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Abstract

The concept of learning to optimize involves utilizing a train-
able optimization strategy rather than relying on manually de-
fined full gradient estimations such as ADAM. We present a
framework that jointly trains the full gradient estimator and
the trainable weights of the model. Specifically, we prove
that pseudo-linear TO (Trainable Optimizer), a linear approx-
imation of the full gradient, matches SGD’s convergence rate
while effectively reducing variance. Pseudo-linear TO incurs
negligible computational overhead, requiring only minimal
additional tensor multiplications. To further improve com-
putational efficiency, we introduce two simplified variants of
Pseudo-linear TO. Experiments demonstrate that TO methods
converge faster than benchmark algorithms (e.g., ADAM) in
both strongly convex and non-convex settings, and fine tuning
of an LLM.

1 Introduction

Gradient-based stochastic optimization methods are funda-
mental to solving many machine learning problems. Given
a set of loss functions {fn(w)}Nn=1 where w ∈ Rd, the
full loss is defined as F (w) = 1

N

∑N
i=1 fn(w). For a

subset B ⊂ {1, . . . , N}, the mini-batch loss is given by
FB(w) := 1

|B|
∑

n∈B fn(w). Let w∗ be the global minimum
of F (w). Popular approaches, such as Stochastic Gradient
Descent (SGD), RMSProp (Hinton, Srivastava, and Swer-
sky 2012), Adagrad (Duchi, Hazan, and Singer 2011), and
ADAM (Kingma and Ba 2015), can be unified under a gen-
eral framework. In such a framework, the update direction
depends on past iterations w1, . . . , wt, past stochastic gra-
dients g1, . . . , gt and the optimizer’s variables θt, following
the update rule

wt+1 = wt − γtĜt,

where γt is the learning rate and Ĝt denotes the update di-
rection.

We list the examples of functions Ĝt in Table 1.

Algorithm Ĝt

SGD gt
Momentum (1− β1)

∑t
k=1 β

t−k
1 gk

Adagrad gt√∑t
k=1 gk⊙gk/t+ϵ

RMSProp gt√
(1−β)

∑t
k=1 βt−kgk⊙gk+ϵ

ADAM
(1−β1)

∑t
j=1 βt−j

1 gj√
(1−β2)

∑t
k=1 βt−k

2 gk⊙gk+ϵ

Table 1: Examples of Ĝt

Learning to Optimize (L2O) automates the development
of optimization strategies by replacing traditional, manu-
ally designed Ĝt functions with learned counterparts (Chen
et al. 2022). The core premise of L2O is to employ ma-
chine learning models, typically neural networks, to dis-
cover task-specific optimization policies that outperform
conventional handcrafted rules. Unlike classical optimizers
with fixed update rules and hyperparameters, L2O models
are meta-trained across diverse problems to generalize to
unseen tasks, making them particularly effective for com-
plex, high-dimensional spaces such as neural architecture
search and scientific computing. L2O models contain an of-
fline procedure, where the learnable optimizer is trained on
a set of similar tasks, and an online procedure, where the
trained optimizer optimizes a new unseen task from the same
task distribution.

Generally, an L2O approach parameterizes the update di-
rection Ĝt as a function of past values w1, . . . , wt of train-
able model weights and past gradients g1, . . . , gt with opti-
mizer variable θ being fixed. For a given task, θ is updated
at the end of the optimization procedure, based on the per-
formance of the optimizer on that task. With a learned θ, an
unseen task is further handled with the following update rule
for the model weights

wt+1 = wt − γtĜt(w1, . . . , wt; g1, . . . , gt, θ).

Practically, for a given new task, similar tasks are not nec-
essarily available, which makes the offline procedure of L2O
not possible. We propose a departure from standard L2O
methods—which train Ĝt across broad problem distribu-
tions—by instead co-training the optimizer and weights of
the model for a single task. Our new approach replaces the



fixed multidimensional optimizer variable θ ∈ Rd̄ with θt,
which is updated along with wt simultaneously at each iter-
ation. The trainable weights of the model are updated as

wt+1 = wt − γtĜt(w1, . . . , wt; g1, . . . , gt; θt). (1)

It is easy to see that (1) captures all optimizers listed in Table
1. Optimizer variable θt is updated based on the gradient of
an approximation loss function

l(θt;w1, . . . , wt; g1, . . . , gt),

following the update rule:

θt+1 = θt − βt∇θt l(θt;w1, . . . , wt; g1, . . . , gt). (2)

Despite L2O’s empirical success in accelerating conver-
gence, its theoretical guarantees remain unstudied. We es-
tablish that for specific parameterizations of Ĝt and setting
of l to be an L2 error with the ground truth being the gradient
of F ,

l(θt;w1, . . . , wt; g1 . . . , gt)

=
1

2

∥∥∥gt − Ĝt(w1, . . . , wt; g1, . . . , gt, θt)
∥∥∥2
2
,

both the gradient approximation error
∥∥∥Ĝt −∇F (wt)

∥∥∥ and
the optimality gap ∥wt − w∗∥ converge to zero simultane-
ously.

The relationship between convergence and variance re-
duction in gradient-based methods has been well-studied.
(Johnson and Zhang 2013a) proposed SVRG, achieving
variance reduction through snapshot gradients and bias cor-
rection via full-batch gradients, guaranteeing exponential
convergence for strongly convex losses. (Zaheer et al. 2018)
proved ADAM’s convergence under growing mini-batch
sizes, while (Qian and Klabjan 2020) and (Wang and Klab-
jan 2025) further established a crucial link between variance
reduction and convergence. A fundamental criterion for an-
alyzing stochastic optimization methods involves verifying
whether the estimation variance vanishes as t → ∞. Our
framework inherently satisfies this property, constituting a
trainable variance reduction algorithm.

