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THE IMPACT OF THE MINI-BATCH SIZE ON THE DYNAMICS OF
SGD: VARIANCE AND BEYOND*

ANONYMOUS AUTHORS

Abstract. We investigate the mini-batch stochastic gradient descent (SGD) dynamics under
deep polynomially-activated networks and general feed-forward neural networks by representing the
stochastic gradient (SG) estimators using only the initial weights and mini-batch size — a novel and
under-explored approach. For polynomially-activated networks, we derive recursive relationships
between the norms of gradients and weight matrices across consecutive time steps. Additionally,
we demonstrate that in each iteration, the norm of the gradient is a polynomial function of the
reciprocal of the mini-batch size and decreases with increasing mini-batch size. In the more general
case, we show that, the norm of the gradient in a general feed-forward network can be arbitrarily well
approximated by some polynomially-activated networks at any given time step.

These results theoretically back the widely accepted intuition that smaller batch sizes yield larger
variance of the SG estimators and lower loss function values. The proof techniques exhibit explicit
connections between various general functions of SG estimators and initial weights, facilitating further
research on SGD dynamics. We provide empirical insights into our findings across multiple datasets
and commonly used deep network structures, and discuss potential extensions of these approaches to
study the generalization capabilities of deep learning models. Updated abstract a bit. please also
check the keywords below.

Key words. Stochastic Gradient Descent, Polynomially-activated Neural Networks, Variance of
SG estimators

AMS subject classifications. 68Q25, 68R10, 68U05

1. Introduction. Deep learning models have achieved great success in a variety
of tasks including natural language processing, computer vision, and reinforcement
learning [9]. Despite their practical success, there are only limited studies of the
theoretical properties of deep learning; see survey papers [39, 8] and references therein.
The general problem underlying deep learning models is to optimize (minimize) a
loss function, defined by the deviation of model predictions on data samples from the
corresponding true labels. The prevailing method to train deep learning models is the
mini-batch stochastic gradient descent algorithm and its variants [4, 5]. SGD updates
model parameters by calculating a stochastic approximation of the full gradient of
the loss function, based on a random selected subset of the training samples called a
mini-batch.

Although SGD can converge to the minimum of a convex function [6], deep
neural networks are strongly non-convex. Thus, the success of SGD in neural network
training, especially the dynamics of SGD, becomes an interesting question. Some
researchers approximate the dynamics of SGD by a continuous-time dynamic system
[26, 25, 28, 17]. Another line of research [27, 7, 1] show that the dynamics of SGD
in training over-parameterized neural networks are similar to training a linear model.
However, these statements are approximate in nature and do not provide explicit
formulas for calculating any specific quantities during SGD training. The mini-batch
size is also a key factor deciding the dynamics of SGD. Some research focuses on how
to choose an optimal mini-batch size based on different criteria [38, 11]. However, these
works make strong assumptions on the loss function properties (strong or point or quasi
convexity, or constant variance near stationary points) or about the formulation of the
SGD algorithm (continuous time interpretation by means of differential equations).
The theoretical results regarding the relationship between the mini-batch size and
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2 ANONYMOUS AUTHORS

the variance (and other performances, like loss and generalization ability) of the SGD
algorithm applied to general machine learning models are still missing.

Besides, it is well-accepted that selecting a large mini-batch size reduces the
training time of deep learning models, as computation on large mini-batches can be
better parallelized on processing units. For example, Goyal et al. [12] scale ResNet-50
[13] from a mini-batch size of 256 images and training time of 29 hours, to a larger
mini-batch size of 8,192 images. Their training achieves the same level of accuracy
while reducing the training time to one hour. However, noted by many researchers,
larger mini-batch sizes suffer from a worse generalization ability [22, 19]. Therefore,
many efforts have been made to develop specialized training procedures that achieve
good generalization using large mini-batch sizes [16, 12]. Smaller batch sizes have
the advantage of allegedly offering better generalization (at the expense of a higher
training time). We hypothesize that, given the same initial point, smaller sizes lead to
lower training loss and, unfortunately, decrease stability of the algorithm on average.
The latter follows from the fact that the smaller is the batch size, more stochasticity
and volatility is introduced. After all, if the batch size equals to the number of samples,
there is no stochasticity in the algorithm. To this end, we conjecture that the variance
of the gradient in each iteration is a decreasing function of the mini-batch size. We
partially prove this conjecture in this work.

In this paper, we study the dynamics of SGD by representing related quantities
only using the mini-batch size, initial points and learning rates, which are available
before training. This is different from previous literature which analyzes SGD by
focusing on one-step properties. In fact, the dynamics of SGD are not comparable if
we merely consider the one-step behavior, as the model parameters change iteration
by iteration. We develop general frameworks for studying the dynamics of mini-batch
SGD in deep polynomially-activated neural networks. These frameworks offer explicit
and recursive relationships of various general forms that encompass multiple aspects
of SGD dynamics. Additionally, we investigate the dynamics of general feed-forward
networks by approximating them with polynomially-activated networks.

As an application of our frameworks, we validate the hypothesis regarding variance
in both deep-polynomially activated network and general feed-forward settings. We
demonstrate that variance is a polynomial function of the reciprocal of the mini-batch
size and decreases if the mini-batch size surpasses a specific threshold (subsequent
experiments show that this threshold can be as low as 1). The increased variance
with smaller mini-batch sizes should intuitively result in convergence to lower training
loss values and ultimately better prediction and generalization capabilities (although
these relationships remain to be confirmed analytically, we offer empirical evidence
supporting their validity).

The major contributions of this paper are as follows.

(i) For deep polynomially-activated neural network under a teacher-student setting,
we build a framework to recursively calculate the trace of any product of the SG
estimators, weight matrices, and other constant matrices at time step ¢ by using the
variables at time step ¢ — 1 (Theorems 3.1 and 3.2). This explicit relationship can
be used to derive the expected value of the product of the weight matrices and SG
estimators as a polynomial in 1/b with coefficients a sum of products of the initial
weights (Theorem 3.3). As a special case, the variance of the SG estimator is a
polynomial in 1/b without the constant term (Theorem 3.4) and therefore it is a
decreasing function of b when b is large enough (Theorem 3.5). The results and proof
techniques can be extended in an approximate sense to deep networks with general
non-linear activation functions (Section 3.2). As a comparison, other papers that
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THE IMPACT OF THE MINI-BATCH SIZE ON THE DYNAMICS OF SGD 3

study theoretical properties of two-layer networks either fix one layer of the network,
or assume the over-parameterized property of the model and they study convergence,
while our paper makes no such assumptions on the model capacity. The proof also
reveals the structure of the coefficients of the polynomial, and thus it serves as a tool
for future work on proving other properties of the SG estimators and weight matrices.

(ii) The proofs are involved and require several key ideas. The main one is to
show a more general result than it is necessary in order to carry out the induction
on time step t. New concepts and definitions are introduced in order to handle the
more general case. Along the way we show a result of general interest establishing
expectation of the product of quadratic terms of samples with general distribution
intertwined with constant matrices.

(iiil) We verify the theoretical results regarding the decreasing property of variance
on various datasets and provide a further understanding. We also empirically show
that the results extend to other widely used network structures and hold for all choices
of the mini-batch sizes. We also empirically verify that, on average, in each iteration
the loss function value and the generalization ability (measured by the gap between
accuracy on the training and test sets) are all decreasing functions of the mini-batch
size.

In conclusion, we study the dynamics of SGD under deep polynomially-activated
network and general feed-forward networks settings by building frameworks that can
recursively and explicitly calculate general products and sums of the SG estimators and
weights matrices between consecutive iterations. As an application of the frameworks,
we focus on representing the variance of the SG estimators by the mini-batch size,
initial weights and other constant variables, and therefore prove the decreasing property
of the variance of the SG estimators. The proof techniques can also be used to derive
other properties of the SGD dynamics in regard to the mini-batch size and initial
weights. To the best of authors’ knowledge, the work is the first one to theoretically
and explicitly study the important quantities of SGD at iteration ¢ only using the
initial weights and mini-batch size, under mild assumptions on the network and the loss
function. We support our theoretical results by experiments. We further experiment
on other state-of-the-art deep learning models and datasets to empirically show the
validity of the conjectures about the impact of mini-batch size on average loss, average
accuracy and the generalization ability of a model.

The rest of the manuscript is structured as follows. In Section 2 we review the
literature while in Section 3 we present a general framework on how to recursively
represent some functions of the SG estimators by initial weights, under different models
including deep polynomially-activated networks and general neural networks. We also
provide applications of the presented framework in Section 3. Section 4 presents the
experiments that verify our theorems and provide further insights into the impact of
the mini-batch sizes on SGD dynamics. The proofs of the theorems and other technical
details are available in Appendix A.

2. Literature Review. Stochastic gradient descent type methods are broadly
used in machine learning [3, 21, 5]. The performance of SGD highly relies on the choice
of the mini-batch size. It has been widely observed that choosing a large mini-batch
size to train deep neural networks appears to deteriorate generalization [22]. This
phenomenon exists even if the models are trained without any budget or limits, until
the loss function value ceases to improve [19]. One explanation for this phenomenon is
that large mini-batch SGD produces “sharp” minima that generalize worse [15, 19].
Specialized training procedures to achieve good performance with large mini-batch

This manuscript is for review purposes only.
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4 ANONYMOUS AUTHORS

sizes have also been proposed [16, 12].

It is well-known that SGD has a slow asymptotic rate of convergence due to
its inherent variance [18]. Variants of SGD that can reduce the variance of the SG
estimator, which yield faster convergence, have also been suggested. The use of the
information of full gradients to provide variance control for stochastic gradients is
addressed in [18, 34, 36]. The works in [23, 24, 35] further improve the efficiency and
complexity of the algorithm by carefully controlling the variance.

There is prior work focusing on studying the dynamics of SGD. Neelakantan et
al. propose to add isotropic white noise to the full gradient to study the “structured”
variance [31]. The works in [25, 28, 17] connect SGD with stochastic differential
equations to explain the property of converged minima and generalization ability of
the model. Smith et al. propose an “optimal” mini-batch size which maximizes the
test set accuracy by a Bayesian approach [38]. The Stochastic Gradient Langevin
Dynamics (SGLD, a variant of SGD) algorithm for non-convex optimization is studied
in [43, 30].

