψk ≤− 2αkw
T
k pkψ

′(||wk||2)

+ α2
k||pk||2ψ′(||wk||2)

+ 4α2
k||wk||2||pk||2 + 4α3

k||wk||||pk||3

+ α4
k||pk||4.

Taking the expectation, we have

EBk

[
ψk+1 − ψk

∣∣Pk] ≤− 2αkw
T
k∇gkψ′(||wk||2)

+ α2
k EBk

[
||pk||2

∣∣Pk]ψ′(||wk||2)

+ 4α2
k||wk||2 EBk

[
||pk||2

∣∣Pk]
+ 4α3

k||wk||EBk

[
||pk||3

∣∣Pk]
+ α4

k EBk

[
||pk||4

∣∣Pk] .

Given Assumption A2, for sufficiently large k, α2
k ≥

α3
k ≥ α4

k. Due to Lemma 4.3, there exist positive con-
stants A0, B0 such that

EBk

[
ψk+1 − ψk

∣∣Pk] ≤− 2αkw
T
k∇gkψ′(||wk||2)

+ α2
k

(
A0 +B0||wk||4

)
,

and thus, there exist positive constants A,B such that
EBk

[
ψk+1 − ψk

∣∣Pk] ≤− 2αkw
T
k∇gkψ′(||wk||2)

+ α2
k (A+Bψk) .

If ||wk||2 < D, then ψ′(||wk||2) = 0, and the first term
on the right-hand side is zero. If ||wk||2 ≥ D, by As-
sumption A6, the first term of the right-hand side is neg-
ative. Therefore,

EBk

[
ψk+1 − ψk

∣∣Pk] ≤ α2
k (A+Bψk) .

We then transform the expectation inequality to
EBk

[
ψk+1 − (1 + α2

kB)ψk
∣∣Pk] ≤ α2

kA.

We define the sequences φk, ψ̃k as follows:

φk :=

k−1∏
i=1

1

1 + α2
iB

and ψ̃k := φkψk.

Note that 0 < lim
k→∞

φk := φ∞ < ∞ (this can be shown

by considering log φk and using the condition on the sum
of the squared learning rate). By substituting these se-
quences into the above inequality, we obtain

EBk

[
ψ̃k+1 − ψ̃k

∣∣Pk] ≤ α2
kφk+1A.

By defining δk(u) := (E [uk+1 − uk])
+, for some

process uk, we can bound the positive expected varia-
tions of ψ̃k, as follows

E
[
δk

(
ψ̃
)]

=E
[(

EBk

[
ψ̃k+1 − ψ̃k

∣∣Pk])+]
≤α2

kφk+1A.

Due to Assumption A2, the sum of this expectation is
finite. By the Quasi-Martingale Convergence Theorem,
ψ̃k converges almost surely. And, since φk converges
to φ∞ > 0, ψk converges almost surely. Suppose
lim
k→∞

ψk = ψ∞ > 0.

If {wk}∞k=1 is unbounded, then for sufficiently large
k ≥ κ, ||wk||2 > D+1 and ψ′(||wk||2) ≥ c1 > 0. With-
out loss of generality, we assume this instead of dealing
with a subsequence. Under these conditions, the given
inequality becomes equality
ψk+1 − ψk =

(
−2αkw

T
k pk + α2

k||pk||2
)
ψ′(||wk||2)

+
(
−2αkw

T
k pk + α2

k||pk||2
)2
.

Therefore, we can express ψ∞ as the infinite sum

ψ∞ − ψκ =

∞∑
k=κ

[ψk+1 − ψk]

=

∞∑
k=κ

[ (
−2αkw

T
k pk + α2

k||pk||2
)
ψ′(||wk||2)

+
(
−2αkw

T
k pk + α2

k||pk||2
)2 ]

.



The next statements hold almost surely. We have
∞∑
k=κ

(
−2αkw

T
k pk + α2

k‖pk‖2
)2 ≤ ∞∑

k=κ

α2
k (A+Bψk) .

