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Abstract

We present two stochastic variance-reduced
algorithms for PCA and provide their con-
vergence analyses. By deriving explicit forms
of step size, epoch length and batch size, we
show that the proposed algorithms can at-
tain the optimal runtime with arbitrary batch
sizes. We also establish global convergence
of the algorithms based on a novel analysis,
which studies the optimality gap as a ratio
of two expectation terms. The framework in
our analysis is general and can be applied
to analyze other stochastic variance-reduced
PCA algorithms and improve their analyses.
Moreover, we introduce practical implemen-
tations of the algorithms which require no
hyper-parameters. The experimental results
show that the proposed algorithms outper-
form other stochastic variance-reduced PCA
algorithms regardless of the batch size.

1 Introduction

Principal component analysis (PCA) (Jolliffe, 2011)
is a fundamental tool for dimensionality reduction in
machine learning and statistics. Given a data matrix
A= [araz...a,] € R¥" consisting of n data vectors
ai,asg,...,a, in R4, PCA finds a direction w onto which
the projections of the data vectors have the largest vari-
ance. Assuming that the data vectors are standardized
with a mean of zero and standard deviation of one, the
PCA problem can be formulated as

1
maximize f(w) = o ;(aiTw)Q = inC’w W
subject to  |Jw|2 =1
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where C' = %AAT € R4 is the covariance matrix
of data matrix A. As the largest eigenvector uy of C
maximizes f(w), (1) can be solved by computing the
singular value decomposition (SVD) of A. However,
the runtime of SVD is O(min{nd?, n%d}), which can be
expensive in a large-scale setting. An alternative way to
solve (1) is to use power iteration (Golub and Van Loan,
2012) which repeatedly applies w11 = Cw/||Cwy|| at
each iteration. The sequence of iterates {w;} generated
by power iteration is guaranteed to obtain an e-optimal
solution after O(%log%) iterations where Ay > Ay >
... > Ag > 0 are the eigenvalues of C and A = 1—Xg/\;
represents the eigen-gap. Since each iteration involves
multiplying vector w; with the matrix C, the runtime
becomes O(nd%log%). When n and d are both large,
the runtime of power iteration is better than that of
SVD. Nonetheless, it still largely depends on n and can
be prohibitive when A is small.

In order to reduce the dependence on A or n, the follow-
ing variants of power iteration have been developed. To
reduce the dependence on A, Xu et al. (2018) propose
power iteration with momentum (Power+M) utilizing
the momentum idea of Polyak (1964). With the op-
timal choice of the momentum parameter 3 = \2/4,
the total runtime improves to O(ndﬁlog%). Also, a
stochastic algorithm utilizing the stochastic gradient
a;, agwt rather than a full gradient C'w; is introduced
in Oja (1982). Since it requires just one data vector
at a time, the computational cost per iteration is sig-
nificantly reduced. However, due to the variance of
stochastic gradients, a sequence of diminishing step
sizes needs to be adopted, making its progress slow
near the optimum.

Built on the recent stochastic variance-reduced gradient
(SVRG) technique (Johnson and Zhang, 2013), Shamir
(2015, 2016) present a stochastic variance-reduced ver-
sion of Oja’s algorithm (VR-PCA) and its extension to
find k£ > 1 principal components. Utilizing stochastic
variance-reduced gradients, VR-PCA works with a con-
stant step size and converges at an exponential rate,
reducing the total runtime to O(d(n + 5 )logl). The
analysis of VR-PCA considers a mini-batch of size one,
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Table 1: Comparison of stochastic variance-reduced methods for PCA and their convergence analyses. Types
of convergence and complexity results are summarized. “Local” means that there is a restriction on the angle
between an initial iterate and the first eigenvector u; and “global” implies no such restriction. For VR Power
and VR HB Power, p > 0 is a parameter which controls the progress of the algorithms through step size n = A#

depending on batch size.

Algorithm Convergence Iteration Batch Size Total Runtime Reference
VR-PCA Local O (Z=logl) o O (d(n+ zz)log?) (Shamir, 2015)

VR Power+M Local (@] (ﬁlog%) (@] ( ) @] (d (n + g) log%) (Xu et al., 2018)
Fast PCA Global O (ﬁpoly (log%)) O O(d(n+ ﬁ) poly (log%)) (Garber and Hazan, 2015)
VR Power Global O (xirrlogt) O (xt=5) O (d(n+ =) logt) [This Paper]

VR HB Power  Global O (5hrlogl) O (5o O (d (n+ 25) log?) [This Paper]

which implies that it works with any size of mini-batch.
However, conditions for the step size and the epoch
size are not precisely given, making it hard to attain
the theoretically optimal runtime in practice.

A stochastic variance-reduced version of Power+M (VR
Power+M) is introduced by Xu et al. (2018). Due to the
momentum term, the iteration complexity is improved
to O (ﬁlog%). However, a batch size of O(%) is
required to achieve such iteration complexity, leading
to the total runtime of O(d(n + g)log%). Note that
the runtime of VR Power+M is worse than that of VR~
PCA due to the extra dependency on v/d. Moreover,
unless the batch size is sufficiently large, VR Power+M
may diverge, which makes it hard to use.

On other other hand, Garber and Hazan (2015) reduce
the PCA problem to inexactly solving a sequence of
convex optimization problems. Each convex optimiza-
tion problem has the form of the least square problem
and amounts to one step of inverse power iteration
(Golub and Van Loan, 2012). Due to the finite sum
structure of the objective function, the SVRG algo-
rithm (Johnson and Zhang, 2013) can be used to solve
it. However, solving this strongly convex optimization
problem can be as hard as the original PCA problem
since the objective function is (A — Ag)-stronly convex
and (2A1 — Az — A\g)-smooth in the accurate regime. By
inexactly solving these problems, an e-optimal solution
can be obtained after a poly-logarithmic number of
iterations.

The shifted-and-inverted approach is also introduced for
the leading eigenvector problem (Garber et al., 2016)
and a number of solvers such as coordinate-descent
(Wang et al., 2018), SVRG (Garber et al., 2016), accel-
erated gradient descent, accelerated SVRG (Allen-Zhu
and Li, 2016) and Riemannian gradient descent (Xu,
2018) have been developed to solve the least square
problem. Other works on power iteration include the
noisy (Hardt and Price, 2014) and coordinate-wise (Lei
et al., 2016) power methods. The noisy power method
considers the power method in a noise setting, which

Balcan et al. (2016) extend to provide an improved gap-
dependency analysis. Also, power iteration has been
analyzed for incremental or online PCA in many works
(Allen-Zhu and Li, 2017; Li et al., 2018; Balsubramani
et al., 2013; Arora et al., 2012; Boutsidis et al., 2015;
Jain et al., 2016; Mitliagkas et al., 2013).

In this paper, we present two mini-batch stochastic
variance-reduced algorithms for PCA (VR Power, VR
HB Power) and their convergence analyses. They are
mini-batch versions of stochastic variance-reduced al-
gorithms for power (Golub and Van Loan, 2012) and
power with momentum (Xu et al., 2018) iteration meth-
ods. While VR-PCA (Shamir, 2015) takes a data vector
at a time, VR Power works with any batch size and
the accompanying analysis reveals that whatever the
batch size is, VR Power can always achieve the optimal
runtime by appropriately choosing the step size and
epoch length. Explicit conditions for the step size, the
epoch length and the batch size to ensure the opti-
mal runtime are derived for VR Power. On the other
hand, VR HB Power is an enhanced algorithm of VR
Power+M. By adding the step size, VR HB Power
can work with any batch size while VR Power+M can
fail if the batch size is not sufficiently large. In the
analysis of VR HB Power, we prove that for any batch
size, VR HB Power can achieve the optimal runtime by
appropriately choosing the step size, the epoch length
and the momentum parameter. Explicit expressions
for theses parameters are provided. In addition, our
analysis removes the dependency on v/d for the batch
size, which improves the analysis of VR Power+M. For
the comparison of stochastic variance-reduced PCA
algorithms and their convergence analyses see Table 1.

In the convergence analyses, we introduce a novel frame-
work of analyzing stochastic variance-reduced PCA
algorithms. For an inner-loop iterate w;, we decom-
pose E[(ufw;)?] with uj, an eigenvector with respect
to A into two parts where the first one is the ex-
pectation term and the second one is the variance
term. To obtain tight bounds for the variance term,
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we analyze its growth over an epoch rather than fo-
cusing on iteration-by-iteration behavior. Using the
Binomial expansion of matrices, we come up with com-
pact bounds of the variance term. Based on the com-
pact representation of the variance term, we establish
a bound for (E[[|w|’] — Ef(ufw:)? ])/E[(u1 we)?] =
Zi:z [(uFwy)?]/E](uTw;)?] and derive conditions for
the step size, epoch length and batch size to ensure its
sufficient decrease.

The concept of representing the optimality gap as the
ratio of two expectations has been never used for ana-
lyzing stochastic PCA algorithms. However, it results
in much simpler convergence statements than proba-
bilistic statements appearing in Shamir (2015) and Xu
et al. (2018). Note that probabilistic statements can
be easily derived from expectation bounds using the
Chebyshev inequality. With the expectation bounds,
we can establish global convergence of stochastic PCA
algorithms. Although stochastic PCA algorithms have
been observed to work well with random initialization
(Shamir, 2015), an initial condition of |ufwg| > 1/2
is required in previous probabilistic analyses. In our
framework, such condition is not necessary and the
rate of convergence does not depend on how far an
iterate is from uy but is kept the same across iterations,
as in the case of deterministic power iteration. The
framework introduced in this work is not specific to the
presented algorithms; it can be easily applied to ana-
lyze other stochastic variance-reduced PCA algorithms
such as VR-PCA or VR Power+M, deriving expecta-
tion bounds for them and resolving their initialization
issues.