In most of the prior work about the convergence of SGD, it is assumed that the
variance of SG estimators is upper-bounded by a linear function of the norm of the
full gradient, e.g. Assumption 4.3 in [5]. Gower et al. [11] give more precise bounds of
the variance under different sampling methods and Khaled et al. [20] extend them to
smooth non-convex regime. These bounds are still dependent on the model parameters
at the corresponding iteration. To the best of the authors’ knowledge, there is no
existing result which represents SG estimators only using the initial weights and the
mini-batch size. This paper partially solves this problem.

3. Analysis. Mini-batch SGD is a lighter-weight version of gradient descent.
Suppose that we are given a loss function L(w) where w is the collection (vector,
matrix, or tensor) of all model parameters. At each iteration ¢, instead of computing
the full gradient V,,L(w;¢), SGD randomly samples a mini-batch set B; that consists
of b = |B| training instances and sets wyy1 <« wy — @4V, L, (wy), where the positive
scalar «; is the learning rate (or step size) and V., Lg, (w;) denotes the SG estimator
based on mini-batch B;.

An important property of the SG estimator V,,Lg, (w;) is that it is an unbiased
estimator, i.e. E[VLg,(w)] = VyL(we), where the expectation is taken over all
possible choices of mini-batch B;. However, it is unclear what is the value of

var (Vo L, (wy)) := E [V Lis, (we)|* = |[EV . L, (wy)

Intuitively, we should have var (V,,Lg, (w;)) o ”;var(VwL(wt)), where n is the
number of training samples and stochasticity on the right-hand side comes from
mini-batch samples behind w; [38, 11]. However, even the quantities V,,L(w;) and
var (V,, L(w;)) are still challenging to compute as we do not have direct formulas of
their precise values. Besides, as we choose different b’s, their values are not comparable
as we end up with different w;’s.

A plausible idea to address these issues is to represent E [V, Lg, (w;)] and var(V,,
L, (w)) only using the fixed and known quantities wy, b, t, and «;. In this way, we can
further discover the properties, like decreasing with respect to b, of E [V, L, (w;:)] and
var (V. Lp, (w:)). The biggest challenge is how to connect the quantities in iteration ¢
with those of iteration 0. This is similar to discovering the properties of a stochastic

INote that this definition is different from the variance of a vector, i.e., the covariance matrix.
This “scalar” variance is a common practice in the field of optimization (e.g. equation (4.6) in [5]).
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differential equation at time ¢ given only the dynamics of the stochastic differential
equation and the initial point. Anonymous Authors [2] present explicit formulas for
calculating any norm of the linear combination of sample-wise gradients in the linear
regression setting. Although this setup is simpler than that of neural networks, it
necessitates non-trivial mathematical proofs to establish the connection between SG
estimators at iteration ¢ using only information available at iteration 0.

In this section, we address these questions by recursively representing some
general forms of SG estimators under two settings: deep polynomially-activated
networks and general feed-forward neural networks. In Section 3.1, under a deep
polynomially-activated network with teacher-student setting, we provide explicit
formulas for calculating any trace of the mixed product of weight matrices and SG
estimators. With this tool, we further show that these traces are polynomials in 1/b
with finite degree and that var (V,,Lp, (w¢)) is a decreasing function of the mini-batch
size b > by for some constant by. In Section 3.2, we extend the results to general deep
neural networks with mild assumptions on the activation functions in an approximate
sense.

For a random matrix M, we define var (M) := E |vec(M)|* — |Evec(M)||* where
vec(M) denotes the vectorization of matrix M. We denote [m :n] := {m,m+1,...,n}
if m < n, and & otherwise. We use [n] := [1:n] as an abbreviation. For clarity,
we use the superscript b to distinguish the variables with different choices of the
mini-batch size b. In each iteration ¢, we use B to denote the batch of samples (or
sample indices) to calculate the stochastic gradient. We denote by F} the filtration
of information before calculating the stochastic gradient in the ¢-th iteration, i.e.
FP o= {wo,wh, ... ,wl, B, ... B} We use @ie[n] A; to denote the Kronecker
product of matrices Aq,..., A,.-

3.1. Deep Networks with Polynomial Activation Functions. In this sec-
tion, we investigate the dynamics of SGD on deep networks utilizing a polynomial
activation function. We present the informal theorems in this section and reserve the
complete versions for the Appendix. Additionally, we provide a comprehensive proof of
the two-layer linear network (which corresponds to a polynomial activation of degree
one) in the Appendix, along with the necessary additions to extend the proof to the

multi-layer polynomial case.
Given a distribution D in RP, we consider the population loss

(3.1) L(w) =Ezup [% HWHO' (Wy_10 (-0 (Wixz))) — Wf{o <W;k1710 ( o (Wl*az))) H2]

under the teacher-student learning framework [14] with w = (W1, Wa,--- ,Wg) a
set of weight matrices. Here W}, € RP-*Pre—t ke [H],pg = p are parameter matrices
of the student network, W}, k € [H] are the fixed ground-truth parameters of the
teacher network, and o(-) is a polynomial with degree D. We use online SGD to
minimize the population loss £(w). Formally, we first choose a mini-batch size b and
initial weight matrices {Wp x, k € [H]}; in each iteration ¢, we independently draw a

mini-batch BY := {xé’z 1€ [b]} of b samples from D and update the weight matrices
by Wtbﬂ,k = Wt’fk - atgfyk, where

=t 3, (W (V2o (o (W25))) = Wi (W (o (w22 ).

For a multi-set of matrices M = {My,...,M,}, we use deg(4; M) to denote
the number of appearances of matrix A and its transpose AT in M. Mathemat-
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6 ANONYMOUS AUTHORS

ically, we have deg (A; M) := >, (I{A = M;} +1{AT = M;}). We further de-
note deg (A; M) := ¥, 1, deg (A; M) for any set of matrices A. We denote W} :=
{Wtb,k7ke [H]}7 WI; = Use[o:t] stv G? = {gf,kvke [H]}7 th = Use[O:t] Gls]v and
W* .= {W}, ke [H]}. We use C to denote the infinite set of all non-random matrices
given JFy.’

3.1.1. Dynamics: Connecting Generalized Products Step by Step. As
pointed out in the Section 1, the difficulty of studying the dynamics of SGD is how to
connect the quantities in iteration ¢ with fixed variables, like the initial weights Wé” &
and mini-batch size b. We overcome this challenge by carefully building the connection
between (i) gff”k and thik,k € [H]; (i) thjk and gf_uc, k € [H]. The following two
theorems address these two questions by considering a term of mixed product of thj &
and gf) & respectively.

THEOREM 3.1. Let M :={M, ; : i€ [0:1I],j € [J]} be a multi-set of matrices such
that each M, j or its transpose only takes value in WE|J G5 | JC and deg (GY; M) = d.

Then there exist constants I',J' Ly independent of b and a multi-set of matrices
Q={Qus,i .l €[Ls],i€[0:I'],je[J],s€[0:d]} such that

(3.2) E [tr (c(@ Il Mi,,~>> [ Mo,
iell] je[J] jelJ)

where Qs = X e[r.yCistt (Cl,s (@ie[[’] [ e Ql#ﬂ’d’))Hje[J’] Qus,0,5,5 € [0:d],

s 15 a constant, C,Cy s € C are constant matrices, and Qs € whUGh_ c.

b $ 1
Fi|= 2 @is
s=0

Note that the randomness of tr (C’ (@ie[l] [Liern MH)> [L;ery Mo,; in (3.2) only

comes from G? = { gf,k, kel|H ]} while conditioning on F?. Together with the fact

that each Qs ; involves only W5 JG%_; | JC, Theorem 3.1 enables the induction
step from 95,/@ to Wtb7k.

THEOREM 3.2. Let M := {M; ; :i€[0:1],j € [J]} be a multi-set of matrices such
that each M; j or its transpose only takes value in W5 | JGY%_, | JC and deg (G’t’; M) =

d. Then there exist constants pu1, ..., us € NT, S < oo independent of b and a multi-set
of matrices @ = {Qs,i.j,s € [S],i€[0:I],j € [J]} such that

tr (c (@ I Mi,j)> [T Moy = Y pat (c( ® J1 Q;)) [T @s0

iell] je[J] jelJ] se[S] ie[0:1] je[J] jelJ]

where C € C is a constant matriz, and M ; ;€ Wi_, | JG4%_, JC.

We present the complete version of these theorems and their proofs in Appendix
A.1. The exact values of I',J',¢; 5, Ci s, Ls, 005, S, Qi5,5,; and Qs ; are also provided

in the corresponding proofs.
In fact, these two theorems provide a recursive relationship for explicitly repre-
senting any quantity of the form

(3.3) tr (C(® I Mi,j)) [T Moy, My ewfJahJe

iell] je[J] jelJ]

2The definition of C here is loose to keep the main body of the paper concise. We give a more
detailed definition of C in Appendix A.1.

This manuscript is for review purposes only.
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as the sum of many other terms of the same form

tr|C| Q@ [] Mij || [[ Moy =Dpitr(C| ® [] Qsis [T @04
i€[I] je[J] jelJ] s i€[0:1'] je[J'] jelJ’]

where Qs ;€ W5_, | JGY_, |JC and /s’ are some constants independent of b. Since
Qs.i.; no longer takes value in WP | JG?, we are able to reduce the time step by one.
As a direct result, by recursively applying these two theorems, we are able to represent
the expected value (conditioning on Fy) of the term in (3.3) using learning rates, initial
weights, ground-truth weights, and other constants matrices.

THEOREM 3.3. Let M := {M;;:i€[0:1I],j€[J]} be a multi-set of matrices
such that each M, ; or its transpose only takes value in WS\ JG%|JC. Then there
exist constants I',J', S, Ly independent of b, s € [0:S] and a multi-set of matrices
Q= {Ql,s’iyj,l €[Ls],s€[S],ie[0:1],5¢e [J’],} such that

(3.4) E [tr (C(@ I Mi,j» [T Mo.;
ielr] je[J] el

where Qs = c[r.y CLstr (Cl,s (@ie[l,] [Lierm Qz,s,i,j)) [Lern Qus0,5.5 € [0:5],

c1,s 15 a constant, C,Cy s € C are constant matrices, and Qs ; € Wé’ Uc.

se[S]

]:0} = Z Qs%,

Again, the complete version of Theorem 3.3 and the exact values of these constants
and matrices are presented in Appendix A.1.