This can be seen by expanding the square and using
Cauchy-Schwarz and Lemma 4.3. Since ψk converges
almost surely, it is bounded above by ψk ≤ c2 almost
surely. Defining c3 := A+Bc2, we have

∞∑
k=κ

(
−2αkw

T
k pk + α2

k||pk||2
)2 ≤ ∞∑

k=κ

α2
kc3.

Assumption A2 implies the convergence of the series on
the right-hand side. Because the terms of the sum on
the left are non-negative, this sum also converges almost
surely by the Monotone Convergence Theorem. Simi-
larly, the sum

∑∞
k=κ α

2
k||pk||2ψ′(||wk||2) converges al-

most surely. This uses Assumption A2, Lemma 4.3, and
that ψk and ψ′(||wk||2) are positive and almost surely
bounded above.

Now, we subtract these convergent series from the
equation for ψ∞ to get

ψ∞ − ψκ −
∞∑
k=κ

α2
k‖pk‖2ψ′(‖wk‖2)

−
∞∑
k=κ

(
−2αkw

T
k pk + α2

k‖pk‖2
)2

=

∞∑
k=κ

[ (
−2αkw

T
k pk + α2

k‖pk‖2
)
ψ′(‖wk‖2)

+
(
−2αkw

T
k pk + α2

k‖pk‖2
)2 ]

−
∞∑
k=κ

α2
k‖pk‖2ψ′(‖wk‖2)

−
∞∑
k=κ

(
−2αkw

T
k pk + α2

k‖pk‖2
)2
.

Since the involved series almost surely converge, we can
combine the terms to obtain

ψ∞ − ψκ −
∞∑
k=κ

[
α2
k‖pk‖2ψ′(‖wk‖2)

+
(
−2αkw

T
k pk + α2

k‖pk‖2
)2 ]

=

∞∑
k=κ

−2αkw
T
k pkψ

′(‖wk‖2).

Let us consider the sum on the right-hand side. By
Assumption A6, wTk∇gk ≥ c4 > 0 and thus

∞∑
k=κ

−2αkw
T
k pkψ

′(‖wk‖2) ≤
∞∑
k=κ

−2αkc4c1.

Assumption A2 implies that this sequence diverges to
negative infinity. This yields a contradiction, since the
left-hand side must be a finite value. Therefore, {wk}∞k=1
must be bounded.

Next, we prove that SGD converges almost surely
(Theorem 4.1).

Proof. All statements here are taken almost surely. By
Assumption A1, we have f ∈ C5. From linear algebra,
the Hessian of ρ(w) is continuous (the largest eigenvalue
is a continuous function of a parametric matrix with con-
tinuous functions). This implies that g ∈ C3, and thus,
by Lemma 4.4 it is bounded on the set of all iterates.
We can bound differences in the loss criteria gk using
a first-order Taylor expansion and bounding the second
derivatives with K1.

|gk+1 − gk + αkp
T
k∇gk| ≤ α2

k||pk||2K1.

This can be rewritten as:

gk+1 − gk ≤ −αkpTk∇gk + α2
k||pk||2K1.

Taking the expectation, we get

EBk

[
gk+1 − gk

∣∣Pk] ≤− αk EBk

[
pTk∇gk

∣∣Pk]
+ α2

k EBk

[
||pk||2

∣∣Pk]K1.

We decompose pk = ∇gk + (pk −∇gk) and bound the
expectation using Lemmas 4.3 and 4.4

EBk

[
||pk||2

∣∣Pk] ≤ A2 +B2||wk||2 ≤ K2.