Our work has the following contributions.

1. We present two mini-batch stochastic variance-
reduced PCA algorithms. For any batch size, our
algorithms achieve the optimal runtime by appro-
priately choosing algorithm parameters. Explicit
expressions for these parameters are provided.

2. We provide novel convergence analyses for the al-
gorithms where we establish global convergence by
deriving a bound for the ratio of two expectation
terms. The framework in our convergence analyses
is general, therefore can be used to analyze other
stochastic variance-reduced PCA algorithms. To
this end, we are the first to establish convergence of
VR-PCA and VR Power+M for any initial vector
and in expectation.

3. We introduce practical implementations of the al-
gorithms and report numerical experiments on di-
verse datasets. Experimental results show that our
algorithms outperform other stochastic variance-
reduced algorithms for any batch size.

The paper is organized as follows. We introduce the
algorithms in Section 2 and the convergence analyses
in Section 3. Some practical considerations regarding
the implementations of the algorithms are discussed in
Section 4 and the experimental results are followed in
Section 5.

2 Stochastic Variance-Reduced
Algorithms for PCA

We consider two mini-batch stochastic variance-reduced
algorithms for PCA. The first one is a mini-batch ver-
sion of VR-PCA (Shamir, 2015) and the second one is
an enhanced version of VR Power+M (Xu et al., 2018)
with a step size incorporated. For eigenpairs (A, uy)
of C = 13"  aal, we assume that the eigenvalues
A1, A9, .oy Ag satisfy Ay > Ao > ... > Ay > 0 and
the eigenvectors wuq,us,...,uq form an orthonormal
basis. Since a symmetric matrix is orthogonally diago-
nalizable, we can assume that such eigenvectors exist
without loss of generality. We assume that all norms
are Lo for vectors and spectral for matrices.

Variance reduction algorithms have an outer loop and
an inner loop. They periodically compute exact gradi-
ents at each outer iteration and use it in inner iterations
to reduce the variance of stochastic gradients. Let w,
and w; denote an outer-loop and inner-loop iterate,
respectively. To get a stochastic variance-reduced gra-
dient of an inner loop iterate w;, we first decompose
the inner loop iterate w; it into two parts as

~T = =T
w = L)s wt)ws + (I a wfws2>wt
[l

using the outer loop iterate w,. In the above decompo-
sition, the former term represents the projection of w;
on ws while the latter term represents the remaining
vector. Utilizing the exact gradient g, at ws, the exact
gradient at the first term can be computed as

w(mzw‘*)ws) @) o

[l | s>

(wTwy) _

TP

On the other hand, a stochastic sample S; is used to
compute a stochastic gradient at the second term as

wa
5] Z“””( - |2>“’

leS;

This results in the following stochastic variance-reduced
gradient g; at w; as

(0l wy)
9= et
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2.1 VR Power

Using the stochastic variance-reduced gradient gy, we
obtain a stochastic variance reduced version of Power
iteration as

Wig1 = (1 —n)wy +ngs. (3)

This update rule has a similar form as the one in VR-
PCA, which repeats

Wil ¢ we + 17 (ait (aZwt — aZws) + §5) . @)

Note that (3) generalizes (4) in the following two senses.
First, we can obtain an update rule of (4) by letting
n=(14+1)/7 in (3). Second, with the choice of n =1,
we can recover deterministic power iteration from (3)
while (4) does not. Using update rule (3), we have VR
Power exhibited in Algorithm 1.

Algorithm 1 VR Power

Parameters: step size 7, mini-batch size |S|, epoch
length m
Input: data vectors a;,i =1,...,n
randomly initialize outer iterate wg
for s=0,1,... do
g« Cw,
wWo — Wy
w < (1 —n)wo +ng
fort=1,2,...,m—1do

sample a mini-batch S; C {1,--- ,n} of size |S]
uniformly at random
1 woon (wfwo) .
gt — — > aal (I wg+
ElN= [[wo? [[wo[?

wip1 < (L= n)we +ng:

end for

’II)5+1 — W

end for

When per sample cost is as expensive as per iteration
cost, VR Power is an efficient algorithm since it attains
the optimal sample complexity. However, if per sample
cost is cheap, it might not be effective since its iteration
complexity does not improve beyond O(% log(%)). For
this reason, we introduce VR HB Power which works
better in the latter setting.

2.2 VR HB Power

Using g;, we obtain a stochastic variance-reduced heavy
ball power iteration as

Weg1 2((1 — 77)’LUt + ngt) - ﬁwtfl (5)

where ) € (0, 1] is the step size and § is the momentum
parameter. Note that we can recover the deterministic
heavy ball power iteration from (5) when the step size 7

is set to 1 and the exact gradient g; = Cw, is used. The
mechanism of controlling the progress of the algorithm
using the step size 7 is not present in VR Power+M
(Xu et al., 2018). As a result, it fails to converge unless
the mini-batch size |S| is sufficiently large. To the
contrary, our algorithm works with any mini-batch size
|S| due to the presence of the step size 7. By selecting
an appropriate value of 1 depending on the size of |S|
and m, we can always ensure that the variance terms do
not grow faster than expectation terms. Having update
rule (5), VR HB Power is described in Algorithm 2.

Algorithm 2 VR HB Power
Parameters: step size 7, momentum 3, mini-batch
size |S|, epoch length m
Input: data vectors a;,t =1,...,n
randomly initialize outer iterate wg
for s=0,1,... do
g < Cwy
wg — Wy
wy < (1 —n)wo +ng
fort=1,2,....,m—1do
sample a mini-batch S; C {1,--- ,n} of size |S]
uniformly at random

1 wowd (wlwog) .
gt < o7 > waj (I— T | Wik g
|St| €3, : [|wo |? [[wol|?
Wi+ 2((1 = n)we + 1ge) — Bwi
end for
Wet1 Wi
end for

3 Convergence Analyses

In this section, we provide convergence analyses for
VR Power and VR HB Power. Before presenting the
convergence analyses, we first introduce some notation.

3.1 Notation

Let C; and P be the sample covariance matrix at in-
ner iteration ¢ and the projection matrix to the space
orthogonal to the outer iterate wy = w; as

wowg

1
Ci=—= Y aal, P=1I
|St| leS

- 2% ()
[[woll?

Using (6), we can write g; as g, = nCw;+n(Cy—C) Pwy.

Next, we characterize the variance of sample covariance

matrix C; as

K = E[|[(C; = O], o® = Elllai,aj, - C|I°].
Then, for My, = E[(C; — C)ugul (C; — C)], we have

2

g
M| < K = 5k (7)
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For the analysis of VR HB Power, we define
=4(1—n+n\)%, Bn) = (1 —n+n2)? (8)

Also, we let pi(a, 5) and ¢:(«, 5) be the Chebyshev
polynomials of the first and the second kind (Mason
and Handscomb, 2002) respectively such that

ar(n)

pe(a, B) = (= B)pi—1(a, B) — B — B)pr—2(cr, B)
+6 Dt— 3((1 )a (9)

qt<a75):( ) 1(04,ﬂ) ( _5)%72(0‘75)
+ B%q—s(a, B) (10)

for t > 3 and

pola.B) =1, p(a§) = & pafa,8) = (5 -5,
(11)
QO(OC,B) = 17 ql(a’ﬁ) = Q, qQ(O‘vﬁ) = (a - 6)2 (12)

Since the first eigenvector u; of the covariance matrix
C' is an optimal solution to (1), the optimality gap is
measured as ZZ:Z (uf wy)?/(uf wy)?, representing how
closely wy is aligned with u;. Note that this ratio is zero
if wy = wy. Our analysis studies it in expectation, pro-
viding a bound for §;, = ¢ _, E[(ulw;)?]/E[(uTw;)?]
given fixed s and 0, = ZZ:Q El(ufws)?]/E[(uws)?]
for an inner loop iterate w; and an outer loop iterate
Ws, Tespectively.

3.2 VR Power

In Lemmas 3.1, 3.2 and 3.3, we consider a single epoch,
which corresponds to one inner loop iteration starting
with wo-

Lemma 3.1. For any n € (0,1], 1 < k < d and

1 <t <m, we have

Bl(ugwe)?]) = (1 =0+ n\e)* El(uy wo)?]

Lemma 3.1 decomposes E[(uf w;)?] into two parts. The
first part represents the expectation term which grows
at a rate of (1 — 1+ n)\;)? and the second part is the
variance term which increases as w; strides away from
wp as captured by E[w! PMj Pw).

Lemma 3.2. For any n € (0,1],
1 <t <m, we have

1 <k < dand

d

d
> Elw{ PMPw,] < 2K -y E[(uf wp)?]
k=2 k=2

(@ — 1+ nA)? +772K)t.

n?’Km

(1 =n+4+nA)?

1 2m
em g (W) +
I—n+nh
T P M Puy],

Lemma 3.2 provides a bound for ZZ:2 Efw;
which grows at a rate not greater than (1 —n+nX)? +
n?K. Using this bound and assuming some condition
on 7, K, and m, a bound on 6, is derived as a function
of 8y, m, m, and K. In Lemma 3.3, we present explicit
conditions for 1, m, and |S| to ensure a sufficient de-
crease of 6,,

Lemma 3.3. Let n = A" for some pu > 0. If m and
|S| satisfy

Moreover, if 0 < < 1, then we have

4’ Km
(I =n+mnii)?

[ =n+nA)log2
m = { SMA (13)
and 5 o
16n“c°m
S>> —— 14
= .

then we have 6,, < 3/4-6y.