In this work, we focus on pseudo-linear approximations,
where Ĝt is formulated as a linear function with regards to
wt, i.e., Ĝt = Atwt + bt with optimizer variables At ∈
Rd×d, bt ∈ Rd, and θt = (At, bt). We call it pseudo since
At and bt are functions of w1, . . . , wt−1 and g1, . . . , gt−1.
This pseudo-linear parameterization is motivated by two key
considerations. First, it draws inspiration from Taylor ex-
pansion principles where lower-order terms often provide
effective approximations. Second, it enables efficient com-
putation, as the gradient of the approximation loss can be
calculated explicitly by simple tensor multiplications, which
requires negligible additional computational time.

Our theoretical analysis establishes that for strongly con-
vex loss functions, the parameters wt under the pseudo-
linearly approximated gradients converge to the opti-
mal point w∗ at the rate E

[
∥wt − w∗∥22

]
≤ O(1/t).

Furthermore, we show that the approximation variance

E
[∥∥∥Ĝt −∇F (wt)

∥∥∥2
2

]
also converges to zero at the same

O(1/t) rate. Comparing with the variance of SGD and
ADAM, which does not converge to zero as t → ∞, these
results confirm that our trained optimizer functions as an ef-
fective variance reduction algorithm, which we name Train-
able Optimizer (TO).

To address computational concerns, we propose two sim-
plified variants of pseudo-linear TO:

• Diagonal TO restricts At to diagonal matrices,

• RankOne TO uses rank-one matrices for At.

The two variants significantly reduce the number of vari-
ables in the optimizer, which are more suitable with the
practical cases with limited memory. Notably, we prove that
momentum-based SGD emerges as a special case of pseudo-
linear TO when appropriate learning rates and initializations
A0 and b0 are selected.

Our comprehensive experimental evaluation compares
three TO variants (Pseudo-linear (full), Diagonal, RankOne)
across diverse machine learning tasks spanning three cate-
gories:

• Strongly Convex losses (e.g., L2-regularized logistic re-
gression),

• Convex but not strongly convex losses (e.g., logistic re-
gression without regularization),

• Non-convex losses (e.g., ResNet classification, Llama
fine-tuning).

The results demonstrate that TO significantly outperforms
ADAM in both strongly convex and complex non-convex
settings, while matching ADAM’s performance on standard
convex tasks.

Our main contributions are as follows.

• We propose a new framework that updates the optimizer
variables simultaneously with trainable weights of the
model, based on (1) and (2).

• We show the O(1/t) convergence of Pseudo-linear TO
for strongly convex losses.

• We propose two variants of pseudo-linear TO: Diagonal
TO and RankOne TO. They reduce the memory require-
ment of pseudo-linear TO and are better suitable for large
models.

• We show by means of experiments that TO outperforms
ADAM on strongly convex problems and complex non-
convex problems.

In Section 2, we review related work on trainable opti-
mizers and variance-reduction optimization methods. Sec-
tion 3 presents the TO framework with linear approxima-
tion and demonstrates the convergence of model parame-
ters to the optimal point while reducing the approximation
variance to zero. This section also introduces two simpli-
fied versions—Diagonal TO and RankOne TO. In Section 4,
we present numerical experiments illustrating the improved
convergence rates of the proposed methods.



2 Related Work
2.1 Learning to Optimize
The L2O paradigm represents a significant shift from tradi-
tional optimization methods, replacing theoretically-derived
update rules with data-driven approaches that leverage ma-
chine learning. Pioneering work by (Andrychowicz et al.
2016) demonstrated that recurrent neural networks (RNNs)
can learn effective optimization strategies that outperform
conventional methods like SGD. Subsequent advances in-
corporated reinforcement learning (RL) frameworks (Li and
Malik 2017; Bello et al. 2017), enabling the discovery of
specialized optimization algorithms for diverse applications
ranging from neural architecture search to black-box op-
timization. Our work extends these foundations while in-
troducing several key innovations. First, unlike standard
L2O approaches that solely optimize the target model’s pa-
rameters, our framework simultaneously optimizes both the
model parameters and the optimization strategy itself. This
co-optimization enables dynamic adaptation to problem-
specific characteristics. Second, while most L2O methods
lack theoretical guarantees, we provide rigorous conver-
gence proofs showing simultaneous convergence of both
trainable weights of the model and the gradient approxi-
mation error. By employing a carefully designed linear ap-
proximation, our approach achieves both computational ef-
ficiency and theoretical soundness.

2.2 Variance Reduction
Variance reduction has emerged as a fundamental tech-
nique for improving stability and the convergence rate of
stochastic optimization methods. One particularly influential
method is Stochastic Variance Reduced Gradient (SVRG),
originally introduced by (Johnson and Zhang 2013b). SVRG
operates by maintaining a snapshot model to effectively cor-
rect the noisy estimates obtained from stochastic gradients,
thereby making the entire optimization process both faster
and more numerically stable. Another important approach
is SAGA, proposed by (Defazio, Bach, and Lacoste-Julien
2014), which builds upon SVRG’s foundation while stream-
lining the process through an efficient history of gradients,
making it more practical for large-scale implementations.
Recent work includes the introduction of Variance Reduced
Adam (VRADAM) by (Wang and Klabjan 2025), which
combines variance reduction techniques with ADAM. This
hybrid approach successfully resolves ADAM’s well-known
divergence issues while carefully preserving its advantages
in training speed and the convergence rate for challeng-
ing deep learning tasks. While other recent works, such as
(Huang, Li, and Huang 2022) and (Cutkosky and Orabona
2019), have demonstrated various approaches combining
variance reduction techniques with modern optimization al-
gorithms, our work makes distinct contributions by specif-
ically focusing on utilizing the idea of trainable optimizers
for variance reduction. We provide theoretical and empiri-
cal evidence showing that the gradient variance can be sys-
tematically reduced through the optimization process itself
as the trainable optimizer variables are progressively refined
during training.