This yields

EBk

[
gk+1 − gk

∣∣Pk] ≤ −αk||∇gk||2 + α2
kK1K2

−αk EBk

[
(pk −∇gk)T∇gk

∣∣Pk] . (1)

Next, we apply the Cauchy-Schwarz inequality and
bound the error term. From our proof to Lemma 4.2,
we have∣∣∣∣vTk∇Hkvk − v̄Tk∇Hkv̄k

∣∣∣∣ ≤ 2Lεk = C1εk.

This implies∣∣∣∣EBk

[
pk
∣∣Pk]−∇gk∣∣∣∣ ≤ C1εk.

We also bound ||∇gk|| ≤ C2 using Lemma 4.4. Com-
bining these bounds yields∣∣∣∣EBk

[
pk
∣∣Pk]−∇gk∣∣∣∣ ||∇gk|| ≤ εkK3. (2)

Applying (2) to (1) gives us

EBk

[
gk+1 − gk

∣∣Pk] ≤ α2
kK1K2 + αkεkK3.

The positive expected differences are then bounded by

EBk

[
δk (h)

∣∣Pk] =EBk

[
δ EBk

[
gk+1 − gk

∣∣Pk]]
≤α2

kK1K2 + αkεkK3.

By the Quasi-Martingale Convergence Theorem, gk con-
verges almost surely,

gk
a.s.−−−−→

k→∞
g∞.

Since gk converges,
∑∞
k=1 EBk

[
gk+1 − gk

∣∣Pk] also
converges. Furthermore, the series

∑∞
k=1 α

2
kK1K2 and



∑∞
k=1 αkεkK3 converge due to Assumption A2. From

(1) we have

∞∑
k=1

αk||∇gk||2 <∞. (3)

We define θk = ||∇gk||2. The differences of θk are
bounded using the Taylor expansion, similarly to the dif-
ferences of gk

θk+1 − θk ≤ −2αkp
T
k∇2gk∇gk + α2

k||pk||2K4,

for some constant K4. Taking the expectation, we de-
compose pk and bound ||pk||2 similarly to (1).

θk+1 − θk ≤ −2αk∇gTk∇2gk∇gk + α2
kK2K4

−2αk EBk

[
(pk −∇gk)T∇2gk∇gk

∣∣Pk]
We also bound the second derivative by ||∇2gk|| ≤
K5/2 and the error term using (2), yielding

EBk

[
θk+1 − θk

∣∣Pk] ≤αk||∇gk||2K5 + α2
kK2K4

+ αkεkK3K5.

The positive expectations are bounded,

EBk

[
δk (θ)

∣∣Pk] =EBk

[
δ EBk

[
θk+1 − θk

∣∣Pk]]
≤αk||∇gk||2K5 + α2

kK2K4

+ αkεkK3K5.

Since the terms on the right-hand side are sums of con-
vergent infinite sequences (due to Assumption A2 and
(3)), by the Quasi-Martingale Convergence Theorem, θk
converges almost surely. Suppose ||∇gk|| converges to a
positive value C3 > 0. Then for sufficiently large k ≥ κ
there exists a positive constant 0 < C4 < C3 such that

||∇gk|| ≥ C4. Thus,
∞∑
k=κ

αk||∇gk||2 ≥ C2
4

∞∑
k=κ

αk. By

Assumption A2, this diverges, contradicting (3). There-
fore, the limit must be zero

θk
a.s.−−−−→

k→∞
0 and∇gk

a.s.−−−−→
k→∞

0.

C Additional Experiment Details
The code is available at
https://anonymous.4open.science/r/spectral-radius/.
The algorithm is written in Python, using PyTorch
[Paszke et al., 2019] and TorchVision [Marcel and
Rodriguez, 2010]. Forest cover-type and USPS exper-
iments are run on a 3.1 GHz Dual-Core Intel Core i5
processor with 16 GB 2133 MHz LPDDR3 memory.
Chest X-ray experiments are run on an Intel Xeon CPU
E5-2650 v4 @ 2.20GHz with an NVIDIA Tesla K40c
GPU.