For any p > 0 such that n = A*, Lemma 3.3 provides
explicit values of m and |S] to ensure a sufficient de-
crease of 0,,,. In the analysis of VR-PCA, exact values
of 1 and m to ensure the optimal runtime have not been
provided. Instead, only the orders of n and m have
been provided such that 7 = ¢; A and m = ¢ /A2, mak-
ing it hard to obtain the optimal runtime in practice.
Contrary to it, our analysis provides explicit expres-
sions for m and |S|, being more practical. Moreover,
since the term on the right-hand side of (14) goes to
zero as p increases, it can be also stated that for any
|S| > 1, there exists some p > 0 and thus n = A¥
and m (see (14)) such that 6, < 3/4 - 6y holds. This
implies that VR Power can always attain a sufficient
decrease of 6, no matter what |S| is used. We next
give the main result.

Theorem 3.4. Suppose that an initial vector Wy satis-
fies uT10g # 0 and let 0y = (1 — (uT100)?)/(uT100)? > €
for some e > 0. If n = A" and m and |S| satisfy (13)
and (14), after T = [log(6o/€)/log(4/3)] epochs of VR

Power, we have 0, < e.

Theorem 3.4 present a convergence result for 7 epochs.
Note that our result requires only a trivial assumption
on Oy and thus establishes global convergence. Also,
since 7 = O(log(1)), only a logarithmic number of inner
loops is needed to be performed to obtain e-accuracy.

3.3 VR HB Power

The following Lemmas 3.5, 3.6 and 3.7 are counterparts
of Lemmas 3.1, 3.2 and 3.3 for VR HB Power. For
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the momentum parameter 3, we let 5 = 3(n) which
is defined in (8). As in the analysis of VR Power, we
first consider a single epoch with an initial inner loop
iterate wyq.

Lemma 3.5. For any n € (0,1], 1 < k < d and

1 <t <m, we have

E[(ug wi)?] = pe(ax(n), B(n) El(uj wo)?]
t—1
+ 4772 Z qt—r—1(i(n), ﬂ(n))E[wZPMkPwT]'

r=1

Lemma 3.5 breaks E[(uf w;)?] into the sum of expec-
tation part and variance part. While the expectation
term is a function of the Chebyshev polynomial of
the first kind, the variance part is a function of the
Chebyshev polynomials of the second kind. That being
said, the variance term grows faster and thus we need
a careful analysis for it.

Lemma 3.6. For any n € (0,1],

1 <t <m, we have
4772[( )tl
ax(n) —46(n)

) ZE uf wp)?

1 <k < d, and
d
> Elw] PMPuw,] < 4K - (1 -
k=2
(Yo
2

Moreover, if 0 <

| Y

4m?Km
a1 (n) —46(n)

Pm (012 (77), 6(77))
Om = <pm(a1(77)7ﬁ(77)) * a1 (n)

< 1, then we have

12802Km ) 0
—4B(m))

Lemma 3.6 provides a bound for ZZ:Q E[w! PM;, Pwy).
Note that it depends on A and blows up as A goes to
zero due to the term involving 1/(a1(n) — 48(n)). Due
to this dependency, VR HB Power tends to require a
larger batch size than VR Power given the same values
of n and m. Lemma 3.6 also establishes a bound for 6,,

as a function of 6y, n, m and K under some assumption.

Lemma 3.7. For some p >0, let n = A* and

_ K 1=+ 1A
NAA + /A AR — 1) + (A + A2))
VIAAR(L — 1) + (AL + A2)) log 8
NAMA 4+ VnAMART —n) +n(M + X)) ) 2
(15)
and 128102
nosm
S WNCTT R v w)

Then, we have 0,, < 3/4-6,.

Lemma 3.7 provides explicit conditions for m and |S|
to ensure a sufficient decrease of 6,,. Note that when
u = 0, we have |S| > O(AS/Z), which improves the
analysis of VR Power+M in Xu et al. (2018) by re-
moving the dependency on v/d. Also, for any |S| > 1,
there exists some 7 and m satisfying the conditions in
Lemma 3.7. This implies that VR HB Power works
with any batch size while VR Power+M does not. The
overall convergence is established next.

Theorem 3.8. Suppose that an initial vector wo satis-
fies uTwg # 0 and let Oy = (1 — (uTwo)?)/(uFwg)? > €
for some € > 0. If n = A* and m and |S| satisfy (15)
and (16), after T = [log(fo/€)/log(4/3)] epochs of VR
HB Power, we have 9~T <e.

The global convergence result in Theorem 3.8 is based
on the single epoch result in Lemma 3.7. Since 7 =
O(log(1)), the iteration complexity of VR HB Power
is 7m = O( 5721772 log(1)). On the other hand, from
|S| = O(W), the sample complexity amounts to
O((n+ 2z)log(%)). Note that VR HB Power has the
same sample complexity as VR Power but may have
small iteration complexity. Therefore, if per sample
cost is cheaper than per iteration cost, VR HB Power
can be more efficient than VR Power.

4 Practical Considerations

In this section, we discuss some practical aspects im-
plementing the proposed algorithms. First, to ensure
that the algorithms are numerically stable, we con-
sider normalizations as introduced in Shamir (2015)
and Xu et al. (2018). After updating w1, we nor-
malize w1 as wpy1 < wig1/||wit1]2 in VR Power
and update w; and w11 as wy < wi/||weg1]]2 and
Wi1 < Wet1/]|wis1]]2 in VR HB Power. Since these
scaling schemes do not impact the sample paths of
wy/||we||, we can obtain the same results with numeri-
cal stability.

Another practical issue with the implementations of
VR Power and VR HB Power is to estimate A; and As.
As appearing in Lemma 3.3 and Lemma 3.7, accurate
values of A1 and Ay are essential to determine the values
of , m, and § (for VR HB Power). In the experiments,
the mini-batch size |S| is given as some percentage of
n, so no estimation is required for |S|. In order to
estimate A\; and Ao at a regular interval (at the start
of each inner-loop), we use the exact gradients of two
consecutive outer-loop iterates ws_1 and ws. Since we
expect that ws approaches u; as the iterations advance,
using the Rayleigh quotient, we estimate \; as

(@,)7C(@,)

M= T,

(17)
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To estimate A5 in the same way, we need an estimate
of us. In Power iteration, an iterate first approaches
the subspace spanned by u; and us before converging
to u;. That being said, after a number of iterations,
we can approximate it by a linear combination of wu,
and us. Based on this observation, we estimate uy as
Gy = Wy_1 — (WL 1y )1bs. (18)
The idea of the above estimation is to project ws_1 to
the space orthogonal to ws. If W =~ uy; and Ws_1 =
ayuy + agug for some aq, as(# 0), we have g & us.
Using the Rayleigh quotient of 4, we estimate Ay as

Wl Cis_1 — 20,07 Civg_1 + 02w Ciig
1— 62

Ay = (19)
where 0, = ’lI)Z_l’uN)s. While two matrix-vector multipli-
cations, Cws_1 and Cws, are involved in computing
(17) and (19), they incur no extra computation since
they are the exact gradients of ws_1 and ws, which are
computed regardless of the estimation. As a result, we
can obtain \; and A, by only computing some inner
products. For initial estimation of A1 and )\2, we run
Power iteration five times and use the last two iter-
ates. Note that the exact gradient of the last iterate
is computed at the start of the very first outer-loop
iteration.

Given |S| and estimates of A\; and A2, we use bisection
search to find n € (0,1] such that the terms on the
right-hand sides of (14) and (16) are almost equal to
|S]. After 7 is found, we use (13) and (15) to determine
m.

5 Numerical Experiments

In this section, we test the performance of VR Power
and VR HB Power with that of (i) VR-PCA (Shamir,
2015), (ii) VR Power+M (Xu et al., 2018) and (iii) Fast
PCA (Garber and Hazan, 2015) for finding the first
eigenvector u; of the covariance matrix C' constructed
by data vectors a;,i = 1,...,n from real world datasets.
Note that all present stochastic variance-reduced PCA
algorithms are compared in this experiment.

5.1 Datasets

The datasets include ijenn (Prokhorov, 2001), cover-
type (Blackard and Dean, 1999), YearPredictionMSD
(Bertin-Mahieux et al., 2011) and MNIST (LeCun et al.,
1998) as summarized in Tabel 2. All of them are ob-
tained either from the UCI repository (Dheeru and
Karra Taniskidou, 2017) or the LIBSVM library (Chang
and Lin, 2011). They are carefully chosen to incorpo-
rate a variety of datasets in terms of size and eigen-gap.
The first three datasets are standardized with a mean

Table 2: A summary of datasets

DATASET n d A
ICJNN(TEST) 91,701 22 0.0079
cov 581,012 54 0.2106
MSD 463,715 90 0.3224
MNIST 70,000 764 0.8851

of zero and standard deviation of one while the last
one is scaled to the range between 0 and 1 to preserve
its sparsity.

5.2 Settings

In order to report a comprehensive comparison of the
algorithms, we consider two settings for selecting hyper-
parameters. In the first setting, we use hyper-parameter
tuning. Specifically, we use a grid search to find the
best values of 7, m and |S| = p% of each algorithm and
dataset where 7 € {0.01,0.05,0.1,0.2,0.4,0.6,0.8, 1.0},
m € {25, 50,100,200} and p € {1,2,5,10}.

In the second setting, we use the following theoretically
derived or recommended hyper-parameter values.

e VR-PCA: n=+/n/ 2?21 llaill?,
e VR Power+M: = )\3/47 o? = Z?zl ||ai|\2/n,

m=nmn, |S|=1.