3.1.2. Applications: Decreasing Property of the Variance of SG esti-
mators. In this section, we use the theorems presented in Section 3.1.1 to show some
applications of this framework. It is easy to verify that var (gZ k) JE [E(wf)] and
var (L(wf)) can be written as the sum of several terms in the form of the left hand
side of (3.4) by further taking expectation over the random initialization of weight
matrices®. As a special case of Theorem 3.3, Theorem 3.4 shows that the variance
of the SG estimators is a polynomial of % without a constant term. This backs the
important intuition that the variance is approximately inversely proportional to the
mini-batch size b and provide much more precise relationship between the variance
and the mini-batch size b.

THEOREM 3.4. Given t € N, value var (931@) ,k € [H] can be written as a polyno-
mial of% with degree at most (D + 1)(t+1)D — 1 with no constant term. Formally, we
have var (gf,k) = 51% +- 4 ﬁr%, where 7 < 2(D + 1)HDP 1 and each fB; is a
constant independent of b.

One should note that the polynomial representation of var (gf) k) does not have

the constant term. This is intuitively correct since var ( gy ) — 0 as b — . Therefore,

to show that the variance is a decreasing function of b, we only need to show that the
leading coefficient 7 is non-negative. This is guaranteed by the fact that variance is
always non-negative. We therefore have the next theorem.

3For example, for i € [H], we have

var <gfl) =E I:Hgf,i 2] - Hlngl ’ = ]Ewg [E [tr (95,1‘ (9?7i>T>

]Il

2] e o
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THEOREM 3.5. Given t € N, there exists a constant by such that for all b = by,
function var (gff”k) ,k € [H] is a decreasing function of b.

The constant by is the largest root of the equation 816" ! + Bob" 2 4 --- + 3, = 0.
See the proof of Theorem 3.5 in Appendix A.1 for more details. Although we cannot
provide an explicit form of by, we can calculate it by the recursive relationship as
provided in Theorems 3.1 and 3.2. We further numerically verify that by is 1 in many
setups (see Section 4 for more details). From the proofs we conclude that the scale of
each ; is of the order O (| M]|), where M is a product of Wy, W}*, k € [H] and other
constant matrices.

In conclusion, we provide a framework for recursively calculating the expected
value of a general form that consists of SG estimators and weight matrices at time step
t. As an application, we use our framework to represent the variance of SG estimators
by a polynomial in 1/b and prove that the variance is a decreasing function of b when
b is large. Readers should note that the framework here can handle gﬁ , and thj L With
any finite degree, and thus it provides much larger capability than just calculating
the variance. As a result, similar to Theorems 3.4 and 3.5, we can show that the
population loss L(w?) at iteration ¢ is also a polynomial in 1/b and is a decreasing
function of b when b is large.

3.2. General Feed-forward Neural Networks. In this section, we discuss the
extensions of our framework to feed-forward networks with general (non-polynomial)
activation functions.

Note that for any smooth activation function o (e.g., Sigmoid and Leaky ReLU),
it is always possible to find a corresponding polynomial function, o such that it
approximates o as closely as desired within a specified compact domain. This
means that, regardless of the specific smooth activation function used, there exists a
polynomially-activated function that can mimic its behavior within a certain range.
This intuition leads to the following theorem.

S

THEOREM 3.6. For any smooth activation function ¢”, € > 0 and time step T €

N*, there exists a polynomial o¥ (depending on ¢,0°, and T) such that Hg%k - gikH <

€,k € [H], where gfk and gfk are the stochastic gradient of the corresponding network’s
weight matriz in the k-th layer at time step t.

The proof of the above theorem is deferred to Appendix A.1.4. Theorem 3.6 states
that the SG estimators of a general neural network can be approximated arbitrarily
well by the counterpart of a polynomially-activated function at any given time step 7.
This is a significant finding as it allows us to approximate the behavior of complex
neural networks using simpler polynomial activation functions. Furthermore, when
we combine this with the theorems presented in Section 3.1, which provide an exact
representation of the SG estimators of any polynomially-activated function using
only information available before training, we gain the ability to approximate the SG
estimators of general networks arbitrarily well using only the known information at
the initial time step t = 0.

This approximation has profound implications for our understanding of neural
network behavior and offers potential avenues for designing more advanced optimization
methods. See the discussions in Section 5 for more details.

4. Experiments. In this section, we present numerical results to support the
theorems in Section 3, to backup the hypotheses discussed in the introduction, and
provide further insights into the impact of the mini-batch size on the dynamics of
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w w
ot Ot
[GLEENTSN

356
357
358
359
360
361
362
363
364
365

366

367
368

369

371
372
373
374
375
376
377
378
379
380

381
382
383
384
385
386
387
388
389
390
391
392
393
394
395
396
397
398

399

THE IMPACT OF THE MINI-BATCH SIZE ON THE DYNAMICS OF SGD 9

SGD. The experiments are conducted on four datasets and models that are relatively
small due to the computational cost of using large models and datasets.

4.1. Datasets and Settings. For all experiments, we perform mini-batch SGD
multiple times starting from the same initial weights and following the same choice
of the learning rates and other hyper-parameters, if applicable. This enables us to
calculate the variance of the gradient estimators and other statistics in each iteration,
where the randomness comes only from different samples of SGD. The learning rate
ay is selected to be inversely proportional to iteration ¢, or fixed, depending on the
task at hand.

All models are implemented using PyTorch version 1.4 [32] and trained on NVIDIA
2080Ti/1080 GPUs. We have also tested several other random initial weights and
ground-truth weights, and learning rates, and the results and conclusions are similar
and not presented.

4.1.1. Synthetic Dataset. We build a synthetic dataset of standard normal
samples to study the setting in Section 3.1. We fix the teacher network with 64 input
neurons, 256 hidden neurons and 128 output neurons. We optimize the population
L5 loss by updating the two parameter matrices of the student network using online
SGD, as stated in Section 3.1. In this case we have proved the functional form of the
variance as a function of b and show the decreasing property of the variance of the
SG estimators for large mini-batch sizes. However, we do not show the decreasing
property for every b. With this experiment we confirm that the conjecture likely holds.
In the experiment, we randomly select two initial weight matrices Wy 1, Wy 2 and
the ground-truth weight matrices Wi, W5, We run SGD for 1,000 iterations which
appears to be a good number for convergence while there are 1,000 runs of SGD in
total to again give a p-value below 0.05. We record all statistics at every iteration.
The learning rate is chosen to be a; = 15, t € [1000] for the same reason as in the
regression experiment.

4.1.2. MNIST Dataset. The MNIST dataset is to recognize digits in handwrit-
ten images of digits. We use all 60,000 training samples and 10,000 validation samples
of MNIST. The images are normalized by mapping each entry to [—1,1]. We build
a three-layer fully connected neural network with 1024, 512 and 10 neurons in each
layer. For the two hidden layers, we use the ReLLU activation function. The last layer
is the softmax layer which gives the prediction probabilities for the 10 digits. We use
mini-batch SGD to optimize the cross-entropy loss of the model. The model deviates
from our analytical setting since it has non-linear activations, it has the cross-entropy
loss function (instead of L), and empirical loss (as opposed to population). MNIST
is selected due to its fast training and popularity in deep learning experiments. The
goal is to verify the results in this different setting and to back up our hypotheses.

We run SGD for 1,000 epochs on the training set which is enough for convergence.
The learning rate is a constant set to 3 - 1073 (which has been tuned). For the
experiment in Figure 3, there are in total 100 runs to give us the p-value below 0.05.
For the experiment in Figure 2(a), we randomly select five different initial points and
we have 50 runs for each initial point. For the experiment corresponding to Figure 2(b),
we choose a = 8 and o = 2 as in [37]. The initial weights and other hyper-parameters
are chosen to be the same as in Figure 3.

4.1.3. Yelp Review Dataset. The Yelp Review dataset from the Yelp Dataset
Challenge [42] contains 1,569,264 samples of customer reviews with positive/negative
sentiment labels. We use 10,000 samples as our training set and 1,000 samples as the
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Fig. 1. Experimental results for the Synthetic dataset. Left: log (var (gfyl|]-'o))
and log (var (Vw, L(W/1,W/5)|Fo)) vs iteration t. Right: log (var (g72F0)) and
log (var (VWQE(Wtb,l, Wtb,g) |.7:0)) vs iteration t.

validation set. We use XLNet [41] to perform sentiment classification on this dataset.
Our XLNet has 6 layers, the hidden size of 384, and 12 attention heads. There are in
total 35,493,122 parameters. We intentionally reduce the number of layers and hidden
size of XLNet and select a relatively small size of the training and validation sets since
training of XLNet is very time-consuming ([41] train on 512 TPU v3 chips for 5.5
days) and we need to train the model for multiple runs. This setting allows us to train
our model in several hours on a single GPU card. We train the model using the Adam
weight decay optimizer, and some other techniques, as suggested in Table 8 of [41].
This dataset represents sequential data where we further consider the hypotheses.

We randomly select a set of initial parameters and run Adam with two different
mini-batch sizes of 32 and 64. For computational tractability reasons, for each mini-
batch size there are in total of 100 runs and each run corresponds to 20 epochs. We
record the variance of the stochastic gradient, loss and accuracy in every step of Adam.
The statistics reported in Figure 4 are averaged through each epoch. In all experiments,
the learning rate is set to be 4 - 107° and the e parameter of Adam is set to be 1078
(these two have been tuned). The stochastic gradients of all parameter matrices are
clipped with threshold 1 in each iteration. We use the same setup for the learning rate
warm-up strategy as suggested in [41]. The maximum sequence length is set to be 128
and we pad the sequences with length smaller than 128 with zeros.

4.2. Discussion. Under the two-layer linear network setting with the synthetic
dataset, Figure 1 verifies that the variance of the SG estimators and full gradients
are all strictly decreasing functions of b for all iterations. This figure also empirically
shows that the constant by in Theorem 3.5 could be as small as by = 4. In fact, we also
experiment with the mini-batch size of 1 and 2, and the decreasing property remains
to hold. We also test this on multiple choices of initial weights and learning rates and
this pattern remains clear.