3 Trainable Optimizer with Pseudo-linear
Approximation

3.1 The Pseudo-linear TO Algorithm
In this section, we present our approach for approximat-
ing the full gradient with a trainable pseudo-linear function.
Consider a stationary point w∗ of F , where we assume that
F is second-order differentiable at w∗. Drawing inspiration
from the Taylor expansion of ∇F (w) centered at w∗, we
have

∇F (w) ≈ ∇F (w∗) +∇2F (w∗)(w − w∗)

= ∇2F (w∗)(w − w∗),

which yields a linear function of w. We formulate the ap-
proximated gradient as Ĝt = Atwt + bt, where At and bt
represent the variables of the optimizer. The corresponding
approximation loss is defined by

l((At, bt);wt; gt) :=
1

2
∥gt −Atwt − bt∥22 ,

with gradients computed as

∇At l((At, bt);wt; gt) = −(gt −Atwt − bt)w
⊤
t

∇bt l((At, bt);wt; gt) = −(gt −Atwt − bt).

We introduced the Trainable Optimizer (TO) with pseudo-
linear approximation in Algorithm 1. Notably, lines 5 and
6 of the algorithm implement updates to the parameters
A and b through the gradient descent on the loss function
l((At, bt);wt; gt).

The pseudo-linear TO framework admits an important in-
terpretation as a generalized momentum-based SGD algo-
rithm. This connection becomes exact under specific initial-
ization conditions: when we set A0 = 0, b0 = 0, αt = 0 and
maintain a constant βt = β for some 0 < β < 1, the update
rules in Algorithm 1 are simplified to

At = 0, bt = βgt + (1− β)bt−1, Ĝt = bt,

which recovers precisely the standard momentum-based
SGD formulation. The initialization of parameters A0 and b0
presents practical challenges. However, based on our theo-
retical analysis and empirical observations, we strongly rec-
ommend initializing both to zero, as this initialization strat-
egy provides effective practical performance during the ini-
tial training phase.

3.2 Analyses
In this section we theoretically prove the convergence of
Pseudo-linear TO under strongly convex loss. Theoretical
analyses of gradient-based algorithms often rely on assump-
tions of bounded iterates and gradients. To this end, we mod-
ify Algorithm 1 by changing line 8 to

wt+1 ← ΠF (wt − γtĜt).

The projection operator ΠF (w), which maps vectors to the
bounded feasible set F , is mathematically defined as

ΠF (w) := arg min
w′∈F

∥w − w′∥2.



Algorithm 1: Pseudo-linear TO
Input: Learning rates αt, βt, γt.

1: Initialize w1, A0 and b0.
2: for t = 1, . . . , T do
3: Sample Bt ⊂ {1, . . . , N} such that |Bt| = b
4: gt ← ∇FBt(wt)
5: At ← At−1 + αt(gt −At−1wt − bt−1)w

⊤
t

6: bt ← bt−1 + βt(gt −At−1wt − bt−1)

7: Ĝt ← Atwt + bt
8: wt+1 ← wt − γtĜt

9: end for

Let Dw = supw∈F ∥w∥2 < ∞. In our context, we include
additional optimizer variables At and bt. In this section,
we first show that under our arrangement of the algorithm,
the trajectory of gradients are uniformly bounded. Then, we
show that At and bt are also bounded. All proofs are in the
appendix.

For the theoretical analysis, we make the following as-
sumptions. We assume that F is closed convex. This implies
that wt+1 is a unique minimizer. Let F̄ be any open set that
contains F . Since F̄ is open, the derivatives on F can be
appropriately defined.
Assumption. The full loss F and minibatch losses FB for
all B satisfy the following conditions.
1. Feasibility set F must be such that w∗ ∈ F , where w∗ is

an optimal solution to the unconstrained problem.
2. F (w) is a c strongly convex twice differentiable function.
3. For all B ⊂ {1, . . . , N} with |B| = b, ∇FB(w) is Lips-

chitz continuous on F̄ , i.e., there exists L > 0 such that
for all w,w′ ∈ F̄ , we have

∥∥∇FB(w)−∇FB(w′)
∥∥ ≤

L ∥w − w′∥2.
4. There exists 0 < DV < +∞ such that for all w ∈ F̄ ,

EB

[∥∥∇FB(w)−∇F (w)
∥∥2
2

]
≤ DV , where B is a ran-

dom subset of {1, . . . , N} with |B| = b.
The conditions are commonly made when analyzing con-

vergence of gradient based optimization methods. Remark-
ably, we avoid making the uniform bounded gradient as-
sumption, which contradicts strongly convexity. However,
given the Assumption and the bound for the trajectory wt,
i.e., ∥wt∥2 ≤ Dw for all t, the stochastic gradients gt in
each iterate are also uniformly bounded for each t, as shown
in the following proposition.
Proposition 1. There exists 0 < DG < +∞ such that for
all t, ∥gt∥2 ≤ DG.

Furthermore, under specific requirements on learning
rates, the optimizer variables At and bt are also bounded.
In what follows, all matrix norms are spectral.
Proposition 2. Let Sα :=

∑∞
s=1 αs < 1/D2

w < ∞ and let
βt ≤ 1 for all t. There exist DA and Db independent on t,
such that ∥At∥2 ≤ DA and ∥bt∥2 ≤ Db for all t.