A2 log 16

_ 512log 16X202V/d
VAT = A3 VAT =N

e Fast PCA: 6 = Ay — A\2. We only consider the
accurate regime. In order to solve each problem,
we use SVRG (Johnson and Zhang, 2013) with
€=1076,

S| =

R B 1

- 7(2/\1 + )\2)2’ o ’72772(2>\1 + )\2)2—‘ '

e VR Power, VR HB Power: |S| = p% -n for p €
{1,2} and 0% = """, ||a;||*/n. For n and m, we
use bisection search explained in Section 4. Also,
the scaling schemes in Section 4 are used to ensure
numerical stability. The exact values of A1 and Ay
are used to find n and m.

e PF VR Power, PF VR HB Power: As opposed to
VR Power and VR HB Power, adaptive estimates
of A\; and A obtained by the procedure in Section 4
are used to find n and m.

5.3 Results

Figure 1 displays the experimental result with hyper-
parameter tuning. In the figure, the x-axis represents
time in seconds and the y-axis represents the optimality
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Figure 1: The comparison of stochastic variance-reduced PCA algorithms with hyper-parameters tuned
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Figure 2: The comparison of stochastic variance-reduced

and parameter-free algorithms

gap, 1 — (wluy)?, in the log-scale. Since VR-PCA and
VR Power are related algorithms, their performances
are similar except for cov where the step size of VR-
PCA is tuned to the largest possible value of 1.0. If
some larger values are included in the grid, VR-PCA
would have a similar performance to VR Power even for
cov. On the other hand, VR HB Power always performs
better than VR Power+M due to its additional control
through the step size. VR HB Power works particularly
well for ijenn which has the smallest eigen-gap. If the
eigen-gap is large, the performance of VR HB Power
is not much different from the performances of VR
Power+M, VR-PCA and VR Power. We were not able
to find good hyperparameters for Fast PCA.

Figure 2 shows the experimental result without param-
eter tuning. In the figure, regardless of the batch size,
VR Power and VR HB Power outperform VR-PCA,
VR Power+M and Fast PCA. Although VR Power and
VR-PCA are similar algorithms, the performance of VR
Power is much better than that of VR-PCA due to the
choice of n and m. While VR Power precisely choose
the values of 7 and m depending on the values of A1, Ao
and | S|, VR-PCA does not utilize such information and
let them depend only on n. As a result, the step size
is too small and the epoch length is too large, leading
to slow convergence. On the other hand, due to the
extra dependency on v/d, VR Power+M requires too
large samples and thus it is slower than VR Power even
for ijenn which has the smallest eigen-gap. The epoch

12
0 50 100 150 200 250 300 350 400 450 500
time (seconds)

12
0 20 40 60 8 100 120 140 160 180 200
time (seconds)

PCA algorithms with recommended hyper-parameters

length m of SVRG in Fast PCA is of the order of 1/A2.
Therefore, Fast PCA takes a significant amount of time
to solve each convex sub-problem and therefore it does
not appear in the figures of ijenn, cov, and MSD. While
it appears in the figure of mnist, its optimality gap
does not decrease as sharply as other algorithms. On
the other hand, PF VR HB Power takes more than 50
seconds than VR HB Power while the performance of
PF VR Power looks very similar to that of VR Power.
This is because VR HB Power has the additional mo-
mentum parameter §, which makes its performance
more affected by estimation errors. Nevertheless, both
parameter-free algorithms work very well compared to
other algorithms.

6 Conclusion

In this paper, we present two mini-batch stochastic
variance-reduced algorithms for PCA and derive exact
forms of their parameters to attain the optimal runtime.
Our results show that for any batch size, the optimal
runtime can be achieved by appropriately choosing the
step size and epoch length. We also introduce practical
implementations which automatically find such values
depending on batch sizes. The framework used in our
analysis is not specific to the proposed algorithms but
can be applied to analyze other stochastic variance-
reduced PCA algorithms and improve their results. In
our framework, the optimality gap is measured as the
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ratio of two expectation terms and this enables us to
develop global convergence statements. Experimental
results show that the proposed algorithms work well
for arbitrary batch sizes.
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A Supplementary Material

In the proofs below, for a, 8 > 0, we let Y;(A, 8) and Z;(A, 8) be matrix polynomials such that

(A 5) =24Y,- 1(A 5) - BY- 2(A B), t>2, Yi(A,B) = A, Yo(A,B) =1, (20)

and let y;(a, 8) and z(«, §) be recurrence polynomials such that

«
yt(avﬁ) = \/aytfl(aaﬁ) - ﬁyt72(a75)a t Z 27 yl(avﬁ) = §7 yO(avﬁ) = 13 (22)
zt(avﬁ) = \/azt—l(aa/B) - /th—Q(aaﬂ)a t 2 27 21(057B) = \/a7 20(0475) =1 (23)
For a sequence of matrices By, By, Ba, - - -, let
ﬁB‘ _ BB B ik
L1 1, otherwise
i=j
Since the eigenvectors uj,us, . .., uq form an orthogonal basis, we frequently use the fact that for w € R¢, we

d
have ||w|]? = Ekzl(ugw)Q.

A.1 Main Results

Lemma A.1. For w € R? such that |w|| =1 and t > 0, we have

IP[(1 =) +3C]" wl* < 2(1 = n+n1X)* (1 = (uf w)?), (24a)

IPY:((1 =) +nC, B(n)w* < 4(1 — (uf w)*)pi(ar(n), B(n)), (24b)

1Z:((1 =) T +0C, B < qi(ea(n), B(n)). (24c)

Proof. Since uy,ug, - ,ug forms an orthogonal basis in R%, we can write w = Zzzl(u{w)uk. From that (Ag,us)

are eigenpairs of C'; we have

Mg

[(L=0)] + 0] w )1 =0 +n\e)"u (25)

k:l

Since

IP (1 —n)I+nC w|*=w" [(1—n)+nC]) P*[(1-n)I+nC]' w
1@ =m)I+nC P[(1 —n)I +nCl'w
1 =mI +nC]" (I —ww") [(1—n)] +nCl'w

= @ = mI +nC)f wl* ~ (w7 [(1 =) +0C) w)’,
using (25), we have

d d

P10 =) +nCl wl? = 3 (ufw)(1 - ) — (S -+ axe)’)’

=1 k=1
< (1 —n+nA)* = (ufw) (1 —n+nr)*
<2(1 = (uf w)?)(1 —n+nA1)*

where the last inequality follows from

1— (u{w)* = (14 (uf w)? )(1— (uiw)?) <2(1 - (ufw)?). (26)
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To prove (24b), we first show that

Yi((L =) +nC, B(n))ur = ye(ow(n), B(n))us- (27)

First, consider the cases when t = 0 and ¢t = 1. For ¢t = 0, we have Yo((1 — n)I +nC, 5(n))ur = yo(or(n), B(n))uk.
For t = 1, it follows that

~

ag(n
2

Yi((1 =) +nC,Bn)ur = (1 —n)I +nCux = (1 —n+nAp)u, = ug = y1(ak(n), B(n))uk.

Suppose that (27) holds for ¢ — 1 and ¢ — 2. Using the definition of ¥; in (20), we have

Yi((L =) I +nC,B(n)ur = 2((1 =) I +nC)Y,1 (1 = )T +nC, B(n)) — B(n)Yi—2((1 = n)I +nC, B(n))] u
= 200 = n+nXe)yi1(ar(n), () — Bn)ye—2(ar(n), B(n))] ux

= [Vermyi—1(ar(n), B(n) = Bn)yi—2(cx(n), B(n))]u
= yi(ar(n), B(n))ug.

This completes the proof of (27).

Next, we show that
(ye(ar(n), B)* = pe(ax(n), B(n))- (28)

For the base cases, we have

(wolak(m), B(n))* = 1 = polw(n), B(),  (wlaw(n), BM)* = =5 = prlar(n), B(n))

and

(v (n). Bn))? = (V/wx s (o (). Bm)) — BCm)wo(eus(n). B) )

I
7 N
2
NS
N~—
|
=
—
3
N—
~_
I
|
s}
N
=}
=
—~
=
=
—
3
N—
N~—

Using the definition of y; in (22) for ¢ and ¢t — 1, we have

(ye(ow(n), B(m))? = (Vew(n)ye—1(ar(n), B(n)) — B(n)ye— 2(0%(77) 5(77)))2
= o (n) (-1 (ax(n), B()))* — 2+/ar(n)B(n (), B(n))ye—2(cx(n), B(n))
+ B(n)* (ye—2(ar(n), B(n)))?

and

) (ye—2(ar(n), Bn)))* = 2¢/ () B(n)ye—2(ar(n), B(n)ye—3(awr(n), B(1n))

(e—1(ar(n), B(m)))* = ax(
+B(n) (ytfg(ak(n),ﬂ(n)))?

Moreover, since

i1 (an(n), B)y—2(cw(n), B(n) = /o (n) (e—2(an(n), B1)))* = Bn)ye—2(ar(n), B(n))ye—s(ar(n), B(n)),

we have

(ye(aw (), Bm))? = () (ye—1(aw (), B ))) = 205, ()B(0) (ye—2 (ke (n), B))* + B(0)* (ye—2(an(n), B(n)))?
+2v/aw(m)B(0)*ye—2(cr(n), B(0))ye—3 (e (n), B(n))
—ak( )(ye—1(ax(n), 5(n ))) — 205, () B (ye—2 (i (n), B))* + B(0)* (ye—2 (0 (), B(n)))?
Bm)))* + B (ye-s(ar(n), Bm))* = (ye-1(ar(n), B(n)))?)

B(n )( k(1) (Ye—2 (o (n),
( k() = B) (ye—1(ox(n), B(n)))* — B(n)(cw(n) — B(n) (ye—2(a(n), B(n)))?
+ B()* (yr—s(ax(n), B(n)))*.