In aforementioned two experiments we use SGD in its original form by randomly
sampling mini-batches. In deep learning with large-scale training data such a strategy
is computationally prohibitive and thus samples are scanned in a cyclic order which
implies fixed mini-batches are processed many times. Therefore, in the next two
datasets we perform standard “epoch” based training to empirically study the remaining
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Fig. 2: Experimental results for the MNIST dataset. Left: The median, min, and max of
the log of variance of the SG estimators for two different mini-batch sizes (distinguished by
colors) and five different initial weights. The solid lines show the median of all five initial
weights while the highlighted regions show the min and max of the log of variance. Right:
The gap of accuracy on training and test sets vs epochs starting from epoch 100.
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Fig. 3: Experimental results for the MNIST dataset. Left: The log of the training and
validation loss vs epochs. Right: The log of training and validation error vs epochs. Here
error is defined as one minus predicting accuracy. The plot does not show the epochs if error
equals to zero.

433 two hypotheses discussed in the introduction (decreasing loss and error as a function
434 of b) and sensitivity with respect to the initial weights. Note that we are using cross-
435 entropy loss in the MNIST dataset and the Adam optimizer in the Yelp dataset and
436 thus these experiments do not meet all of the assumptions of the analysis in Section 3.
437 As shown in Figure 2(a), we run SGD with two batch sizes 64 and 128 on five
438  different initial weights. This plot shows that, even the smallest value of the variance
439 among the five different initial weights with a mini-batch size of 64, is still larger than
440  the largest variance of mini-batch size 128. We observe that the sensitivity to the
441  initial weights is not large. This plot also empirically verifies our conjecture in the
442 introduction that the variance of the SG estimators is a decreasing function of the
443 mini-batch size, for all iterations of SGD in a general deep learning model.

444 In addition, we also conjecture that there exists the decreasing property for the
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Fig. 4: Experimental results for the XLNet model on the Yelp dataset. Left: The variance
of SG estimators vs epochs. Middle: The training and validation loss vs epochs. Right:
The training and validation error vs epochs.

expected loss, error and the generalization ability with respect to the mini-batch size.
Figure 3(a) shows that the expected loss (again, randomness comes from different runs
of SGD through the different mini-batches with the same initial weights and learning
rates) on the training set is a decreasing function of b. However, this decreasing
property does not hold on the validation set when the loss tends to be stable or
increasing, in other words, the model starts to be over-fitting. We hypothesize that
this is because the learned weights start to bounce around a local minimum when
the model is over-fitting. As the larger mini-batch size brings smaller variance, the
weights are closer to the local minimum found by SGD, and therefore yield a smaller
loss function value. Figure 3(b) shows that both the expected error on training and
validation sets are decreasing functions of b.

Figure 2(b) exhibits a relationship between the model’s generalization ability and
the mini-batch size. As suggested by [37], we build a test set by distorting the 10,000
images of the validation set. The prediction accuracy is obtained on both training
and test sets and we calculate the gap between these two accuracies every 100 epochs.
We use this gap to measure the model generalization ability (the smaller the better).
Figure 2(b) shows that the gap is an increasing function of b starting at epoch 500,
which partially aligns with our conjecture regarding the relationship between the
generalization ability and the mini-batch size. We also test this on multiple choices of
the hyper-parameters which control the degree of distortion in the test set and this
pattern remains clear.

Figure 4 shows the similar phenomenon that the variance of stochastic estimators
and the expected loss and error on both training and validation sets are decreasing
functions of b even if we train XLNet using Adam. This example gives us confidence
that the decreasing properties are not merely restricted on shallow neural networks
or vanilla SGD algorithms. They actually appear in many advanced models and
optimization methods.

5. Discussion and Future Work. We study the dynamics of SGD by explicitly
representing the important quantities of SGD using the mini-batch size and initial
weights. For multi-layer polynomially-activated network, we are able to build frame-
works that recursively calculate general forms of the product of the weight matrices
and SG estimators between consecutive iterations. We extend polynomial activation
function to general activation functions with mil assumptions and further theoretically
prove that the variance conjecture holds. Experiments are performed on multiple
models and datasets to verify our claims and their applicability to practical settings.
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Besides, we also empirically address the conjectures about the expected loss and the
generalization ability.

We provide mathematical tools to calculate and represent the product of the
stochastic gradients estimators and weight matrices in the t-th step (and not a single
step), which is non-trivial and requires a sophisticated mathematical proof. These
tools can be extended to calculate any form that has a polynomial relationship to the
model parameters w?, e.g. expectation/variance of the loss function, norm of the SG
estimator to any finite degree. We can also derive other properties of the dynamics of
SGD by using these tools.

One possible application of the results is to help tighten the convergence rates
of SGD and develop better variance reduction methods. Current analyses of SGD
convergence rely on two constants M and My such that var (¢7) < M+ My HVL(wf)“2
But it is unclear what are the exact values of M and My (see Assumption 4.3 of [5]
and the context therein). It is a common practice to take relatively large M and My to
make sure the above bound holds. However, this leads to a relatively poor convergence
rate of the SGD algorithm. Our frameworks are able to explicitly calculate var (gff)

and HVL(w,?)H2 by recursive formulas and thus to provide optimal values for M and
My .

Another challenging research direction is to theoretically and explicitly investigate
the generalization ability during training of SGD. There are existing works studying
the relationship between the variance of the stochastic gradients and the generalization
ability [10, 29]. Together with the frameworks developed herein, it would be possible
to tighten the generalization bounds of a neural network by explicit variance and
other quantities. We can further choose an optimal mini-batch size which minimizes
the generalization ability by solving a polynomial equation if we have a more precise
relationship between the variance and the generalization ability.

Further interesting work is to extend our techniques to more complicated and
sophisticated networks as we discuss in Section 3.2. Although the underlying model of
this paper corresponds to deep polynomially-activated networks in a strict manner
and to general neural networks in an approximate sense, we are able to show a deeper
relationship between the variance and the mini-batch size, the polynomial in 1/b, while
the common knowledge is simply that the variance is proportional to 1/b. The extension
to other optimization algorithms, like Adam and Gradient Boosting Machines, are
also very attractive. We hope our theoretical framework can serve as a tool for future
research of this kind.

Appendix A. Lemmas and Proofs.

A.1. Proofs for Results in 3.1. We provide an outlined proof of the two-layer
linear network in Appendix A.1.1. Due to the page limit, we only present the statement
of some lemmas and theorems here. Please refer to the Appendix of [2] for full proofs.
We defer the extension from linear networks to polynomially-activated networks in
Appendix A.1.2.

A.1.1. Two-layer Linear Networks. Given a distribution D in RP, we consider
the population loss £(w) = E,p [% [WoWix — W Wl*tz] under the teacher-student
learning framework [14] with w = (W7, W3) a tuple of two matrices. Here Wy € RPL*P
and Wy € RP2*P* are parameter matrices of the student network and Wy and W5
are the fixed ground-truth parameters of the teacher network. We use online SGD

to minimize the population loss £(w). Formally, we first choose a mini-batch size b
and initial weight matrices {Wy 1, Wy 2}; in each iteration ¢, we independently draw a
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mini-batch BY := {117?1 :i € [b]} of b samples from D and update the weight matrices
by Wtb+1,1 = Wtb,l - Oétgf,1 and Wtb+1,2 = Wtb,z - Oétgf,m where

b
1 1 2 1
b b b b b b b
(A1) 9t,1 = I Z thbl <§ HWt,QWt,lzt,i - W2*W1*ztz ) b Z (Wt,z) Wiz ; (3% z) )
i=1 & i=1
1 Lot 1o b — L& onn (oo T (vrp \T
(A2) gio:= 3 Z thbz 3 HWt,QWt,lwt,i - WyWiay; =5 Z Wiz, (xm) (Wt,l)
i=1 ' i=1

Here W} := WP, W}, — WFW denotes the gap between the product of model weights
and ground-truth weights and the derivation follows from the formulas in [33].

To recap, we use deg(A; M) to denote the number of appearances of matrix
A and its transpose AT in a multi-set of matrices M = {Mjy,..., M,}. Mathe-
matically, we have deg(4; M) := >, (I{A = A;} +1{AT = A;}). We further
denote deg (A; M) = >, 4deg(A; M) for any set of matrices A. We denote
Wy = {thjlaWtb,z}v W = {Wy, W5} and G} = {gf,hgfg}-

In Section 3.1, we use C to denote the infinite set of all non-random matrices
given Fy. Here we provide the precise definition of C as follows. For n € N*, we use
€n,i, @ € [n] to denote the i-th unit vector of R”. We denote Z = {I,, : n € NT} as the
collection of identity matrices and we define a set of (infinite many) matrices

Eyy pcis) | (ehuz0)(epuz0) | (7)) @+ @ (vt ) © (277 ) ®-- (=020 ||+ )
Yi= ey @ @y @ ®e, 1 @ ®ep

- b
=€ = ®---®e i Tz Ve i Q- -Re —;i
Ui (@@, @als ®c, @ ®e,p

P.J1 s
C = zoe{xgi:ie[b]}U{ep,u},Eoe{xgi:ie[b]}U{ep,U},u,ve[p], .
2,25 € {z?,i i€ [b]} »J € [n],

J'éj;,kf;ﬁg € [pl, € [my], B € [ni], 4 € [m],
m;,n; €N, s;,5; € [b],’b € [m],

m,neN,te NT

where p is the dimension of the samples and 335,37 s € [b] are the random samples we
use to build the stochastic gradient at step ¢ and thus every element of C is a constant
matrix under Fy. Note that C is a union over all m,n,m;,n; € N and t € N*. We
also point out that when zg = e, 4,%0 = €p.v, the leading scalar terms are 1. We also
denote & := {e, el :i,j € [p]} and C := C|JZ|JE. Note that every element of C is
a non-random matrix under F; and C is an infinite set of matrices that we use in the
following proofs as auxiliary matrices.