The requirement
∑∞

t=1 αs < ∞ can be simply satisfied
by αs = 6/π2D2

ws
2. We prove this proposition by properly

applying triangle inequalities and the principle of induction.

Since F (w) = 1

(Nb )

∑
B:|B|=b F

B(w), Item 3 in Assump-

tion naturally implies that

∥∇F (w)−∇F (w′)∥2 ≤ 1(
N

b

) ∑
B:|B|=b

∥∇FB(w)−∇FB(w′)∥2

≤ L∥w − w′∥2,

i.e., ∇F is also Lipchitz continuous. Therefore we have
∥∇F (wt)∥2 ≤ L ∥wt − w∗∥ ≤ 2LDw < DG and we have

max
{
∥∇F (wt)∥2 ,

∥∥∥Ĝt

∥∥∥
2

}
≤ DG. Using the previously

defined constants L,DA and DG, we present the conver-
gence result of Pseudo-linear TO.

Theorem 1. Given Assumption, setting γt = γ/(t+ µ) and
βt = β/(t− 1 + µ), where γ and β satisfy

γ >
1

c

β > 1 +
4γ2L2

√
D2

A + L2

c(γc− 1)
+ 2γ

√
D2

A + L2,

and αt = α/(t − 1 + µ)2 with
∑∞

s=1 αs < 1/D2
w, and µ

to be large enough such that α1 < 1, β1 < 1, γ1 < 1, and
αD2

w/µ + β < µ, there exist M1,M2 > 0 such that for all
t, we have

E
[
∥wt − w∗∥22

]
≤ M1

t+ µ

E
[∥∥∥Ĝt −∇F (wt)

∥∥∥2
2

]
≤ M2

t+ µ
.

To prove the theorem, we jointly bound E
[
∥wt − w∗∥22

]
and E

[∥∥∥Ĝt −∇F (wt)
∥∥∥2
2

]
recurrently and apply induction.

The expectations are over history up to t. Theorem 1 shows
that for strongly convex losses, Pseudo-linear TO achieves
an O(1/t) convergence rate, matching the rates of SGD
and Momentum. Comparing to ADAM, which has strongly
convex examples with non-convergent variance (Wang and
Klabjan 2025), namely

E
[
∥Ĝ(ADAM)

t −∇F (wt)∥2
]
̸→ 0,

the convergence result for Pseudo-linear TO automatically
achieves the reduction of variance.

3.3 Simplified Variants of Pseudo-linear TO
A notable limitation of Pseudo-linear TO lies in its require-
ment of memory. For model weights w ∈ Rd, the optimizer
variables A and b introduce d2 + d new parameters, which
is impractical for large models, when d is large. To address
this challenge, we propose two memory-efficient variants of
Pseudo-linear TO.

• Diagonal TO (Algorithm 2) enforces At = diag{at},
where at ∈ Rd, reducing the parameter count to O(d).
Here, ⊙ denotes element-wise vector multiplication.



Algorithm 2: Diagonal TO
Input: Learning rates αt, βt, γt.

1: Initialize w1, a0 and b0.
2: for t = 1, . . . , T do
3: Sample Bt ⊂ {1, . . . , N} such that |Bt| = b
4: gt ← ∇FBt(wt)
5: at ← at−1 + αt(gt − at−1 ⊙ wt − bt−1)⊙ wt

6: bt ← bt−1 + βt(gt − at−1 ⊙ wt − bt−1)

7: Ĝt ← at ⊙ wt + bt
8: wt+1 ← wt − γtĜt

9: end for

Algorithm 3: RankOne TO
Input: Learning rates αt, βt, γt.

1: Initialize w1, a0, c0 and b0.
2: for t = 1, . . . , T do
3: Sample Bt ⊂ {1, . . . , N} such that |Bt| = b
4: gt ← ∇FBt(wt)
5: at ← at−1 + αt(gt − at−1c

⊤
t−1wt − bt−1)c

⊤
t−1wt

6: ct ← ct−1 + αt(gt − at−1c
⊤
t−1wt − bt−1)

⊤at−1wt

7: bt ← bt−1 + βt(gt − at−1c
⊤
t−1wt − bt−1)

8: Ĝt ← atc
⊤
t wt + bt

9: wt+1 ← wt − γtĜt

10: end for

• RankOne TO (Algorithm 3) employs factorization At =
atc

⊤
t with at, ct ∈ Rd, similarly achieving memory com-

plexity O(d) while maintaining a richer parameter inter-
action.

The gradient update rules in both algorithms (Lines 5-6 of
Algorithm 2 and Lines 5-7 of Algorithm 3) are derived
from the corresponding structured gradient computations for
each parameterization. These modifications enlarge the scale
of problems that are suitable under the Pseudo-linear TO
framework. It is easy to extend the proof of Theorem 1 and
show the convergence of Diagonal TO and RankOne TO.

4 Experiments
4.1 Datasets and Implementations
We conduct comprehensive empirical evaluations compar-
ing various TO implementations against ADAM and Mo-
mentum across multiple real-world datasets.
• MNIST (Deng 2012): A handwritten digit dataset com-

prising of 60,000 grayscale images (28×28 pixels)
• News20 (Lang 1995): Approximately 18,000 newsgroup

posts across 20 topics
• CovType (Blackard, Dean, and Anderson 1998): Forest

cover type prediction dataset with 581,012 samples and
54 features across 7 classes

• SmallNorb (LeCun, Huang, and Bottou 2004): 3D ob-
ject recognition dataset containing images of 50 toys
from 5 categories

• KDD (Tavallaee et al. 2009): Network intrusion detec-
tion subset from KDD CUP 99

• CIFAR-10 (Krizhevsky and Hinton 2009): 60,000 color
images across 10 object classes

• Alpaca (Taori et al. 2023): 52,000 instruction-following
demonstrations generated by text-davinci-003

The models employed are logistic regressions or deep
neural networks. The architectures are described later in the
appendix. The last dataset corresponds to fine-tuning of an
LLM. The experiments span strongly convex, convex, non-
convex and LLM tasks.