C.1 Data Sets
The forest cover-type data [Blackard and Dean, 1999]
uses cartographic data to predict the tree species (as de-
termined by the United States Forest Service) of a 30
x 30-meter cell. This cartographic data includes eleva-
tion, aspect, slope, distance to surface water features,
distance to roadways, hill-shade index at three times of
day, distance to wildfire ignition points, wilderness area
designation, and soil type. Seven major tree species
are included: spruce/fir, lodgepole pine, Ponderosa pine,
cottonwood/willow, aspen, Douglas-fir, and krummholz.
In total, 581,012 samples are included, which we split
64%/16%/20% into train/validation/test data sets.

The USPS digits data [LeCun et al., 1990] includes 16
x 16 pixel greyscale images from scanned envelopes to
identify which digit 0-9 each image corresponds to. This
data set is already split into 7,291 training and 2,007 test
images. We take 1/7 of the training set as validation.

The chest X-ray data [Wang et al., 2017] contains
1024 x 1024 pixel color images of patients’ chest X-rays,
to identify which of fourteen lung diseases each patient
has. Note that this is a multi-label problem; patients can
have none, one, or multiple of these conditions. A total
of 112,120 patients’ images are included, taken between
the years 1992 and 2015, which we split 70%/10%/20%
into train/validation/test data sets.

C.2 Generalization Tests
For forest cover-type data, we weight the test subjects to
shift the mean of a feature or multiple features. Since we
normalize the data, the weight of each test subject is de-
termined by the ratio of the normal probability distribu-
tion function value with and without the shift. This shift
adds a slight bias to the test set that is not in the original
data set. We first use this shift method to increase the
mean of each feature value by 0.1, compare the accuracy
of our trained models, and find that certain features are
problematic. Upon further examination, this is because
these features are binary factors with rare classes (so our
weighting of subjects emphasizes a few of them). Then,
we shift each feature (except the problematic features) by
a random normal amount (with mean 0 and standard de-
viation 0.05), compare the accuracy of our trained mod-
els, and repeat it one thousand total times.

For USPS handwritten digits data, we augment the test
set: Augmented Test 1 uses random crops (with padding)
of up to one pixel and random rotations of up to 15◦;
Augmented Test 2 uses crops of up to two pixels and ro-
tations of up to 30◦. Note that we do not augment our
training set while learning our models, as a similar aug-
mentation would yield comparable training and test sets.

For the Conditional GAN examples, we modify
Linder-Norén’s [2021] implementation and generate
10,000 images from the trained generator model. We
train the GAN model with a batch size of 64, cosine
annealing learning rate (initially 10−4), β1 = 0.5, and
β2 = 0.999. We randomly smooth the labels to be uni-
form between 0.0 and 0.3 for generated samples and 0.7
and 1.0 for true samples. We also swap the labels on 1%

https://anonymous.4open.science/r/spectral-radius/


of batches, chosen at random. We also modify Chhabra’s
[2021] implementation and generate 10,000 images from
the trained generator model.

For the chest X-ray data, we compare performance on
two similar data sets, CheXpert [Irvin et al., 2019] and
MIMIC-CXR [Johnson et al., 2019]. For this compari-
son, we only consider the six conditions common to the
three data sets: atelectasis, cardiomegaly, consolidation,
edema, pneumonia, and pneumothorax. Additionally, we
ignore any uncertain labels in the CheXpert and MIMIC-
CXR classes. We keep the assigned training and valida-
tion data sets separate for each data set, as there appear to
be differences in labeling. Particularly, the CheXpert val-
idation set is fully labeled, while the training set contains
uncertain and missing labels. While these are labeled
“training” and “validation” sets, we solely use them as
test sets. CheXpert contains 234 validation and 223,415
training images from Stanford Hospital, taken between
2002 and 2017. MIMIC-CXR contains 2,732 validation
and 369,188 training images from Beth Israel Deaconess
Medical Center, taken between the years 2011 and 2016.