Let g9 10 i= (Woa) WP+ (wh (w0.)") and gty 1= WP (ab, (a,)") - Wy s €
[b] denote the stochastic gradient with respect to the sample xf‘:s at time step t.
We have ggi = %Zse[d] gf,i7s,i = 1,2. Recall that we denote W) = {Wtb)l,Wtfg},
W* = (Wi, W5} and G} = {g/,,97,} in Section 3.1. We further denote éi =
{90;s:s€[bl,i=1,2} and X} = {xfs (mf’s)T 1S € [b]} For simplicity, we denote
G’gl:b = §2=t1 Glt’ and Wtbl:tz = | )2 Wtb.

t=t1
Throughout the discussion of this section, we define the term that a matrix A

“takes values in” or “belongs to” a multi-set A if either A or A” are in A. We also
abuse the notation A € A to denote A is in A or AT is in A.
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LEMMA A.1. For matrices M, j,i € [m],j € [n] with appropriate dimensions, we
have C)iehn](IIjeDﬂ Al@j) ::Iljehﬂ (C)iepn]ﬂ4ij)
Remark. If we view the multi-set M := {M; ;,i € [m], j € [n]} as a matrix of matrices
My 1 M 2 Mysz - My n
M : : . . ,
M'm,l MnL,Z MnL,B e an,n

then @ie[m] (H je[n] M”) can be regarded as first multiplying the entries of M within
each row and then using the Kronecker product to multiply all of the rows. Similarly,
I jeln] (@ie[m] Mi,j) can be regarded as first using the Kronecker product to multiply

all the entries of a column, then multiplying all the rows. Lemma A.1 shows that
these two calculations on multi-set M give the same resulting matrices. We frequently
use this lemma in the following proofs. We give illustrations of the multi-sets to help
readers better understand and follow the proofs.

LEMMA A.2. Given two distributions D1 and Dy in RPY and RP2, respectively.
Given y1,...,Ym ~ D1, 21,...2n ~ Do and constant matrices Dy, ..., Dy, Ay,..., Ap
with appropriate dimensions, we have

Ey,~Dy,2;~Ds [DOZIZ?:DH (ZlTD1Z2) e (Z§,1 anlzn) (y,zAmm) (yTA1y2> s (y,£71Amf1ym)]

e L e (RN CR))]

for some constant matrices C,, ., specified in the proof.
LEMMA A.3. Let M :={M;;:i€[0:m],j € [n]} be a multi-set of matrices such
that each M; ; or its transpose only takes value in W¢, Uéi U Gg:(t_l) Uw*UC and

7b .
deg (Gt;/\/l> =d (here d,m,n are constants independent of b). Then for
m' i=m4+d—2, n :=6mn(d+1), L:= ded/(m_1)+2,

where d' = deg (éf; {M; ;:ie[m],je [n]}), there exist multi-sets of matrices

={Qiuwv:uec[0:m],ve[n]}, le[L]
such that

E|tr|C ® H M,L',j 1_[ Moyj .Ftb = Z citr Cz ® l_[ Ql,u,u 1_[ Ql,O,vy
i€[m] \ je[n] jeln] le[L] ue[m’] \wve[n’] ve[n']

where ¢; € {—1,+1}, C,C) € C and Q1. only takes value in WE, | J GS;(H) Uw+*yc,
e[0:m],ve[n],l € [L]. Further, for eachl e [L] we have

deg (G135 Q1) = 0,
deg (Wtb, Q) (W5 M) + 3,
) (W M) + 24,
deg (W}’; Ql) + deg (W, Ql) = deg (Wtb, ) deg (W* ) +3d,
) Wﬁ ),femtfﬂ
Q1) = deg (6 M)

GHM), fefo:t—1].
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THEOREM A.4 (complete version of two-layer linear networks for Theorem 3.1).

Let M := {M; ;:i€[0:m],j e [n]} be a multi-set of matrices such that each M; ;

or its transpose only takes value in W, |JGh., UW* | JC and deg (G¥; M) = d (here

d, m,n are constants independent of b). Then form' := m+d—2 andn’ := 6mn(d+1),
there exist a constant L independent of b and multi-sets of matrices

Qs i ={Qisuv:uc[0:m]ve[n]},le[L],se[0:d]

el (e
ie[m] \je[n] J€[n]

where &g = ZlE[L] cstr (C’Ls (@ue[m/] (Hve[n,] Qz,s,u,v))) Hve[n,] Qi5,00, s€[0:d],
cs s a constant, Cp 4 € C and Qs only takes value in W, UGg:(t_l) Uw=*Jc.
Further, we have

such that

1

+ - +Otdbd,

J—'f} =do+&

deg (G}5 Q1) =0,
deg (Wtb; o) s) < deg (W}’; M) 1 3d,
deg (W*, o, ) deg (W*; M) 1 2d,
deg ( .01 ) + deg (W*, Q. ) deg (W,”; M) + deg (W*; M) +3d
deg (Wf, Q.. ) = deg (W;;M) . felo,t—1]
deg <Gf; Q. ) = deg (GZ};M . felot—1],
deg (W*;Q1,5) = deg (W*; M)

THEOREM A.5 (complete version of two-layer linear networks for Theorem 3.2).
Let M := {M, ; :i€[0:m],j € [n]} be a multi-set of matrices such that each M; ;

or its transpose only takes value in We,|J ng(tq) UW*JC and deg (W; M) =d
(here d,m,n are constants independent of b) and C € C. Then there exist multi-sets of
matrices My, := {My.; ; i€ [0:m],j € [n]}, k€ [2%] such that

e me e b (e e
ie[m] \jeln] jeln] ke[29] i€[m] j€ln]

where ay, k € [2%] are constants and each My, ;.5 only takes value in

Wg:(t—l) U Gg;(t_l) U W* Ué

Further, for each k € [2¢] we have
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Proof. We simply use the fact that th:i = Wtbfl,i - atgffu,i = 1,2. Note that
deg (Wtb; /\/l) = d, by replacing all appearance of thji in

tr{C| & [ [] Mij [] Mo,
ie[m] \ je[n] j€ln]

with (Wtbq,i — oy 9571,1') and expand all the parentheses, we get 2¢ terms in the form

of
tr (C ( X ( I Mk7]>)) [T Mo,
ielm] \je[n] jeln]
The constant @y comes from the multiplication of «;’s. 0

THEOREM A.6 (complete version of two-layer linear networks for Theorem 3.3).
Let M* := {M{; :i€[0:m],j € [n]} be a multi-set of matrices such that each M ;

or its transpose only takes value in W&, | JGE,\JW*|JC (here my,ny are constants
independent of b) and Cy € C. Then there exist constants g, m},ny, Ly 5,5 € [0: ¢]
that are independent of b and multi-sets of matrices

Mi = {Mf e [0:mi] v e )]s € [a:]

such that

Eltr{Ce| & [T M, [T Mo,
i€[m¢] \je[ng] j€[ny]

where ag s = ZZe[Lt,S] Ct,1,stT <Ct,l,s <®ue[m’t] (Hve[n;] Mlt,s,u,v») Hue[n;] Mzt,s,o,w
s€[0:q], cry,s s a constant, Cyy s € C and Mlt’&u,v only takes value in WL | JW* | JC.
Further, we have

1 1
f0:| = a¢,0 + CEtJE + -+ atﬂbet’

41 _ f_
qr < Z <3 5 1deg(be;Mt)+3 5 1deg<W;;Mt)>.
felo:t]

THEOREM A.7 (Two-layer linear network version for Theorem 3.4). Given t e N,
value var (gfii) i = 1,2 can be written as a polynomial of% with degree at most

31 — 1 with no constant term. Formally, we have var (gfﬂv) = ﬂl% +---+ ﬁrb%, where
r < 3" — 1 and each B; is a constant independent of b.

Proof. We only show the case for gf,l since the proof for g:o can be tackled
similarly. Note that

var (st4) = Eloba|” = [Bob]|* = 2[e lota ]| - e 2 [ota )]

(A.3) = IE{IE {tr ((95,1)T93,1> fOH - HE [E [95»1|f°“H2 :

By Theorem A.6, there exist constants g1, m},n’, L1 5,5 € [0:¢1] that are inde-

pendent of b and multi-sets of matrices M _ := {Ml{s,uﬂ) cu€[mi]ve [n’l]} ,8 € [q1]
such that

(A.4) E [tr((ng)Tgf,l)

where

1 1
fo] =a1,0 + a1y + o4 aig b

als = 2 ci,1,str [ C11,s X l_[ Mll,s,“,,,, ,s€[0:q1],
1e[L1,6] ue[m]] \ ve[n]]
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¢1,1,5 is a constant, Cy; s € C and M} only takes value in W¢ | JW* | JC. Further,
we have ¢; < 3tt1 — 1.

It is worth mentioning that we do not include matrices M ;50,0 € [n}] in the
multi-set M 1 € [L1.],s € [0 : q1] because each M1 0., is actually an identity
matrix from the proof of the previous theorems.

Similarly, there exist constants ga, mb, nb, L2 s, s € [0 : g2] that are independent of

S, U,V

b and multi-sets of matrices M7, := {Ml%s%v cu€e[0:mh]ve [n’Q]} ,8 € [g2] such
that

1 1
(A.5) E[gf,1)fo] =a2,0+a2,1g+---+a2,q2bT2,

where

az,s = Z Cszstr C2»lx3 ® H Mlz,s,u.v H Mlz,S,U,U7 S € [0 : q2]7
le[Ly ] ue[mb] \ ve[nh] velnh]

Ca,1,s 15 a constant, Gy s € C and M} only takes value in W¢ | JW* | JC. Further,
we have ¢» < 1 (371 —1).

Combining (A.3) — (A.5), we know there exist constants

S,U,V

Y0557, 4 = maX{QI,QClz} < 3t+1 -1

such that
1 1 o
b \T (5,0 b T
var ((Wt,2) Wi W, oz ) =Y +my v
where
Vs = IEW(,%ND/ [a1,s] + Z EW(%"D/ [z, ] ]EW(§~D’ [a2,4],5€[0:q]

utv=s,u,v€[0:q2]

and D’ is the initialization distribution of W{. Further, ,’s are independent of b.

Proof of Theorem 3.5. We first show that in var (gfﬂ-) = 61% + -+ ﬁrb% we

have 57 = 0. If r = 1, the statement obviously holds. Let us assume that the
statement does not hold for » > 1, i.e. 7 < 0. Taking b large enough such that

Brb™ ™t 4 Bab" 2 + - + B, < 0 yields

var (gh) = bi’ (ﬁlbrfl + szT72 + 4 ,3r) <0,

which contradicts the fact that var (gf ;) = 0. Therefore, we have 1 > 0.
Let by be large enough such that for all b > by, we have S1b" "1 4 260" 2 4+ -+ - +
rB, = 0. We denote f(b) = 51% + ﬂgb% +- 4 ﬁrﬁ > 0. For all b > by we have

’ 1 r—1 r—2
f(b)=*bTT (,Blb + 2p2b Jr"'Jr’I“ﬁ»,‘)SO‘ u]

Therefore, for all b > by we have (var (gf’i))/ =~ f(b) + b%f(b) < 0, and thus

var (g7 ;) is a decreasing function of b for all b > by.