Given the negligible computational overhead beyond gra-
dient computation, we focus on convergence speed mea-
sured in epochs. For each experiment, we perform extensive
hyperparameter tuning:

• ADAM learning rates: γ ∈ [10−5, 2 × 10−5, 5 ×
10−5, 10−4, 2×10−4, 5×10−4, 10−3, 2×10−3, 5×
10−3],

• TO methods: γ ∈ [10−3, 2 × 10−3, 5 ×
10−3, 0.01, 0.02, 0.05, 0.1, 0.2, 0.5],

• TO-specific parameters: α, β ∈ [0.0, 0.01, 0.1, 0.5, 1.0].

All the hyperparameters are tested under constant and ex-
ponentially decaying scheme. The exponential decay rates
are selected among [0.6, 0.8, 0.95]. The trainable weights
of logistic regression and FFN are initialized from standard
normal sampling. The mini-batch size is set to be 64.

We use the full training loss as our primary evaluation
metric. To ensure statistical reliability, we repeat each exper-
iment five times with different random seeds. Using ADAM
as our baseline, we calculate the relative performance differ-
ence ρ for each method. Let lossk be the training loss of a
considered algorithm in epoch k. The relative difference is
defined as

ρ = avg
(
min1≤k≤T {ADAM lossk} −min1≤k≤T {lossk}

min1≤k≤T {ADAM lossk}

)
,

where T is the number of epochs and the average is taken
across multiple runs. Metric ρ > 0 indicates superior per-
formance to ADAM in terms of achieved minimum loss. We
complement this with two-sided Wald tests on the relative
differences, reporting significance levels s. Our statistical
analysis follows these conventions:

• s < 0.05: Significantly better than ADAM
• s > 0.95: Significantly worse than ADAM
• 0.05 ≤ s ≤ 0.95: No significant difference from ADAM.

Our theoretical analyses show that pseudo-linear and
other variants of TO achieve anO(1/t) convergence rate for
strongly convex losses, and a convergence of the approxi-
mate variance with the same convergence rate. This suggests
the expectation of TO’s advantage on strongly convex task
and noisy and complex tasks.

4.2 Convex Experiments
For convex losses, we train logistic regression models on
five of the previously mentioned datasets. Since our theo-
retical analyses primarily address strongly convex losses,



Dataset λ Full TO Diagonal TO RankOne TO
SmallNorb λ∗ N/A 18.0 (+) 13.0 (+)

CovType λ∗ 3.3 (∼) −2.0 (∼) −2.1 (∼)

KDD

λ1 15.0 (+) 16.0 (+) 14.0 (+)
λ2 6.0 (+) 5.8 (+) −3.0 (∼)
λ3 10.0 (+) 10.0 (+) 10.2 (+)
λ4 9.0 (+) 7.6 (+) −6.0 (∼)
λ5 11.0 (+) 11.2 (+) 8.7 (+)

News20

λ1 N/A 0.4 (+) 0.4 (+)
λ2 N/A 0.2 (+) 0.2 (+)
λ3 N/A 4.4 (+) 4.3 (+)
λ4 N/A 4.8 (+) 4.8 (+)
λ5 N/A 16.8 (+) 16.7 (+)

MNIST

λ1 4.2 (+) 3.9 (+) −1.1 (−)
λ2 4.4 (+) 3.9 (+) −1.0 (−)
λ3 −7.1 (−) 0.7 (+) 0.7 (+)
λ4 0.3 (+) 0.2 (+) 0.2 (+)
λ5 0.7 (+) 0.6 (+) −3.4 (−)

Table 2: Values of ρ for strongly convex tasks (all values
×10−3). Full TO denotes for full version of pseudo-linear
TO in Algorithm 1. ‘+’, ‘∼’ and ‘-’ denote for s < 0.05,
0.05 ≤ s ≤ 0.95, and s > 0.95, respectively.

we emphasize results using logistic regression with cross-
entropy loss and L2 regularization. Our experimental proto-
col involves three key validation steps to determine the opti-
mal regularization parameter λ. First, we randomly partition
each dataset into training and validation sets. Second, we
train models using ADAM with λ values from the discrete
set [0, 5 × 10−4, 10−3, 5 × 10−3, 0.01, 0.05], select-
ing the λ yielding best validation performance with ADAM.
When the optimal λ equals zero, we conduct additional eval-
uations by randomly sampling five normally distributed λ
values with mean being 0 and standard deviation of 1, and
filter the negative values, in order to thoroughly compare TO
variants against ADAM on strongly convex losses. The final
selected λ values for each dataset appear in the appendix.

Table 2 presents the values of ρ and significance for all
strongly convex experiments. Due to memory constraints,
we exclude pseudo-linear TO results for SmallNorb and
News20 datasets. Our analysis of 17 strongly convex ex-
periments reveals that TO variants significantly outperform
ADAM in 16 cases. TO variants also outperform Momentum
in 15 cases. The complete values of ρ including Momentum
are in the appendix.

To investigate performance on convex but non-strongly-
convex losses, we conduct parallel experiments without reg-
ularization λ = 0 on the same datasets. In Figure 1, we plot
the curve of training loss of the λ = 0 experiments for the
three datasets where Full TO could be evaluated (CovType,
MNIST and KKD) and find that pseudo-linear TO exceeds
ADAM’s performance. Additional results, such as training
losses for different additional datasets, and the standard de-
viation of the train loss among different random seeds can
be found in the appendix.