We measure the spectral radius ρ of each model on the
full training set. We use ε = 10−3 and a maximum of
1,000 power iterations, except for the chest X-ray mod-
els, where we use ε = 0.1 and a maximum of 100 power
iterations. These values allow the algorithm to find an
accurate eigenvalue within a reasonable run time.

C.3 Implementation
For forest cover-type models, we train using stochastic
gradient descent, with learning rate 0.5

epoch # , batch size of
128, and a maximum of 100 epochs. For models with
batch sizes 32 and 64, we use a 0.1

epoch # learning rate in-
stead. The network uses 3 hidden layers with 20 hid-
den nodes in each layer. The learning rate and maximum
number of epochs allow our algorithm to converge to an
accurate model. We experiment with other feed-forward
networks, learning rates, and optimizers but find that this
structure works best. Our experiments with batch size
are discussed in Section 5.3.

For USPS models, we use the Adam optimizer with a
learning rate of 10−3, a batch size of 128, and a max-
imum of 100 epochs. The network takes an input im-
age and processes it through the following layers in or-
der: convolution to 8 channels, pool, convolution to 16
channels, pool, convolution to 32 channels, pool, fully
connected to 64 nodes, fully connected to 10 nodes, soft-
max. All convolutions are of kernel size 3, stride 1, and
padding 1; all pools are max pooling with kernel size
2 and stride 2. ReLUs are used to connect the vari-
ous layers. The MNIST images are re-sized to be 16
x 16 to match the model’s input size. We similarly ex-
periment with feed-forward and other convolutional net-
works, learning rates, and optimizers, but find that this
structure performs best.

For the chest X-ray models, we resize the images to
256 x 256 and then crop them to 224 x 224. We use the
Adam optimizer with a learning rate of 10−5, batch size

of 4, a maximum of 100 power iterations, random initial-
ization of each power iteration, and gradient clipping (at
a magnitude of 100). The crops and small batch size are
necessary for the GPUs on our server to not run out of
memory (12 GB). Using a CheXNet model [Rajpurkar et
al., 2017] (trained using their methodology) as the ini-
tialization, we train for an additional epoch, except for
the Asymmetric Valley model (which we address later).
We also try 5 epochs; however, the first epoch has the
highest validation mean AUC in each case.

The entropy-SGD models are trained with a learning
rate of 0.1 (except on chest X-ray data, where 0.001 is
used), a momentum of 0.9, and no dampening or weight
decay. The K-FAC models are trained using Wang’s
[2019] implementation, with a learning rate of 0.001 (ex-
cept on chest X-ray data, where 10−7 is used) and a mo-
mentum of 0.9.

The Asymmetric Valley models are trained with an ini-
tial learning rate of 0.5 for 250 epochs (iterations 161-
200 utilizing SWA). For chest X-ray data, we start at
the SWA step, using CheXNet initialization [Rajpurkar
et al., 2017].

The forest cover-type LOBPCG model is trained with
regularization parameters µ = .0028 and K = 1, update
frequency b = 4 and learning rate α̃(j) = exp(−4j−2).
The USPS LOBPCG model is trained with regularization
parameters µ = .005 and K = 0, update frequency b =
4 and learning rate α̃(j) = exp(−4j).

D Constructed Data Sets
During analysis of the performance of GAN1, we com-
pute the minimum distance (L2-norm) between each im-
age in the GAN1 data set and the images in the USPS test
data. We notice that the GAN1 images are distributed
differently, relative to the USPS test data, compared to
the other data sets. In particular, Figure 6 shows that
the augmented data sets have a bell-curve distribution
of such distances, while GAN1 has an abnormal distri-
bution. We construct a data set, Const1, from the aug-
mented test data sets using the following procedure.