This proves (28).
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Now, using (27), we have

Yi((1 = m)I +nC,B(n)w = Zyt (e (n ) (uf w)ug. (29)
Since w1, us, - - - , ug form an orthogonal basis in R?, we have
d d
Ve ((1 = )T +nC, Bm)wll® =D (e(ox(n), B))* (ui w)* =Y pelar(n), Bn))(uf w)*.
k=1 k=1

Using (90) and (92) in Lemma A.4, for k > 2, we have
pe(ax(n), B(n)) < pi(ai(n), B(n)) (30)
Since Y2¢_, (ufw)? = 1, we have
IYe((L = I +nC, Bn)w|? < pi(ai(n), B(n))-

Moreover, using (ufw)? < 1 and (29), we obtain

d
(W Ya((1 ~ )+ nC. Bm))e)” = (el (). B )2 + 3 wnle). Am)) (ufw)?)

d
> (ye(ar(n), Bm)))* (uf w)* = 2ye(ar(n), B) Y lye (e (). B)| (uf w)?

Therefore,

| PYi(1 =) +nC, B(m)wl® = [Yi((1 = )T +nC, Bm)w|® = (wTYe((1 = )T +nC, B(n))w)’
< (w1 (n), B())* (L = (uiw)*) + 2(ye (e (n), B(0)))* (1 — (ugw)?)
< A(ye(aa(n), B))* (1 = (ugw)?)
where the last inequality follows from (26).

Lastly, we prove (24c). In the same way we prove (27) and (28), we can show that

Z(1 =1 +nC, B(n)ux = 2ok (n), Bn))ur,  (ze(ar(n), B(n)* = ae(ar(n), B(n))- (31)
Using (91) and (92) in Lemma A 4, for k > 2, we have
qi(ak(n), B(n)) < qi(ea(n), B(n))- (32)
Using (31), we have
d d
w? Z,(1 — )T +nC, B(n Zzt Y(uFw)? Z N (uFw)?.
k=1 k=1

Moreover, using (32) and the fact that Zk:l(uk )2 = 1, we have

d
> lzlaw(n), Bm)l(ufw)® < |zi(ar(n IZ upw)? = |ze(en(n), B(m)l-
k=1

This results in

w’ Zy(1 =) +nC, B(n)w < |z (a1(n), B(n))l,
leading to

1Ze((1 = +nC, Bm)II* < [2e(ar(n), Bm)|* = ae(ar(n), B(m)).
This complets the proof. O
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A.1.1 VR Power

Proof of Lemma 3.1. Since Pwg = (I — wowg) wo = 0, we have

ujwi = (1= n)uj wo + nuj, Cwo + nui; (Co — C)Pwo = (1 = 1 + 0 )uj, wo. (33)
Taking the expectation of the square of (33), we obtain
El(ugw1)?] = (1 =+ nAe)* Bl (ug wo)?]. (34)
For t > 2, we have
ufw; = (1 — 14 nhp)ut w1 +nul (Cy_1 — C)Pw;_1. (35)

Since S; is sampled uniformly at random, C; is independent of Si,...,S;—1 and wy with E[C}] = C, leading to
Elufw;_uj (Ci_y — C)Pwy] = E[E[u}wi_1uf (C;_y — C)Pw;|wo, Sy, ..., Si_2]]
= Elu}fw;_1ul E[C;_1 — C]Pwy] = 0.
Therefore, taking the expectation of the square of (35), we have
Bl(ujw)?) = (1 =+ nA\)?E(ug wi—1)] + n* Blwi_ P(Ci—1 — C)ugui (Coo1 — C) Pwy—1]
= (1= +n\)* E[(ug we—1)?) + 1 E[w{_y PMy Pw;1]
where the last equality follows from
Elwl (P(C;_1 — Cupuj (Cy_1 — C)Pwy_1] = E[E[wl_P(C;_1 — C)upus (Cy—1 — C)Pwy_1|wo, St, . .., Si_a]]
= E[wl_PE[(C;_1 — C)ugu} (Cy_1 — C)|Pw;_1]
= Elw] | PMPw;_1].
Repeatedly applying (36) and using (34), we obtain

t—1
El(ufwe)?] = (1= n+0x)* El(ufwo)’] + 77 Y (1 =+ nXe)* 'V Elw] PMPuw).
i=1

O
Proof of Lemma 3.2. By Lemma A.2, we have
d d d d
> Elw] PMyPw,] = Elw! PMyPw,] = E[w/ P> MyPw,] < ||Y_ M| - E[||Pw|?]. (37)
k=2 k=2 k=2 k=2
Using the Jensen’s inequality and the fact that || Zi:2 ugul || = 1, we have
d d
I Ml =11 Y El(C: = Oy (C; = O)]|| < E[|IC: = C|*] = E[I(C; = C)?||) = K,
k=2 k=2
resulting in
d
> Elw{ PM.Pw,;] < KE[|Pw|?]. (38)

k=2
Let
B,=(1-n)I+nC+n(C;—C)P.
Since Pwy = 0 and

0 1 1
II B:= [ Bm(Co—-C)P+ [] Bi((1—nI+nC)
i=t—1 i=t—1 i=t—1
1 t—1 j+1
= II BnGo—C)P+3" I Bn(C; = )P [(1 =m)I +nCY +[(1 =) +nC],

i=t—1 j=1i=t—1
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which can be seen by elementary manipulation, we have

[¢—1 J+1
H Biuwg = II Bin(C; = C)P[(1 =) +nCY +[(1 — I +nC)’
i=t—1 [j=1i=t—1
resulting in
t 1 J+1 _
Pw, =P H Bijwg = ZP I1 Bin(c; = C)P[(1 =) +nCY + P[(1 —n)I +nC' (39)
i=t—1 Jj=1 i=t—1
Since Cy, - -+ ,Cy_1 are independent with E[C;] = C for all 1 <4 <t — 1, we obtain
Jj+1
E|uwf (1= +nC]" P* T] Bin(C; = C)P[(1 = )T +nCY wo| =0 (40)
i=t—1
) J2+1 )
Bluf [(1L=n)I +nCY" P(Cy, - 0 T1 BP° I BafCo— OPIG -l +0CP w] =0 (a1
1=71+1 1=t—1
where 1 < j,j1,j2 <t —1 and j; # jo. Therefore, we have
t—1 J+1
El|Pw,?) =" B[P T] Bin(C; = C)P[(1 = )T +nCY wo|”] + E[|P[(1 = n)I +nC)" wo|?] (42)
j=1 i=t—1

due to cross-terms being 0 from (40) and (41) when “squaring” (39). Using Lemma A.1 with w = wq/||wp|| and
the fact that [jwol|2(1 — (uFwo)?/|lwo||?) = S2¢_,(uFwe)?, we have

d
E[|P[(1 = )] +nCl'wol?] < 2(1 = n+n\)* Y El(ufwo)?]. (43)
k=2

By Lemma A.2 and ||P|| = 1, we have

Jj+1 ) Jj+1 '
1P T] Bin(C; = O)P[(1 = I +nCP wo||* <n?|| [] Bi(C; — OVPI(1—n)I +nCY wo|®.  (44)
i=t—1 i=t—1
Moreover, by repeatedly using first the property that B; is independent of wo, Cj, Bjy1, -+ , Bi—1 and Lemma A.2,
we have
j+1 . )
Bl TT Bi(C; = C)P[(1 = mI +nC] wo||']
i=t—1
) j+1 T j+1 ‘
= Elwf (1 =m1+nCPP(C; - ) T B:) BBy [] BiP(C;— O = mI +nCl )
i=t—2 i=t—2
Jj+1 Jj+1 ,
= B[ - I+ 00V PC; - O [] B) EBE B [] BPIC,— O~ ) +1C) ]
i=t—2 i=t—2
Jj+1 ‘ )
< EBE Bl - E[|| [ BAC; — C)P[(1 = n)I +nC) wo’]
i=t—2
Jj+1 4
< [T BB Bi|| - EII(C; = O)P (1 =) +nCY wol).
i=t—1

In the same way, using the fact that C; is independent of wy and Lemma A.2, we have

E[I(Cj = CO)P[(L = n)I +nC) wol®] < |E[(C; = CY]II - E[IP[(1 = n)I +nCY wol|?],
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resulting in

j+1 j+1
E[| T B:(C;—O)PI(1 =T +nCPwo|] < T IBBIBIlI- 1E(C; = C)| - E[[P [(1 =T +nCY wo]
i=t—1 1=t—1
(45)
Since C; is independent of wg and E[C;] = C, we have
IE[BY Bi]| < [I[(1 = m)I +nC]* || +n*| E[P(Ci — C)*P]|.
Since all induced norms are convex, using the Jensen’s inequality, we have
|E[P(C; — C)*P|] < E[|[P(C; — C)*P|] < B[|I(C; = C)*|] = K
leading to
IE[BI Billl < [[[(1 = m)T +nC) |+ w*|E[P(Ci = C)’P]| < (1 =n+nh)* +7°K. (46)
In the same way, we obtain
IB(C; = C)?]|l < BII(C; — O[] = K. (47)
Using (46), (47) and (43) for (45), we have
j+1 , i d
E[] H Bi(Cj — C)P[(1 = q)I + nCPwo|”] < K [(1 =1+ nA1)* + n’K] T =4 g\)Y ZE (ui wp)?
i=t—1 k=2
(48)
From (42), (43), (44) and (48), we finally have

t—1
t—j—1 ,
NPw ] <2 D K [(1=n+nx)* +0°K] 77 (1=n+nx)¥ + (1—n+nh)*
=1

d
E uk wo

k=2
. d
<2[(1=n+n0)?+0°K] - E(ufwo)?],

k=2

where the last inequality can be checked by elementary manipulation. This results in

d d
3" Blwl PMyPw) < 2K [(1 -1+ nA)? +?K] Y Bl(udwo)?). (49)
k=2 k=2
This proves the first part of the proof.