A.1.2. Two-layer Networks with Quadratic Polynomial Activation
Functions. In this section, we expand the scope of the theorems found in Appendix
A.1.1. While they originally applied to two-layer linear networks, we now extend them
to networks utilizing quadratic polynomial activation functions. The main distinction

This manuscript is for review purposes only.
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between these scenarios lies in the incorporation of Hadamard products into the

gradients by the quadratic activation functions, demanding additional consideration.
Specifically, we consider a special case of the general population loss (3.1). Here

the population loss is defined as L(w) = E,vp [% [Wao (Whz) — Wio (W) H2] and
the SG estimators are defined as

2
‘) k=1,2,

where o(z) := 0¢ + 012 + 0222 is a polynomial activation function of degree 2. This
setup aligns to the D = 2 and H = 2 case as in (3.1).

Similar to (A.1) — (A.2), we rewrite the SG estimator as the sum of the product
of weight matrices and other constant matrices. For example, we have

=3 3 Vg, (5 1Weae (Whast ) - e (wah )
L § up [ WEa (Whrat ) © (Whaat ) + ouwis (Whaat ) + ooy
(A.6) — O‘QWQ* ((Wlbfo ® (Wl*z?l)) — 01W2* (Wl*ml;7) — O'0W2*H2.

We first show how to calculate the gradient of a mixed form with common and
Hadamard products. With this approach, we can represent each summand of (A.6) as
a summation of terms in the form of [ [, M}, where M, or its transpose only takes on
values from {W}p,, Wiy, Wi, Wi, 2? }JC.

We take two terms in the expansion of the summand in (A.6) as examples to show
how to replace the Hadamard products by common products. We use the fact that,

for any positive integer n and vectors vy, ..., v, € RP,
(A7) V1 QU2 - Quy = Z (egijl) (eijvz) s (e;jvn) €p,js
JjEP

where e, j, j € [p] is the j-th unit vector in RP.
For example, we have?

thb’ltr (Ul (Wtb‘lm?,i)T (Wtb,2)T U2Wzb,2 ((Wtb,1$lt7,i) © (Wtb1£?1))>

b \T b \T b \T (b T b b T b b
=102 3 vwfltr((xt,i) (W)™ (wea)  wey (eF, whiat,) (W))

J€lp1]
T T
b b T b b T b b b
=00z Y | (Wha) Wiael ;Wiaat ep ;Wiaal e, s (20,)
J€lp1]

T T T T
b b b b T b b b
+epyi (Wt,z) Wt,ZWt,lwt,iepl,j (a:tl> (Wt,l) €p1.j (wt,i)

b \T » \T b \T 1,0 b b T b \T
tepy,j (xt,i) (Wt,l) €py.j (Wt,2) Wt,ZWt,lxt,iepl,j (xrz) ]

4We frequently use the fact, that for matrices A, B,X with appropriate dimensions,
Vxtr (AXB) = ATBT and Vxtr (AXTB) = BA.
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and

vWb tr (‘72 [W ((Wfblm? 1) © (Wrblel)ﬂT U2Wtb,2 <(Wtb1121) © (Wtb‘lz?,z)))
(A.8)
= ag Z Vwb tr(ep1 I (:r? 1)T <Wtb,1)T €py .k (x}z’i)T <W:”1)T.

J,kelp1]
b \T (1,6 T b b T b b
*€py,k (Wt,Q) Wt,Zepl,jWt,lxt,iepl,jWt,lmt,iepl,j)
2 b \T » \T b \T b T b b T b b T b \T
=03 Z {em,k (wtl) (Wt,l) €py.k (Wt,2> Wiaep, iWea1Teipy s We1%e 801,580, 1k (‘TH)
J.kelp1]
WbTWbTWbbTWbb T (b \T
+ €py .k t,2 £,2€p1, We,1%¢,:€py i Wi, 1% i€p1,5€py 6 \ Tt eplk 1 )i
b \T (1,6 T b b T b b T b
+epy.i (Wt,z) Wi oep aWe1Teiep, xWea%eip1 k€py 5 (It,l) ( 1) emJ(w L)
(A.9)
b \T b \T b \T b T b b T b b T b \T
+epy.i (th) (Wt,l) €p1,j (Wt,Z) Wiaep eWeaTeiep, kWi i€py k€p, j (1“) }
In conclusion, there exist constants J, K,«;,j € [J] independent of b and a
multi-set of matrices {M ; j ki € [b],5 € [J], k € [K],s = 1,2} such that

923 -1 o (as,i,j H Ms,i,j,k>751727

b ie[b] je[J] ke[K]

where Mj; j, or its transpose only takes value in {W}),, Wy Wi Wi} {a},,i €
Bl UC.

It is worth mentioning that we can provide the exact values of J and K, namely
J = 144p? and K = 15. These numbers are determined by analyzing the most
complicated term, i.e. the left-hand side of (A.9), among the expansion of summands

n (A.6). Note that the summation on the right-hind side of (A.9) contributes 4p?
terms where each term is a product of 15 matrices and the expansion of a summand in
(A.6) gives 36 terms of matrices” mixed products. Thus we have J = 36 - 4p7 = 144p?
and K = 15. We can use identity matrices and zeros to fill up the unused M ; ; and
04,5 as needed.

This representation aligns with the right-hand side of (A.1) and (A.2), excepts
the fact that we further expand the W) = WP, WP, — WFW to separate terms. Thus
we can further analyze the dynamics of polynomially-activated networks in a similar
manner as in Appendix A.1.1.

A.1.3. Deep Networks with Polynomially-activated Functions. In this
section, we discuss the extension from two-layer network networks with quadratic
polynomial activation functions to deep networks with polynomial activation functions
of any degree. In other words, we consider the general setting where D and H can
take arbitrary values as in (3.1).

The building block of above derivation is to represent the SG estimators as
products of weights matrices, samples, and other constant matrices. However, given
the arbitrary values of D and H, the number of matrices required is much more than
the case as in Appendix A.1.2.

LEMMA A.8. There exist constants J, K, a;, j € [J] independent of b and a multi-
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set of matrices {Ms; jr,i € [b],j € [J], k€ [K],s e [H]} such that, for any s € [H],

st 3 3 Oy (5 W (W (o (WEaek)) - Wit (W oo (oo (w2a2)))

i

% > (as,i,j IT Ms,i,j,k)1

ie[b] je[J] ke[K]

where My j i or its transpose only takes value in {Wp |, WPy Wi Wit J{ab, i €
[plrUC.
To give an insight on the complexity of this representation, we provide the possible

values of J and K® in an induction fashion.
o K =6DH-1 4 4DH-2 4 ... 414D + 3.

In the expansion of Wtb,QO' (thilxgi), the most complicated term® is Wtbz (thil

x’t’,i)QD. By applying (A.7), we can rewrite it as a sum of product of 3D + 2

b (T b b \D s
irem] Wiz (epl’hWt’lxt’i) €p,.j:- Similarly, the most
complicated term in the expansion of Wtb,30 (Wt’jza (Wt”)lei)) is a sum of

product of D(3D + 2) + 2 = 3D? + 2D + 2 matrices, namely

matrices, namely Y]

D
Z (e;f;,j? (Z Wf,2 (e;,jlWf,lz?,iem-,h)D)) €pa.jo-
J2 J1
We can use induction to prove that the number of matrices needed for layer s
should be D times the number of matrices needed for layer s —1 plus 2. For a
general H-layer network, we require K := 3DH=1+2DH=21... 4 2D 42 matri-
ces to represent the most complicated term in W} ;o (W, _yo (- (What,))).
Thus we set K = 2K —1 = 6D7 1 +4DH=2 ... + 4D + 3 due to the square
operator in the norm and minus one by taking the gradient with respect to
wp,.

2
J=[2(D" 4 4 D+ 1)p{pi 2 py 1 DHY]
From the derivation above, we can see that the, in the expansion of

Wtb,HU (Wtb,H—lo ( o (Wtb,1$f,i))) )

the most complicated term consists of pf[ *1p§I ~2...py_1 terms of prod-
uct of matrices and Wtb,1 appears most frequently in each of these prod-
ucts (D! times). Besides, as there are in total of D=1 + ... + D + 1
terms if simply replace the activation function o by the equivalent polyno-
mial, we end up with 2 (DH_1 +---+D+ 1) pfflpffz o -pg_1DH~1 terms
for W yo (Wey_yo (-0 (What,)))—Who (Wi _jo (-0 (Wiz},))). By
taking the square, we expect

2
J= [2 (DH*1 4.+ D+ 1) pf’*lp;"”---p;{_lDH*l] .

Again, the representation in (A.10) aligns with the right-hand side of (A.1) and
(A.2). Thus we can further analyze the dynamics of polynomially-activated networks
in a similar manner as in Appendix A.1.1.

5As we can always padding identity matrices to M ; j i, thus the values of J and K are not

SWe ignore the constant coefficient op here for convenience.
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765 A.1.4. Deep Networks with General Activation Functions. In this sec-
766 tion, we discuss the extension from a polynomially-activated network to a neural
767 network with general activation functions under mild assumptions. Given a neural

768 network f9(z) := Wjo® (Wg5_,---0% (Wfz)) with the population loss £(w®) =
769 Epup [% Wios (Wi_y 0% (W) = Who® (Wh_, - 0% (W{"ac))”2

770 the gradient corresponding to each sample x; ;,i € [b] and k € [H] as”

] , we define

1 2
5 ._y WS &S s s (WS WksS (w* S (py*
Itki = VwS, (5“ t,HY (”t,H-f“U ( mzt‘i)) —WHO ( H-1""07 ( 1 ztz))H )

773 Following Section 3.1 of [40], we define a set of intermediate variables

j— s _ ) S _ 1S S
774 24,0,i = Ttyis hivi =Wiizio

J— S _ S{(.8 S _ 1S S

o 21, = 9 (ht,l,i) ’ ht,2,i = Wt,2zt,1,i’

776 5

—— S _ S {38 K _ S S

fﬁ% 2y, H—1,i — O (ht,H—l,i) ) h‘t,H,i = Wt,Hzt,H—l,i7

779 and D) ; = diag <ag (hf k,i))’ where oy represents the derivative of the activation

780 function ¢ and diag(v) maps a vector v to its corresponding diagonal representation.
781 The SG estimators over weight matrix Wfk are given by

1 1
_— s s _ s s s s s s
782 9rk =y Z 9tk =3 Z WeuaDim—1,i WikeoaDipar,iWe ka1 D ki
i€[b] i€[b]

e T

J{; } . [W{S:Hcrs (WfH_l R (Wfsle7)) — W;‘;as (W}’l;_l cgd (Wl*zf7)) ] (zik—l,i) .
785

786 We further assume that

787 e o is smooth on R?,

788 e |z ,| is bounded, i.e., there exists a constant C, such that |z, || < Cy,Vt e
789 [T],1 € [b],

790 o ‘Wtsk‘ is bounded, i.e., there exists a constant Cy such that HWtSkH < Cy,

791 .