1. Split the data with respect to distances into integer
bins [0,1), [1,2), · · · , [17,18).

2. Uniformly at random, select 5 bins to draw zero im-
ages from.

3. For the remaining bins, select one of the two aug-
mented test data sets at uniform random. Add all
images from the selected data set in the bin’s dis-
tance range to the constructed data set.

This procedure creates a constructed data set intended
to emulate the abnormal distribution of the GAN1 data.

We repeat this process with maximum cosine similar-
ity between images and observe similar distributional ab-
normalities in the GAN1 data (Figure 7). We construct
Const2 from the augmented data set using a similar pro-
cedure, but with bins [0.5, 0.525), [0.525, 0.55), · · · ,
[0.975, 1.0).



(a) GAN1 (b) Const1

(c) AT1 (d) AT2

Figure 6: Histograms of Euclidean distance between data sets and USPS test data

E Grad-CAM
We use Gildenblat’s [2021] Grad-CAM implementation
to highlight which areas of the chest X-rays are important
to our best regularized model (µ = 10−4 and α = 10−6)
and the predictions of the baseline models. We compute
the Jaccard index of the top 10% of pixels in each Grad-
CAM image to compare which regions are important to
each model.

Tables 6 and 7 show that the two models with the low-
est spectral radius ρ, our regularized model and entropy-
SGD, have the highest overlap in explanations. These
models highlight similar areas of the chest X-rays as im-
portant in making predictions. The Jaccard scores of
their overlap are over .5 on the CheXpert and MIMIC-
CXR validation data, the highest of any pair of models.
Since these models also perform best on these transfer
learning data, evidence suggests that models with low
spectral radius generalize better in both their explana-
tions and predictions. The three models with higher
spectral radii have a larger dip in performance and less
overlap in their explanations.

In contrast, the three models with higher spectral ra-
dius, unregularized, K-FAC, and asymmetric valley, have
a higher performance drop on the transfer learning data
sets and have less overlap in their explanations. These
models have mean Jaccard scores of .202-.306 on the
CheXpert Validation data, lower than the spectral radius
regularization and EntropySGD scores of .342 and .351.
The high spectral radius models have scores of .199-.249
on MIMIC-CXR Validation data, while the low spectral
radius models have scores of .330 and .316.



(a) GAN1 (b) Const2

(c) AT1 (d) AT2

Figure 7: Histograms of cosine similarity between data sets and USPS test data

Jaccard Score of Overlap on CheXpert Validation Data
Model ρ SpecRad EntropySGD UnReg KFAC AsymValley Mean PerfDrop
SpecRad 38.92 1.000 0.508 0.192 0.294 0.374 0.342 -4.15%
EntropySGD 41.11 0.508 1.000 0.181 0.280 0.435 0.351 -3.09%
UnReg 68.29 0.192 0.181 1.000 0.283 0.152 0.202 -10.30%
KFAC 84.65 0.294 0.280 0.283 1.000 0.261 0.280 -13.16%
AsymValley 1198.69 0.374 0.435 0.152 0.261 1.000 0.306 -10.06%

Table 6: There is more overlap in the explanations from the two models with low spectral radius ρ (our spectral radius regularization
and entropy-SGD) on the CheXpert Validation data set.

Jaccard Score of Overlap on MIMIC-CXR Validation Data
Model ρ SpecRad EntropySGD UnReg KFAC AsymValley Mean PerfDrop
SpecRad 38.92 1.000 0.504 0.216 0.285 0.313 0.330 -8.10%
EntropySGD 41.11 0.504 1.000 0.172 0.229 0.358 0.316 -9.21%
UnReg 68.29 0.216 0.172 1.000 0.272 0.134 0.199 -10.80%
KFAC 84.65 0.285 0.229 0.272 1.000 0.192 0.245 -10.71%
AsymValley 1198.69 0.313 0.358 0.134 0.192 1.000 0.249 -10.84%

Table 7: There is more overlap in the explanations from the two models with low spectral radius ρ on the MIMIC-CXR Validation
data set.
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