Our empirical findings suggest initializing with α ≈ 0.01
while β ≈ 1. Exponential decaying of α and β also plays

(a) CovType

(b) KDD

(c) MNIST

Figure 1: Training loss curves for logistic regression (λ = 0)
on different datasets



crucial rules practically. These settings provide robust per-
formance across different datasets.

4.3 Nonconvex Experiments

(a) ResNet18-CIFAR10

(b) ResNet50-CIFAR10

(c) Llama7b-Alpaca

Figure 2: Training loss curves for non-convex tasks

For non-convex optimization tasks, we conduct three ex-
perimental evaluations. First, we train FFNs on both the
CovType and KDD datasets. Second, we train ResNets of
varying depths (18 and 50 layers) on the CIFAR-10 classifi-
cation task. Third, we perform fine-tuning of a selected sub-
set of pretrained weights from the Llama-7b model using the
Alpaca dataset.

Model Dataset Full TO Diagonal TO RankOne TO

FFN CovType −1.3× 10−4 −1.8× 10−4 −2.0× 10−4

KDD −1.1× 10−3 −3.2× 10−3 −2.1× 10−3

ResNet18 CIFAR10 N/A 0.5 8.2× 10−3

ResNet50 N/A 0.9 0.9
Llama-7b Alpaca N/A 2.1× 10−3 −9.2× 10−4

Table 3: Values of ρ for non-convex tasks

The relative performance differences are reported in Ta-
ble 3. Figure 2 shows the curves of training loss for the tasks
of training CIFAR10 with ResNet and finetuning Llama.
These experiments demonstrate TO’s superior performance
on challenging non-convex problems. For the Llama fine-
tuning task, TO achieves faster initial convergence compared
to ADAM. In the ResNet classification tasks, TO consis-
tently discovers solutions with better final optimality. The
training curves for FFN are in the appendix, which show
comparable performance between TO and ADAM, with no
statistically significant difference observed.

5 Conclusion
This paper introduces Trainable Optimizer (TO), a novel
optimization framework that jointly learns model parame-
ters and optimization dynamics through a trainable linear
gradient approximation, with theoretical guarantees show-
ing simultaneous convergence of both parameters and ap-
proximate error. We develop memory-efficient Diagonal and
RankOne TO variants that maintain O(d) complexity while
preserving convergence properties. Experiments across con-
vex and non-convex tasks on seven datasets demonstrate
TO’s advantages: superior performance to ADAM in 16/17
strongly convex cases, faster convergence and better solu-
tions for ResNet training and Llama fine-tuning, and com-
parable performance on simpler non-convex tasks.
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A Trainable Optimizer: Supplementary Materials
A Proofs

A.1 Technical Lemmas
Lemma 1. For all t, ∥wt+1 − wt∥2 ≤ γt

∥∥∥Ĝt

∥∥∥
2
.

Proof. (Reddi, Kale, and Kumar 2018) shows that for all u and u′, ∥ΠF (u) − ΠF (u
′)∥2 ≤ ∥u − u′∥2. In our case, we have

wt ∈ F , therefore ∥wt+1 − wt∥2 = ∥ΠF (wt − γtĜt)−ΠF (wt)∥2 ≤ ∥γtĜt∥2.

Lemma 2. Let 0 < k2 < k1 and b1 < 0 < b2, for any x0 and y0. There exists x ≥ x0 and y ≥ y0 such that k2x + b2 ≤ y ≤
k1x+ b1.

Proof. Let x∗ = b2−b1
k1−k2

, y∗ = k1b2−k2b1
k1−k2

, and let xn = x∗ + n, yn = y∗ + k1+k2

2 n. It is easy to check that k2xn + b2 ≤ yn ≤
k1xn + b1 for all n > 0. We can pick n large enough such that xn ≥ x0 and yn ≥ y0.

A.2 Proof to Proposition 1
Proof. By definition gt reads

∥gt∥2 = ∥∇FBt(wt)∥2
≤ ∥∇FBt(wt)−∇FBt(w∗)∥2 + ∥∇FBt(w∗)∥2
≤ L∥wt − w∗∥+max

B
∥∇FB(w∗)∥2

≤ 2LDw +max
B
∥∇FB(w∗)∥2,

where the inequalities hold according to Assumption. The proposition is proved by letting DG = 2LDw+maxB ∥∇FB(w∗)∥2.

A.3 Proof to Proposition 2
Proof. Consider

Db = max

{
∥b0∥2 ,

1

1− SαD2
w

(
DG(1 + SαD

2
w) + ∥A0∥2 Dw

)}
DA = ∥A0∥2 + SαDw(Db +DG).

Apparently ∥b0∥2 ≤ Db. We assume that for all 0 ≤ t ≤ T − 1, ∥bt∥ ≤ Db. Reformulate the updating rule for At yields

At = At−1 + αt(gt −At−1wt − bt−1)w
⊤
t

= At−1(Id − αtwtw
⊤
t ) + αt(gt − bt)w

⊤
t .

Then, for all 1 ≤ t ≤ T − 1,

∥At∥2 =
∥∥At−1(Id − αtwtw

⊤
t ) + αt(gt − bt)w

⊤
t

∥∥
2

≤
∥∥Id − αtwtw

⊤
t

∥∥
2
∥At−1∥2 + αt ∥gt − bt∥2 ∥wt∥2

≤ ∥At−1∥2 + αt(Db +DG)Dw,

where the last inequality holds because ∥gt∥ ≤ DG. We recursively obtain

∥At∥2 ≤ ∥A0∥2 +
t∑

s=1

αs(Db +DG)Dw

< ∥A0∥2 + Sα(Db +DG)Dw = DA.