‘ is bounded, i.e., there exists a constant C}, such that Hhtsm

hi ki <Cp. 8
792 We denote R := [—C}, Ci]P. By the first assumption, there exists a constant Cg such
793 that |0 (2)| < Cs, YV € R. Note that |[hyk < O, thus hy . ; € R for all
794 te[T],ke[H],ice[b]

795 We note that these assumptions hold in several of the neural network training
796 regimes. For example, the Sigmoid function meets the first assumption with Cg = 1,
797 R = [-Ch,Ch]?P for Cp = Cp(Cw,C,) < o, and both Sigmoid function and its
798 derivative are Lipschitz continuous.

799 Similarly, we define a polynomially-activated neural network f%(z) := W}o?(
800 WH_y--o¥ (W{z)) where o¥(-) is a polynomial function. The loss function and
801 SG estimators are defined similarly except for switching the superscript S to P. We

o < Ptk

"For simplicity, we remove the superscript b in this section.

81n fact, C, can be expressed as a function of Cyy, Cy, and ”O'S()H For example, taking Cg o = Cx
and we further find a constant Cg j such that HUS(:C)” < Cg, holds for all ||z < CwCs -1,k €
[H — 1], then we have Af, ; = W%o% (hf,_, ;) < CwCs. Taking Cy = Ciw maxe(m) {Cs.}

satisfies the assumption.
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use SGD to optimize the loss of these two neural networks with the same initial
points (Wp 1, 1= W(fk = W(fk, k e [H]), ground-truth weights (W7*, ..., W};), samples
(x¢4,% € [b]), and learning rate «; in every iteration.

In the following, we show that, if the polynomial ¥ is a good approximation of
the activation function o over R, then the SG estimators gf , and gf .k € [H] are
also close enough. Formally, we have

THEOREM A.9. For any € > 0 and time step T € NT, there exists a polynomial
o (-) (depending on €,0°, and T) such that Hgfwk - ngj,k” <eke[H].

Outline of the Proof. We choose a polynomial function o” such that |0 (z)
—of(z)| <€ and |o(x) — o ()| < € both hold over R := [~2C},2C}]P and
O (€') < Cj,. The exact value of € < 1 is determined later'’. In the following, we
induct on ¢ to show that
(1) Wi, - Wh| < o), ke [H],

2) |1 — b < O(€), ke [H] i€ 1),
Zs— 2 <O ke [Hie b

(2)

(3)

(4) Df,k,i - ka,i <O(¢),ke[H]ie
()

(

)

]
(6],

5 hf,m- eR, ke[H],ie[b],
6) |95 — 95| < O(), ke [H],
where O(-) is used to hide constants that relate to Lg, Ly, Cs, Cw, Ch, Cy, di., k € [H]
and are independent of €. In the following, we use (1)¢,...,(5); to represent the
statements at time step ¢, respectively. For (2), (3), (4), and (5), we use (2)¢k, ..., (5)tk
to specify the statements for the k-th layer at time step ¢, respectively.

For t = 0, (1), is obvious since W, = W, k € [H].

For t = 0,(1); = (2)¢, (3)¢,(4)¢, we further induct on k to prove them for any
given .

e k=1,(1) = (2)¢1

)

S P
Hht,l,i - ht,l,i

s _s P _P
= HWt,lzt,O,i - Wt,lzt,O,i

< "Wil - Wt’?l" [ze,:]| <O () Co = O (€).

o ke[H],(2)k = Bk

)

Hhi’k,i <O () +Cp <20

P
< Hht,k,i
o0

S P
< Hht,k,i - ht,k,z‘

+ A

o ke[H—-1],(2)1k, 5)t6 = 3tk

s P
Ztk,i T Ptk

= [0 (W) =" (k)

—oF (hﬁk’i)

< 0% () =0 (hEn)| + 10" (hSs) -

<€e +LpO (El) =0 (e/)

’ S P
R 7 U T

9The rigorous definition of R is provided in the proof.
10Note that this polynomial is guaranteed to exist since the general activation function oS is
continuous over the compact domain R.
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837 e ke [2 : H], (S)t,k—l = (Q)t,k‘

838 Hhtslm - hfk'LH = HWtS,kzts,k—l,i - Wtf’sz,)k—l,iH

839 = HWtS,sz,k—l,i - Wt}?kzik—l,i + th,akzik—l,i - Wszf,’k—l,iH
840 < HWfk =W e+ W e = e ]
<00 (ifacss) = (W Wi+ W) 0 )
843 <050 () +(0(¢) + Ow) O (¢) < O (¢)

844 o ke [H]|,(2)k = 4k

981 D = e (0 (1) — s (o (01.)

ot (3210 = (420, = (15) o (5.0

847 <

’(hfk)-ff%(hfk)H 7 (4ni) = o ()|

tk _htk||<€+L O() O(E,)

Fort>0,(1),+-- -—&-(5)75 (6)¢, we denote hy'¥ := Who® (Wh_ - 0% (WiEay,))
and h{F = Who? (Wh_y - o (Wi, ,)) . Note that

S
9tk — qt k

850  For each ¢ € [b], we have

851 Hgfk,i - gf,k,iH

852 = WDl 1 W Do (hf*H’i B hff) (Zf’k_l'i)T

853 - t},DHDf,H—l,i e Wt},DkJrlDi’“-ri (hf’H’i - hff) <ZtP’k71'i)T H
854 < Wts:HDtS,H—l,i"'Wts:kHDtS,k,ihva’i (zts*k’l’i)T

855 - t},DHDiH—l,i e Wt},DkJrlDik.ith’i (Zf’“’l”)T H+

856 WD i Wik DYy ke (Ztsvk’l'i)T

ié)g (A11) ~WuD{ g1 W D ihe (sz*l’i)TH'

859
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For the first item in (A.11), we have
HW DS WS, DS, hS (zs )T -wp,bpF —.wpF. D, nP (ZP )T H
H>~t,H—1,1 t,k+1"t,k,i""t, H,i t,k—1,7 t,H=t,H—1,i t,k+1"t, k1"t H,i t,k—1,1
—lws. ps wS DS wS. .S s T
= t,HYtH—1,6 " Wi kt1 Pk, i We, B2, H-1,i \ #t,k—1,i

T
P P P P P _P P
oD r—1,i Wi ks1 Do, iWe mze m—1s (Zt,lc—l,i) H

s S s s s _s
< HWt,HDt,H—l,i W D, iWe g mo1,i—

P P P P P _P P
f,,HDf,,H—l,i,"‘Wf,,k+1Df,,k,i,Wf,,HZt,H—1,1t Hzt,k—l,i +

s 1S s s s _s
+ HWf,,HDf,,H—l,i oWkt Dy i W mZ -1,

s P
Ztk—1,i  Ftk—1,i

s S s s s _s
< HWt,HDt,H—l,i W DYk i Wz H—1,i—

P P P P P _P P
Wi uDe w1 Wi i1 Diw,iWe w2t m—1, ‘de%HZt,kﬂ,i OO""
S S ’
+ W | ror) - [Wesa | [PEi| [Wk ] |2 roas] © (€)
< |wj2,D? WS DY WS 2P -
S WeaDPiu—1 te+1 Dtk i We 2t m_1,4
P P P P P _P
emDem—1: Wi k1Dt e, iWe m2e, mr—1,4| - Vdk-1Cs+

+ o e TR dp 1050 (¢)

< HWtS:HDEH—l,i o Wts,k+1Df,k,thS,H - Wt},)HDtP,H—l,i o Wt},)kJrlDtP,k,th},DH H Hth,Hfl,i vV dr-1Cs
+ HWtS:HD;S,H—l,i e Wt%k+1Df,k,th%HziH—l,i ‘Z;S:H—l,i - ZtP,'H—l,i Vdik-1Cs + O (5/)
= HWtS,HDtS,Hfl,i T Wfk+1Df:k,iW{?H*
t,F,)HDtI,D,H—l,i T Wtf)k+1DtI,3,k,inHH Hth,H—l,i “Vdip-1Cs + O (el) +0 (el)

S S s s s
< HWt,HDt,H—l,i Wk Dk, iWe m—

P P P P P 2
euaDe g1, Wt,k+1Dt,k,th,HH “Vda—1dp-1C5 + O (5/)

Similarly, we can show that the second term in (A.11) is also bounded by O (¢’). Thus

we have ‘gfk - gka < %Zie[b] Hgf’k’i - gfk,i <O(€).
For ¢t =0, (1) + (5)t = (1)¢+1, we have
HWtS+1.k t+1 k” H( tk T XYy, k) - ( t,k T Xty k)H

<|we =Wl +adleli - gl <0 () a0 () =0 (€).

—

With the above steps, we have finished the induction. The proof is achieved by
taking € small enough such that O(¢’') < € at time step T d

While the above theorem only discuss the closeness of g7, and gf ., it is worth
mentioning that the same statement holds for all pairs of intermediate variables or
even composition of them. In fact, we have the following generalized theorem.

THEOREM A.10. For any € > 0 and time step T € N, there exists a polynomial
of(-) (depending on e,0°, and T) such that

r (c (@HMSJ>)HM§] —tr (c (@HMi))HM&
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where ij takes values in W§, | JG5\UW*|JC and MZ{';- takes the corresponding
variable in the polynomially-activated network as of Mls]

Together with the closed-form representation of tr (C’ (@Z [ MZPJ)) [ Mg,

we are able to provide an approximation of tr (C’ (@l ]_[j MZSJ)) ]_[j M(fj at any time
step T' with any precision. In other words, we have provided an approximation for
a generalized form of mixed product at time step ¢ using solely the initial weights
W¢ and other constant matrices. Similarly, Theorem 3.5, which shows the decreasing
property of the SG estimators, can also be extended to general neural networks as well
as other general neural networks.