Next, we have

1

t—1
> Nl

d t
(1= n+nx)* TV Ew] PMyPw] < (1—n+nM\)* - (L—n+nh)
= 1

d
—20D N Blw! PMy Pw)
k=2 i= i=1 k=2
and
t—1 t—1 i
20 ; 1 1—n+n\)?+n°K
1—n4+nA) 20 (1 —n+90)? +9°K]" < <

1 772K t—1
L (1+2) L
n*K (1=n+nA)

< [ (=) )
X —_— — .
2K TP\ 0=+ )2

()
(1 —=n+mn1)?
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Using the condition that

2
n°Km
0I< —mm— <1
(I =n+nk)?
and the fact exp(z) — 1 < 2z for all « € (0, 1), we further obtain
t—1 o
(L=n+n) 2 [1—n+n)* +7°K] < —————
2 e PR S

Combined with (49), this results in
—1

m—1 d
(1 =1+ nA)* "V Ew! PMpPw;] <* ) (1= n+n\)*" DN " Elw] PM, Pw;]
=1 k=2

<4An’Km(1 —n+n\1) 2(’” 1) [(uf wo)?

wM&

Using Lemma 3.1 for t = m and the fact that (1 — 7+ nA\x)?™ < (1 —n +n)a)?™ for k > 2, we finally have

d d d m—1
> Bl(ufw)? Z (1 =1+ nA)>" E[(ufwo)?] + 77> > (1= n+nxe)* "=V E[w] PMy, Pw;]
k=2 k=2 k=2 i=1
((1 — 4 nX2)?" 4+ 42 Km(1 — n+ Ay )20 1>) ZE uFwo)?]. (50)

On the other hand, by Lemma 3.1 and the fact that PMyP is positive semi-definite, we have

(1= n+n\)*"E[(uf wo)?] < El(uf wm)?]. (51)
Combining (51) with (50), we obtain
S Bl wn)?) _ (1 —n+ ﬁ/\z)zm aKm | S, El(ufwo)?
E[(Twn)?]  — |\I1-n+n\ (1 —n+nh)? Bl(ufwo)?]

Proof of Lemma 3.3. From the conditions on 7, m and |S|, we have

2
n°Km 1
< 77 < =
(I—=n-+ni)2 16
Therefore, using Lemma 3.2, we have
d 2m d
Dk El(uf win)?] < (1 —n+ 77/\2) n 4 Km ] Dk El(uf wo)’] .
El(wfwn)?]  ~ [\1=n+nh (1 =n+nA1)? E[(uf wo)?]

By the choice of n and m, we have
G = Z i Zi?)m = (1 = 1”9717;23)1)% < exp (—2717(_A177_+A772A)T> < exp(—log?2) = =
Also, by the choice of 1, m and |S|, we have
4m’Km _ 40%n*m -1
(L =n+nr)* ISI(L=n+nh)> ~ 4

Therefore, we have

iy Blufwm)?) _ 3 iy El(ulwo)?]
El(ufwn)?] ~ 4 [(Wwo)?]
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Proof of Theorem 3.4. By repeatedly applying Lemma 3.3, we have

e < (1) Badan - () »

Since 7 = [log(fo/€)/ log(4/3)], we have

resulting in
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A.1.2 VR HB Power

Proof of Lemma 3.5. From

wy = (1 —n)wo +ng
= (1 = n)wo + nCuwo,
we have
u;‘gwl =(1- n)u;‘gwo + nquwg
= (1 — n)ujf wo + nAyup wo
(1 — 0+ nhp)ur wo. (52)

Taking the expectation of the square of (52), we obtain

a
Bl(ufwn)?) = (- -+ )2 Elufwo)?] = P gl ) (53)
Next, from (5), we have
1 (wlwg) (wiwy) -
=2((1- — sal (wy — L ¢ — _
Rt G 2 (= )+ g 9) ~ B0
T
w, gwo
=2( (1 —nw:+ a;,a; il wy ) nw
(00 gy 3% ol (1= o+ -
U)O’LUO
=2 (1 = n)ws + nCwy + (ai,al —C ) n)W—
(( 77) t n t n|St|Z§ t )( ||IU0||2 t—1
=2((1 = nwy + nCwy + n(Cy — C)Pwy) — B(n)wi—1, (54)
leading to
upwepr = 2((1 =0+ nAp)ugwe +nug, (Cy — C)Pwy) — Bn)ug we-1. (55)

Taking the square of (55), we have

(up weg1)? = 4(1 — 0+ nAp)*(wfwe)? + 4n°wi P(Cy — C)uguf (Cy — C)Pwy + (B(n))? (uf we—1)?
+8n(1 — n+ nAp)uy, wtug(Ct —C)Pwy —4(1 —n+ n/\k)ﬁ(n)ufwtu{wt_l
- 4776(77)115(6} - C)Pwtu;‘fwt,l. (56)

Since S; is sampled uniformly at random, C; is independent of Si,...,S;_1 and identically distributed with
E[Cy] = C. Therefore,

E[ufwtu;‘g(Ct — C)Pwy] = E[E[u;‘gwtug(Ct — C)Pw|wg, S1,...,Si-1]] = E[ufwtuk [Cy — C]Pwy] = 0.

Similarly, we have

E[ul(C; — C)Pwulw,_1] = 0. (57)
As a result, we obtain
Bl(ufwi1)?] = an () Blfw0)?) — 2/an(m)Bn) El(ul we) (ufwi—1)] + (Bn)2El(uf we—1)?)
+ 4n*Elw] PMkPwt]. (58)

Using (52) and (53) in (58) for t = 1, we have

Bltufws)?) = (0 g0 Bl(ufwo)?] + a9 Elw] PM,Puy). (59)
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Moreover, by using (55) with ¢ — 1, multiplying it with ufwt,l, taking expectation and using (57) with w; being
w¢—1 (which can be derived in the same way as (57)) , we have

Bl(uj we)(ug we-1)] = /aw () B[(ug we-1)*) = B(n) B[ (ug we—1) (uj we—2)]- (60)

Using (60), we can further write (58) as

Bl(uj we11)*] = o (n) El(wvwe)?] — B(n) (201(n) — B(n)) El(uj we-1)?]
+2v/ar(n)(B(1))* Bl(ug we—1) (ui we—2)] + 47° Elw{ P My Puwy]. (61)

With ¢ — 1 in (58), we have

Bl(uw)?] = ar() Bl(uj wi—1)%] = 2¢/aw () 8(n) E[(wg we—1) (ug we—2)] + (8(n))* E(uj wi—2)?]
+ 4n*Elwl |, PM),Pw;_4]. (62)

Adding (62) multiplied by 5(n) to (61), we obtain

El(uiwe1)?] = (ar(n) — B(n)) El(ug we)?]) — Bln) (e (n) = Bm) El(ufwe—1)?] + (B(n)* Bl(ui wi-2)°]
+ 4n?Elw] PMy Pw;] + 4n?B(n) E[w]_, PMj, Pw;_1]. (63)

With ¢t — 1 in (63), we finally have

E[(uj we)®] = (ar(n) — Bm)E[(uf wi—1)*] = B(n)(cx(n) — B(n))E[(uf wi—2)] + (B(n))*E[(uf wi—3)?]
+ 4n?Elw! | PM},Pw;_1] 4 4n*B(n) E[wl P My Pw,_o) (64)

for t > 3.

Using Lemma A 4 for E[(uf w;)?] defined by (53), (59), and (64) with

a=ar(n), B=pBm), Lo=E[(ufwy)?, L;=4n’Elw]PMPw,],

we have
t—1
Bl(ufw:)?] = pe(ar(n), Bm)El(ufwo)®] +40° > qr—r—1(ck(n), B(n)) Elw} P My Pwy,)].
r=1
O
Proof of Lemma 3.6. Since || Zzzz ugul || < 1, we have
d d
I Ml = 1Y El(C: = Oy (Cy = O)]|| < E[|IC; = C|*) = E[|(C: - C)?|]] = K.
k=2 k=2
By Lemma A.2, this leads to
d d d
> Elw! PMyPw;) = Elw{ Py MyPuw,] < || Y My[|E[|| Pw|*] < KE[||Puw,||] (65)
k=2 k=2 k=2
Let
_ | _ (2l =mI+nC] =B _ A=l +nC =B _ o [(Ce=C)P 0
F‘M’G_[ I o | Co= I o | He=2 0 0"

From the update rule in Algorithm 2 expressed in (54), we can write

wy = FT(G + Ht_l)(G + Ht_g) e (G + Hl)(Go + H())F’LU().
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Using Lemma A.3 for the expansion of (G + H;_1)(G + Hy—3)--- (G + H1)(Go + Hyp) , we have

i+1 1
Pw,=PF" [ GG+ > | [[ (G +H)HG'Go| + [] (G+Hj)Hy | Fu. (66)
i j=t—1 j=t—1
Since Cy, C1,--- ,Ci_1 are independent and identically distributed with mean C, so are Hy, Hy, -+ , H;_1 with

mean 0. Therefore, the expectation of all cross-terms in the “square” of (66) are zero. Using the fact that
HyFwg =0, we have
t—1 it+1 _
E[|Pw||*) = E[| PTG GoFuo|?] + E[HPFT I @+ Hj)HiG“lGOFwOHQ} . (67)

i=1 j=t—1

Note that this result is analogous to (42) in the analysis of VR Power. From FT G 1GoF = Y;((1—n)I+nC, 3(n))

(see (20) for the definition of Y;) and (24b) in Lemma A.1 with w = wq/||wo| and the fact that ||wol|?(1 —

(ufwo)?/lwol|?) = S, (uFwo)?, we have

d

E[|PFTG™GoFuwo|l?] = dpu(cn(n), B®)) - S Bl(uFwo)?). (63)
k=2
Using Lemma A.2, |P| =1, H; = 2nF(Cy — C)PFT, we have
i+1 i+l
E[||IPFT [] (G + H))HiG"'GoFw|*] < 4n?|P|?- E[|FT ] (G + H;)F(C; — C)PFT G GoFuy||’]
j=t—1 j=t—1
i+1 i1
<||E[FT[ ] (G +H))"FFT ] (G +H)F]|
Jj=t—1 j=t—1
- 4PE[||(C; — C)PFTG Gy Fu||*]. (69)
Using mathematical induction on ¢, we prove that
i1 it+1 i1 i+1
E[[ [[ @+ FFT I] (¢+H)] = Y E[[[[ 2 "6¢»"FFT [ B "G%] (70)
Jj=t=1 Jj=t—1 (Vig1, 06— 1) j=t—1 j=t—1

c{0,1}t7~
for any ¢ <t — 2 and fixed t > 2. Since E[H;_1] = 0, we have
E(G" +HL ) FFT(G+ Hy—1)| = G'"FF'G+ E[H] \FF"H,_,4].
This proves the base case for i =t — 2.