Furthermore, we have

∥bT ∥2 = ∥(1− βT )bT−1 + βT (gT −AT−1wT )∥2
≤ (1− βT )∥bT−1∥2 + βT (∥gT ∥2 + ∥AT−1∥2∥wT ∥2)
≤ (1− βT )Db + βT (DG +DADw)

≤ Db.



The last inequality holds because

Db = max

{
∥b0∥2 ,

1

1− SαD2
w

(
DG(1 + SαD

2
w) + ∥A0∥2 Dw

)}
≥ 1

1− SαD2
w

(
DG(1 + SαD

2
w) + ∥A0∥2 Dw

)
,

which implies that

(1− SαD
2
w)Db ≥ DG(1 + SαD

2
w) + ∥A0∥2 Dw,

and therefore

Db ≥ DbSαD
2
w +DG(1 + SαD

2
w) + ∥A0∥2 Dw

= DG +Dw(∥A0∥2 + SαDw(DG +Db)) = DG +DwDA.

According to the principle of induction, this finishes the proof.

A.4 Proof to Theorem 1
Proof. We start with bounding the approximation loss of the full gradient. Letting Gt = ∇F (wt), the approximation error
reads

Ĝt −Gt = Atwt + bt −Gt

=
(
At−1 + αt (gt −At−1wt − bt−1)w

⊤
t

)
wt + bt−1 + βt (gt −At−1wt − bt−1)−Gt

= At−1wt + bt−1 + (αt∥wt∥22 + βt) (gt −At−1wt − bt−1)−Gt

= (1− δt) (At−1wt + bt−1 −Gt) + δt (gt −Gt) ,

where δt = αt ∥wt∥22 + βt. Letting δ = αD2
w/µ + β, apparently we have δt = (α∥wt∥22/(t − 1 + µ) + β)/(t − 1 + µ) <

δ/(t− 1 + µ). Taking the square norm of the approximation error yields∥∥∥Ĝt −Gt

∥∥∥2
2

= (1− δt)
2 ∥At−1wt + bt−1 −Gt∥22 + δ2t ∥gt −Gt∥22

+2(1− δt)δt (At−1wt + bt−1 −Gt)
⊤
(gt −Gt).

Letting Et[·] = E [· |B1, · · · ,Bt−1 ], we notice that At−1, bt−1, Gt and wt are known given B1, · · · ,Bt−1. Then, we have

Et

[∥∥∥Ĝt −Gt

∥∥∥2
2

]
= (1− δt)

2 ∥At−1wt + bt−1 −Gt∥22 + δ2tEt

[
∥gt −Gt∥22

]
+2(1− δt)δt (At−1wt + bt−1 −Gt)

⊤ Et [gt −Gt]

= (1− δt)
2 ∥At−1wt + bt−1 −Gt∥22 + δ2tEt

[
∥gt −Gt∥22

]
≤ (1− δt)

2 ∥At−1wt + bt−1 −Gt∥22 +DV
δ2

(t− 1 + µ)2

= (1− δt)
2
∥∥∥Ĝt−1 −Gt−1 +At−1(wt − wt−1)− (Gt −Gt−1)

∥∥∥2
2︸ ︷︷ ︸

T1

+DV
δ2

(t− 1 + µ)2
,

where the second equality holds because Etgt = Gt.
For three arbitrary vectors a1, a2, a3, the Cauchy inequality implies that for any λ > 0,

∥a1 + a2 + a3∥22 = ∥a1∥22 + ∥a2∥22 + ∥a3∥22 + 2a⊤1 a2 + 2a⊤2 a3 + 2a⊤3 a1

≤ ∥a1∥22 + ∥a2∥22 + ∥a3∥22 +
1

2λ
∥a1∥22 + 2λ∥a2∥22 +

1

2λ
∥a1∥22 + 2λ∥a3∥22 + ∥a2∥22 + ∥a3∥22

= (1 +
1

λ
)∥a1∥22 + (2 + 2λ)∥a2∥22 + (2 + 2λ)∥a3∥22.



Applying this inequality to T1 and replacing λ with λ/(t− 1 + µ), we have

T1 ≤
(
1 +

λ

t− 1 + µ

)∥∥∥Ĝt−1 −Gt−1

∥∥∥2
2
+ 2

(
1 +

t− 1 + µ

λ

)(
∥At−1(wt − wt−1)∥22 + ∥Gt −Gt−1∥22

)
≤

(
1 +

λ

t− 1 + µ

)∥∥∥Ĝt−1 −Gt−1

∥∥∥2
2
+ 2

(
1 +

t− 1 + µ

λ

)(
D2

A + L2
)
∥wt − wt−1∥22

≤
(
1 +

λ

t− 1 + µ

)∥∥∥Ĝt−1 −Gt−1

∥∥∥2
2
+ 2

(
1 +

t− 1 + µ

λ

)(
D2

A + L2
)
γ2
t−1∥Ĝt−1∥22

≤
(
1 +

λ

t− 1 + µ

)∥∥∥Ĝt−1 −Gt−1

∥∥∥2
2
+ 4

(
1 +

t− 1 + µ

λ

)(
D2

A + L2
)
γ2
t−1(∥Ĝt−1 −Gt−1∥22 + ∥Gt−1∥22)