REFERENCES

[1] Z. ALLEN-Zuu, Y. L1, AND Y. LiaNG, Learning and generalization in overparameterized neural

2]
3l
(4]
(5]
(6]
(7]
(8]
!
(11]
12]

(13]

[14]
[15]
[16]

(17]

(18]

[19]

[20]

A

L.

L.

networks, going beyond two layers, arXiv preprint arXiv:1811.04918, (2018).
NONYMOUSAUTHORS, The impact of the mini-batch size on the dynamics of sgd: Variance and
beyond (full version), (2024), https://github.com/AnonymousAuthorsXYZ/SGD- Variance.
BoTTou, Stochastic gradient learning in neural networks, Proceedings of Neuro-Nimes, 91
(1991), p. 12.
BorTou, Online learning and stochastic approrimations, On-line Learning in Neural Net-
works, 17 (1998), p. 142.
. Borrou, F. E. Curtis, AND J. NocEDAL, Optimization methods for large-scale machine
learning, SIAM Review, 60 (2018), pp. 223-311.

. Boyp, S. P. BoyDp, AND L. VANDENBERGHE, Convex optimization, Cambridge university

press, 2004.

. Du, X. Zuai, B. Poczos, aND A. SiNcH, Gradient descent provably optimizes over-

parameterized neural networks, arXiv preprint arXiv:1810.02054, (2018).

. Fan, C. Ma, aND Y. ZHONG, A selective overview of deep learning, arXiv preprint

arXiv:1904.05526, (2019).
GoopreELLow, Y. BENGIO, AND A. COURVILLE, Deep learning, MIT press, 2016.

. GorBuNov, F. HanzELy, AND P. RICHTARIK, A unified theory of sgd: Variance reduction,
sampling, quantization and coordinate descent, in International Conference on Artificial
Intelligence and Statistics, 2020, pp. 680—690.

. M. Gower, N. Loizou, X. QIaN, A. SAILANBAYEV, E. SHULGIN, AND P. RicHTARIK, SGD:
General analysis and improved rates, in International Conference on Machine Learning,
2019, pp. 5200-5209.

. GovaL, P. DoLLAR, R. GirsHick, P. NoorpHuIs, L. WrEsoLowski, A. KyroLa, A. TuL-
LocH, Y. Jia, anD K. HE, Accurate, large minibatch SGD: Training Imagenet in 1 hour,
arXiv preprint arXiv:1706.02677, (2017).

. He, X. Zuang, S. REN, AND J. SuN, Deep residual learning for image recognition, in
Proceedings of the IEEE conference on Computer Vision and Pattern Recognition, 2016,
pp. 770-778.

. Hinton, O. VinvaLs, AND J. DEAN, Distilling the knowledge in a neural network, arXiv
preprint arXiv:1503.02531, (2015).

. HOCHREITER AND J. SCHMIDHUBER, Flat minima, Neural Computation, 9 (1997), pp. 1-42.

. HorFEeRr, I. HuBARA, AND D. SoUDRY, Train longer, generalize better: closing the general-
ization gap in large batch training of neural networks, in Advances in Neural Information
Processing Systems, 2017, pp. 1731-1741.

. JastrzEBsKI, Z. KeEnTON, D. ArpPIT, N. BaLLAs, A. FiscHER, Y. BENGIO, AND

A. STORKEY, Three factors influencing minima in SGD, arXiv preprint arXiv:1711.04623,
(2017).

. JounsoN anD T. ZHANG, Accelerating stochastic gradient descent using predictive variance
reduction, in Advances in Neural Information Processing Systems, 2013, pp. 315-323.

. S. KEskaRr, J. NocepaL, P. T. P. Tang, D. MUDIGERE, AND M. SMELYANSKIY, On large-
batch training for deep learning: Generalization gap and sharp minima, in 5th International
Conference on Learning Representations, 2017, 2017.

. KHaLED AND P. RICHTARIK, Better theory for sgd in the nonconvex world, arXiv preprint
arXiv:2002.03329, (2020).

This manuscript is for review purposes only.


https://github.com/AnonymousAuthorsXYZ/SGD-Variance

5
5

Uk W

ot
(&)

ot

- o

§)

Ot

oo

9
9
958
9¢
9!
95¢
959
960
961
962
963
964
965
966
967
968
969
970
971
972
973
974
975
976
977
978
979
980
981
982
983
984
985
986
987
988
989
990
991
992
993
994
995
996
997
998
999
1000
1001
1002
1003
1004
1005
1006

[21]

[22]
23]

[24]

[25]

[26]
27]
(28]
29]
[30]

31]

32]

33]

[34]

[35]
[36]

37]

(38]
39]
[40]

[41]

[42]

[43]

Y.

Y.

A.

M

THE IMPACT OF THE MINI-BATCH SIZE ON THE DYNAMICS OF SGD 27

LeCun, L. BorTou, Y. BENnGIO, AND P. HAFFNER, Gradient-based learning applied to
document recognition, Proceedings of the Institute of Electrical and Electronics Engineers,
86 (1998), pp. 2278-2324.

LeCun, L. Borrou, G. B. Orr, aND K.-R. MULLER, Efficient backprop, in Neural
networks: Tricks of the trade, Springer, 2012, pp. 9-48.

. Le1, C. Ju, J. CHEN, AND M. I. JOrRDAN, Non-convex finite-sum optimization via SCSG

methods, in Advances in Neural Information Processing Systems, 2017, pp. 2348-2358.

. L1, T. Zuang, Y. CHEN, AND A. J. SmoLra, Efficient mini-batch training for stochastic
optimization, in Proceedings of the 20th ACM SIGKDD International Conference on
Knowledge Discovery and Data Mining, 2014, pp. 661-670.

. L1, C. Tai, axpD W. E, Stochastic modified equations and adaptive stochastic gradient

algorithms, in Proceedings of the 34th International Conference on Machine Learning,
PMLR, 2017, pp. 2101-2110.

L1, C. Ta1, anp E. WEINAN, Stochastic modified equations and adaptive stochastic gradient
algorithms, in International Conference on Machine Learning, PMLR, 2017, pp. 2101-2110.
L1 anp Y. Liang, Learning overparameterized neural networks via stochastic gradient
descent on structured data, arXiv preprint arXiv:1808.01204, (2018).

ManpT, M. D. HorrFMmaN, aAND D. M. BLEI, Stochastic gradient descent as approximate
bayesian inference, The Journal of Machine Learning Research, 18 (2017), pp. 4873-4907.
MEeNG, Y. Wang, W. CHEN, T. Wang, Z.-M. Ma, anp T.-Y. Liu, Generalization error
bounds for optimization algorithms via stability, arXiv preprint arXiv:1609.08397, (2016).

. Mou, L. Wang, X. Zuai, anp K. ZHENG, Generalization bounds of SGLD for non-convex
learning: Two theoretical viewpoints, in Conference On Learning Theory, 2018, pp. 605-638.
NEELAKANTAN, L. VinLnis, Q. V. Lg, I. SurskevER, L. Kaiser, K. KuracH, AND
J. MARTENS, Adding gradient noise improves learning for very deep networks, arXiv
preprint arXiv:1511.06807, (2015).

Paszke, S. Gross, F. Massa, A. LERER, J. BRADBURY, G. Cuanan, T. KiLLEEN, Z. LIN,
N. GIMELSHEIN, L. ANTIGA, ET AL., Pytorch: An imperative style, high-performance deep
learning library, in Advances in Neural Information Processing Systems, 2019, pp. 8024-8035.

. PETERSEN, M. PEDERSEN, ET AL., The matriz cookbook, vol. 7, Technical University of

Denmark, 15 (2008).

. L. Roux, M. ScamipT, AND F. R. BAcH, A stochastic gradient method with an exponential

convergence rate for finite training sets, in Advances in Neural Information Processing
Systems, 2012, pp. 2663—2671.

. Scamipt, N. LE Roux, anNp F. BacH, Minimizing finite sums with the stochastic average
gradient, Mathematical Programming, 162 (2017), pp. 83-112.

. SHALEV-SHWARTZ AND T'. ZHANG, Stochastic dual coordinate ascent methods for regularized

loss minimization, Journal of Machine Learning Research, 14 (2013), pp. 567-599.

Y. SiMArD, D. STEINKRAUS, AND J. C. PraTT, Best practices for convolutional neural
networks applied to visual document analysis, in Seventh International Conference on
Document Analysis and Recognition, 2013, pp. 958-963.

. L. SmiTH AND Q. V. LE, A bayesian perspective on generalization and stochastic gradient

descent, arXiv preprint arXiv:1710.06451, (2017).

SUN, Optimization for deep learning: theory and algorithms, arXiv preprint arXiv:1912.08957,
(2019).

SuN, Optimization for deep learning: An overview, Journal of the Operations Research
Society of China, 8 (2020), pp. 249-294.

. Yang, Z. Da1, Y. Yang, J. CarBoNELL, R. R. SALAKHUTDINOV, AND Q. V. LE, Xinet:

Generalized autoregressive pretraining for language understanding, in Advances in Neural
Information Processing Systems, 2019, pp. 5754-5764.

ZHANG, J. Zuao, aND Y. LECuN, Character-level convolutional networks for text classifi-
cation, in Advances in Neural Information Processing Systems, 2015, pp. 649—657.
ZHANG, P. Liang, aND M. CHARIKAR, A hitting time analysis of stochastic gradient
langevin dynamics, in Conference on Learning Theory, 2017, pp. 1980-2022.

This manuscript is for review purposes only.



	Introduction
	Literature Review
	Analysis
	Deep Networks with Polynomial Activation Functions
	Dynamics: Connecting Generalized Products Step by Step
	Applications: Decreasing Property of the Variance of SG estimators

	General Feed-forward Neural Networks

	Experiments
	Datasets and Settings
	Synthetic Dataset
	MNIST Dataset
	Yelp Review Dataset

	Discussion

	Discussion and Future Work
	Appendix A. Lemmas and Proofs
	Proofs for Results in 3.1
	Two-layer Linear Networks
	Two-layer Networks with Quadratic Polynomial Activation Functions
	Deep Networks with Polynomially-activated Functions
	Deep Networks with General Activation Functions


	References