Suppose that (70) holds for i = k. Then, since Hy, is independent from Hy1,- -+, H;—1 and E[Hy] = 0, we have

k k k+1 k+1
G +H) FFT T] @+ H)]=¢"E[[ [] (¢+#))"FFT [ (G +H)]G
j:t_l J=t=1 j=t-1 j=t—1
k+1 k+1
+EHF[ ] (@ +H)]"FET T] (G + H;)Hy).
j=t—1 j=t—1
From (70), we have
k+1 - k+1
G"E[[ [] (¢+H)]) FF" ] (G + H))]G
Jj=t=1 j=t—1
k+1 L " k+1 .
= Y. E[[( ]I B, "e¥)G] FF"( ] H; "G")G].
(vk+17---,vt,1) Jj=t—1 j=t—1

E{O,l}t_k_l
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Also, by the independence of Hy, from Hyi1,---, Hy—1 and (70), we have

k+1 - k41
EH [ [] @+H)] FF" [] (G + H;)Hy]
Jj=t—1 j=t—1
k+1 T k+1
=e[H[E[[ ][] (@+H)] FF" [] (G + H))]H]
Jj=t—1 j=t—1
k+1 k+1
=eHF Y E[[[] H 76¥) FFT [ H UG H,
(Vk41,5ve—-1) j=t—1 j=t—1
6{071}t7i71

k+1 k+1

= Y EB[[(]] B Veu)H) T FFT( ] H VG H).

(Vkt1,m 5Ve—1) Jj=t—1 Jj=t—1
E{O,l}tikil

Therefore, we have

k k k k

[ T ¢+&E)]"FFT ] (G + H))] SB[ ] B ew) FET I BTG,

J=t=1 j=t-1 (ke veo1)  g=t—1 j=t—1
€{0,1}t~*

which completes the proof of (70).

Using the Jensen’s inequality and the norm property of a symmetric matrix, we have

i+1 i+1 i+1
1—v; ~w. 1 v 1 v
|2(E"[ T e Fem I (76 F)| < BIIFT [T 1#,76™1F|P). (71)
j=t—1 j=t—1 j=t-1
For (vig1,-+ ,vi_1) € {0,171 let J = {41, 42, , 45} be a set of indices such that j; < jo < --- < j; and
v; =0if j € J and v; = 1 otherwise. Also, let jo = i. Using that H; = FFTH;FFT, we have
E[|FT H H; " GYF|?] = B[|[F*G* ' F[[ (FTH; FFT G~ ~1F) ||?]
j=t—1 1=k
1
E[|FT G FP [T IFT Hy, FIPFT G F 2] (72)
I=k

Since FTG'F = Z,((1 — n)I +nC, B(n)), using (24¢) in Lemma A.1, we have
IFTGF|* < gi(@i(n), B(n)). (73)
Also, from that FT H,F = 2n(C; — C)P, we have
B[|FTHF|*] < 4n?E[||(Cy = C)P|] < 4E[|[(C; = O)|°] = 4P E[||(C: = C)?[] = 4n°K.  (74)

where the last inequality follows from || P|| = 1 and the second last equality follows from the symmetry of C; — C.
Using (73) and Lemma A.5, we have

1 E
PTG PP [T IF G R < <M) qi—i—1(a1(n), B(n)). (75)

1=k

Note that there are k+1 terms of the form [|[FTG*F||? for some ¢ > 0 on the left-hand side of the above inequality
and we use Lemma A.5 k times to obtain the term on the right-hand side.

Using (71), (72), (75), and the independence of Cy, Cy,--- ,Ci_1, we obtain

i+1 i+1

9 k
e T1 e e T 60 0 < (o S ) et a5,
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Combined with (70), this results in

i+1 i+l
|EFT T (@ +H)) FET T] (G + Hy)F]|
Jj=t—1 j=t—1
i+1 i+1
S D SERCITAAN | NCAeR e | AR
(Vig1, y0e—1) j=t—1 j=t—1
c{o,1}t—¢1!
i+1 i+1
S SN N ) §Uaetel R ) Uit )
(Vig1, ,0e—1) j=t—1 j=t—1
c{o,1}t—¢1!

t—i—1

> (’f‘,i‘l) (Cﬂ%)k%_i_ml(nm(n»

9 t—i—1
— i1 (aa(n), B)) (1 + om> '

On the other hand, using Lemma A.2 and (68) for ¢ = i, we have

*E[||(C; - C)PFTGi_lGOFw0||2] = n?ElwoFT G (G HTFPTE[(C; — C)?]PFTG' Gy Fu)
< ?||E[(C; — C)?|E[|PFT G GoFuwy|?]

d
<4n’K -pi(er(n), Bm) - Y El(ufwo)?]. (77)
k=2
Using (76) and (77) to bound (69), we have
i+1
E[||PFT [T (G+ H)HG' GoFu ]
j:til UK t—i—1 d (78)
< 161K - pion (n), B)) - qe—i—1 (a1 (n), B)) (14 —— 1 — - ) El(ugwo)’]
n pila(n n))-4q laaln n ( 041(77)45(77)> kZZQ K Wo
Using (68) and (78) for (67), we finally have
e . , t—1 . o 2K t—i—1
Bl [ips(n). 000 + 167K 30 B0) aeica(enos 800 (14 s ) ]
d
> El(ufwo)?]
k=2

By (90) and (91) in Lemma A.4, we have

pe(ar(n), B(n)) < (V “21“7) + V%(n)z— 4ﬂ(n)> |

2(t+1)
s (0. 50) < (507 ) (@5 @, ol = 4ﬁ(n)> |
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Therefore, we obtain

, t—1 4772K bt
Ape(on (), B) + 169°K 3 pu(ea (1), ) - uoa (o (). B (1 * mm)—w(m)

L 4n2K ti( 47,2[( >t""11 . <\/a1(n) N \/041(77)—4,8(77)>2t
- —4B(n) 2 2

=1

B % | mn Vart) —Bm )
4<1+a1(n)—4ﬁ(n)) ( 2 " 2 )

which results in

9 t—1 o o — 2t g
BPwl <4 (14 o) -(“;(”HV 108 45(”)) - Bl

Finally, from (65), we have

<4

d

_ 2t g
K\ (V) | oa(n) =480
Elw} PMPw <4K(1+) : + Y El(ufwo)?]. (79
This completes the proof of the first statement.

Next, from as(n) = 46(n) > ai(n) for k > 2 and (92) in Lemma A 4,

E[(ugwo)?]- (80)

M=

d
> pmlar(m), ) El(uf wo)*] < pm(az(n), B(n)) -
k=

b
[|

2
Also, using (91) and (92) in Lemma A.4 and (79), we have

d m—1

123N G (en(n), B(n)) E[w! M, Puw,]

k=2 r=1

L S < U ' S W GV RV D LA N S
~ ai(n) —4B8(n ) 1 <1+Oé1(77)—4ﬁ(77)) ( 2 + 9 ) ];QE[( ) Wo)“]

K mil_ [ Voa) \/041 —45(n) : wTwn)?
<1+0<1(77)—45(77)) 11 < 2 ) I;E[( k wo)”]

3

An?K e APK " o A Km ~ 82 Km
(1+a1(n)4ﬂ(n)> b= <1+a1(n)45(n)> b= p(al(n)4ﬁ(n)> LS ) — 48

leading to

—1

2 4. T 32 2I(’I’)’L aq Qaq —45 o
4730 3 amers(on). S BT PMP] < i (V 1) | Vel “”)

d
S Bl(uFwo)?). (81)
k=2

Using (80), (81) for Lemma 3.5, we finally have

! 2PKm (Vo) | ) =48

d

: Z E[(“£w0)2]

k=2

(82)
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Lastly, using Lemma 3.5 for £ = 1, we have

m—1

E[(uf wn)?] = pm(ca(n), Bm) El(uf wo)] +40* Y qm—r—1(c1(n), B(n) Elw; PMi Pw].

r=1

Since PM}, P is positive semi-definite and g;(a1(n), B(n)) > 0 for 1 <¢ < m by (91) in Lemma A.4, we have

Bl(uf win)’] 2 pm((n), B(n)) El(u] wo)?]- (83)

Also, from a1(n) > as(n) = 48(n) and (90) in Lemma A.4, we have

pm(a1(n), B(n)) > i (‘/O;l \/al(n); 16 (T’)> . (84)

Using (82), (83) and (84), we eventually obtain

ZZ:2E[(“kwm)2] < {pm(ag(n),ﬁ(n)) n 1280 K'm }_Zz_zE[(ugwo)Q]
El(ufwm)? 7 [pmlai(n), B(n)  ai(n) —48(1n) El(ufwo)?

which completes the proof. O

Proof of Lemma 3.7. Using the conditions on m and |S|, we have

4?Km < 1

" i) =450 = TS

Also, from

Praa(m). Bm) = (B)™. plaa(n). B(n) > & (““;(’” 4 Youl — 49 “”) .
and the choice of and m, we have

Pm(c2(n),
pm( 1(n),

(1))
(m))

B
B

IN

. < 46(n) >2m
Vea(n) +y/aa(n) —48(n)

1. (1_\/a1 \/4ﬁ(n)+\/a1(77)—46(77)>2m
Vai(n) + /ai(n) —48(n)

(1 A VIMARE ) 0+ X)) 2m "
L—n4+nM +/0MARA —7) + 700 + X2))

<4.exp (2 nALA + /mAART — 1) + n(A + A2)) m)

1—n+nA 4+ vV/0MARML — 1) + 1A + A2))
<
Therefore, using (85) and (86) in Lemma 3.6, we finally have
Sies El(ufwm)?] _ (pmmz(n), Bln) , 1285*Km ) Sis Elufwo)]\ _ 3 (i, Bl(ufwo)’]
El(ufwm)?] 7 \pm(a1(n),B(n))  ai(n) —48(n) E[(ufwo)?] 4 E[(ufwo)?] ’

which completes the proof. O
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Proof of Theorem 3.8. By repeatedly applying Lemma 3.7, we have

e < (1) Badan - () »

Since 7 = [log(fo/€)/ log(4/3)], we have

resulting in
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A.2 Technical Lemmas
Lemma A.2. Let w be a vector in R® and let M be a d x d symmetric matriz. Then, we have
w? Mw < || M][||w][*.
Proof. By the cyclic property of the trace, we have
w? Mw = Tr[w” Mw] = Tr[Mww?).
Since ww? is positive semi-definite, we have
Tr[Mww?] < || M| Tr[ww?).
Again, by the cyclic property of the trace, we finally have

w! Mw < || M| Tefww"] = || M| Trfw”w] = || M|[|w]]*.

O
Lemma A.3. Let A; and B; be d x d matrices fori=0,--- ,t — 1. Then, we have
0 0 t—1 [ i1 0
I Ai+Bi) = (A1 +Bi1)(Ar2+Bia) - (Ao+Bo) = [ Ai+>_ | II (4i+B)B:i [ Ax|. (87)
i=t—1 i=t—1 i=0 |j=t—1 k=i—1
Proof. We prove the statement by induction. For ¢t = 1, we have
0 [it+1 0 1 0
HA+Z 1A +B)B: T Ar| = Ao+ |T](4;+Bj)Bo [] Ax| = Ao+ Bo,
i=0 |j=0 k=i—1 j=0 k=—1
which proves the base case. Next, suppose that we have (87) for ¢ — 2. Then, we have
0 0
I (4i+Bi) = (A1 +Bey) [ (Ai + B)
i=t—1 i=t—2
0 t—2 | it1 0
= (A¢—1 + Bi—1) H A+ Z H (A;+ Bj)B; H Ag,
i=t—2 i=0 | j=t—2 k=i—1
0 0 t—2 [ 41 0
=] 4+B J] A+ IT @+ B)B: [ 4
i=t—1 i=t—2 =0 | j=t—1 k=i—1
0 t—1 | it1 0
= I] 4+> | ] W +B)B: [] Ax
i=t—1 i=0 | j=t—1 k=i—1
This completes the proof. O
Lemma A.4. Let x; be a sequence of real numbers such that
xp = (o — B)zi—1 — Bla — B)wi—o + BPwe—g + Ly—1 + BLi_2
fort >3 and xo = Lo, w1 = § Lo, w2 = (% - 6)2L0 + Li. Then, we have
t—1
:pt(a7ﬂ)L0 +th—r—1(aaﬂ)Lr- (88)
r=1

Moreover, fort > 0, we have
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o if0<a=4p,
P(45,0) = B >0, a4, B) = (1 + 178" >0, (59)
o if0<4p < a,
tq2
miap) = [5( G+ 12 ) 3 (5 - V“;‘w) | > masp =0 (90)
— t+1 t+172
(0. B) = a_lw[(f R () | a0 o
e if 0 < a<4p,
pt(aaﬁ) Spt(4ﬂvﬂ)7 qt(avﬂ) S qt(46a5) (92)

Proof. Tt is easy to check that zg, x1, and x2 satisfy (88). Suppose that (88) holds for t — 1,¢ — 2,¢ — 3. Then,
we have

2 = (a— Bai—1 — Bla— Bxi—2 + B33+ Li—1 + BLi—2

=pi(a,B)Lo+ Loy + aLia+ (0= B)°Lis + Y _qrr1(
t—1
= pt(Oé7 B)LO + Z qt—r—l(aa ﬂ)Lr
r=1
Therefore, (88) holds by induction.
Next, we prove (89), (90), (91) and (92). The characteristic equation of (9) is
3 —(a—B)r? + Bla—B)r—p*=0. (93)
If 0 < a =48, (93) has a cube root of r = 8. From initial conditions (11) and (12), we obtain

If 0 < 48 < a, the roots of (93) are

T_ﬁa—26+\/a2—4aﬂ a—28 /a2 —4aB
= 8, - 5 .

2 2 2

With initial conditions (11), we obtain

pt(a,ﬂ)i(QQﬂ va?—4dap ) L

2 5

a—28 a2 —4aB\" 1
()

4

Using the fact that a > 48 and the arithmetic-geometric mean inequality, we have

pt<a7ﬁ) > ﬁt Z 0.

Moreover, we can further write p;(a, 8) as

by expanding this expression.
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On the other hand, using (12), we have

o — va? —4da i a— Va2 —4a8\
qt(a,b’):a_lw{( 225+ 5 1 5) +< 2%— 5 1 5) —25”1]
1 va a—ag\'""" [(va Va—4ag\'" 2>0
_a—4ﬁ[<2+ 2 ) _<2_ 2 > }

Using the fact that A**1 — B! = (A — B)(A' + A*"'B +--- + B?) for any A, B € R, we have

t i t—iq 2
_ Va o yVa—4p Va  Va—4p
=0
Again, using the arithmetic-geometric mean inequality and the fact that a > 43, we have
« a—4p t/2 « a—4p t/22
§+ v ) va _ va—18 = (t+1)°8" = q,(48, ).

il 5) = (04 1) . R

If 0 < o < 48, the roots of (93) are

a—2b’+\/mi a—25_\/émi
) 2 .

r=h 2 2
Setting
-9 /A0 — o2
cosep:a2ﬂ’6, sinep:$

it is easy to verify that
Loy - bl t - b t
pt(a,ﬁ)zzﬁ cos 0, + i sin 0, —1—15 cos 0, — i sin 0, +§ﬁ
1, . . 1
_ Z(61915 + e—z@t)ﬁt + §ﬁt
1 . . 1
— 7|610t 4 e—z@t|ﬂt =+ iﬁt

—

. ) 1
< 701 + e )8 + 6"

t

=@ W~

Moreover, with

cos O, = a ;;ﬂ, sin §, = Vélofﬁoﬁ’ cos g =1— %, sin ¢, = 77&042557042’
it can be seen by using elementary calculus that
2 2
(e, B) = 13 é Pl 48 ? aCOS(¢q +1t0,) | B (95)
Let
Then, from (9) and (11), we have
45 — 45 — 2 1 4B2) (48 —
QO =0, Q=220 g = WmARIRA) g letATEIza) (g

B p? ’ p?
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resulting in

Q@ - Qo= =B 5 o g - guy = I

In order to show Q(t) > 0 for t > 0, we prove Q(t + 2) — Q(¢) > 0 for ¢ > 0. Using (94), (95) and standard
trigonometric equalities, it follows that

> 0. (97)

QU +2) —2Q() + Q(t —2) =8 + %O‘cos(a;q +16,).
In turn, we have

QUE+2) — Q) = Q) — Qt —2) + 8+ cos(dy + thy)

8
> Q) - Qt-2)+8- 7
- Q) - Q-2+ 2=

> Q(t) = Q(t - 2). (98)
From (96), (97), and (98), for t > 0, we obtain Q(¢) > 0 implying
qt<a75) S qt(4ﬂ7 /B)

Lemma A.5. If a > 48 > 0, then for 0 < t; < to, we have

gty (O‘aﬂ) ' Qt’z(aaﬂ) < < ) Qt1+t2+1(aaﬂ)'

b
a—4p
Proof. From (91) in Lemma A.4, we have

)[4y oy

00 (0,8) - aua (0, B) = (

a—4p 2 2
Vi Va=aB\" (VA Ja=ap\"t)
\CFe) (- 0) |
Since B va 3
« o — « o —
we have
Va o —4B bt o o — 4B i+l o o — 43 fatl Va o — 483 f2 41
(+00) () ) ()
B \/a 04—46 t1+ta+2 \/a 0(—45 t1+1 \/a a—4,6’ ta+1
_<2+ 2 ) 2 2 ) (2+ 2 )
o o _4ﬂ t1+1 \/a 01—45 ta+1 \/a O£—4ﬂ t1+t2+2
(2+ 2 ) <z 2 ) *(2 )

) [CF ) ) T

:( ! )qt1+t2+1(aaﬁ)'

This completes the proof. O