=

(
1 +

λ

t− 1 + µ
+ 4

(
1 +

t− 1 + µ

λ

)(
D2

A + L2
)
γ2
t−1

)∥∥∥Ĝt−1 −Gt−1

∥∥∥2
2

+4

(
1 +

t− 1 + µ

λ

)(
D2

A + L2
)
γ2
t−1∥Gt−1∥22,

where the second inequality applies Proposition 2 and Lipschitz continuity of ∇F , the third inequality applies Lemma 1 and
the forth inequality further applies the Cauchy inequality. We let λ = 2γ

√
D2

A + L2. The upper bound is simplified to

T1 ≤

(
1 +

4γ
√
D2

A + L2

t− 1 + µ
+

4γ2(D2
A + L2)

(t− 1 + µ)2

)∥∥∥Ĝt−1 −Gt−1

∥∥∥2
2
+ 4

(
1 +

t− 1 + µ

2γ
√

D2
A + L2

)
γ2(D2

A + L2)

(t− 1 + µ)2
∥Gt−1∥22

=

(
1 +

2γ
√
D2

A + L2

t− 1 + µ

)2 ∥∥∥Ĝt−1 −Gt−1

∥∥∥2
2
+ 4

(
1 +

t− 1 + µ

2γ
√

D2
A + L2

)
γ2(D2

A + L2)

(t− 1 + µ)2
∥Gt−1∥22

≤

(
1 +

2γ
√

D2
A + L2

t− 1 + µ

)2 ∥∥∥Ĝt−1 −Gt−1

∥∥∥2
2
+ 4

(
1 +

t− 1 + µ

2γ
√

D2
A + L2

)
γ2L2(D2

A + L2)

(t− 1 + µ)2
∥wt−1 − w∗∥22

≤

(
1 +

2γ
√
D2

A + L2

t− 1 + µ

)2 ∥∥∥Ĝt−1 −Gt−1

∥∥∥2
2
+

4γL2
√

D2
A + L2

t− 1 + µ
∥wt−1 − w∗∥22,

where the second inequality further applies the Lipschitz continuity of∇F . The last inequality holds because µ is large enough
such that

1

t− 1 + µ
≤ 1

β
<

1

2γ
√
D2

A + L2
,

and thus
1

t− 1 + µ

(
1 +

t− 1 + µ

2γ
√

D2
A + L2

)
<

1

γ
√
D2

A + L2
.

The expectation Et[∥Ĝt −Gt∥22] is upper bounded by

Et

[∥∥∥Ĝt −Gt

∥∥∥2
2

]
≤ (1− δt)

2

(
1 +

2γ
√
D2

A + L2

t− 1 + µ

)2 ∥∥∥Ĝt−1 −Gt−1

∥∥∥2
2
+

C1γ

t− 1 + µ
∥wt−1 − w∗∥22 +

DV δ
2

(t− 1 + µ)2
,

where C1 = 4L2
√
D2

A + L2. The setting of parameters satisfies that βt < δt < 1 and therefore

(1− δt)
2

(
1 +

2γ
√

D2
A + L2

t− 1 + µ

)2

<

(
1− β

t− 1 + µ

)2
(
1 +

2γ
√
D2

A + L2

t− 1 + µ

)2

<

(
1−

β − 2γ
√

D2
A + L2

t− 1 + µ

)2

< 1−
β − 2γ

√
D2

A + L2

t− 1 + µ
:= 1− β∗

t− 1 + µ
,

where β∗ := β − 2γ
√
D2

A + L2 > 0. We obtain

Et

[∥∥∥Ĝt −Gt

∥∥∥2
2

]
≤

(
1− β∗

t− 1 + µ

)∥∥∥Ĝt−1 −Gt−1

∥∥∥2
2
+

C1γ

t− 1 + µ
∥wt−1 − w∗∥22 +

DV δ

(t− 1 + µ)2
.



Taking full expectation on both side yields

E
[∥∥∥Ĝt −Gt

∥∥∥2
2

]
≤

(
1− β∗

t− 1 + µ

)
E
[∥∥∥Ĝt−1 −Gt−1

∥∥∥2
2

]
+

C1γ

t− 1 + µ
E
[
∥wt−1 − w∗∥22

]
+

DV δ

(t− 1 + µ)2
. (3)

Next, we consider the distance between the iterate and the optimal point. We obtain

∥wt − w∗∥22 ≤
∥∥∥wt−1 − γt−1Ĝt−1 − w∗

∥∥∥2
2

= ∥wt−1 − w∗∥22 + γ2
t−1

∥∥∥Ĝt−1

∥∥∥2
2
− 2γt−1Ĝ

⊤
t−1(wt−1 − w∗)

≤ ∥wt−1 − w∗∥22 + γ2
t−1D

2
G − 2γt−1(Ĝt−1 −Gt−1)

⊤(wt−1 − w∗)− 2γt−1G
⊤
t−1(wt−1 − w∗)

≤ (1− 2cγt−1) ∥wt−1 − w∗∥22 − 2γt−1(Ĝt−1 −Gt−1)
⊤(wt−1 − w∗) + γ2

t−1D
2
G

≤ (1− 2cγt−1) ∥wt−1 − w∗∥22 + γt−1c ∥wt−1 − w∗∥22 +
γt−1

c

∥∥∥Ĝt−1 −Gt−1

∥∥∥2
2
+ γ2

t−1D
2
G

=

(
1− cγ

t− 1 + µ

)
∥wt−1 − w∗∥22 +

γ

c(t− 1 + µ)

∥∥∥Ĝt−1 −Gt−1

∥∥∥2
2
+

D2
Gγ

2

(t− 1 + µ)2
,

where the third inequality holds because of strong convexity of F (w). Taking expectation we have

E
[
∥wt − w∗∥22

]
≤

(
1− γc

t− 1 + µ

)
E
[
∥wt−1 − w∗∥22

]
+

γ

c(t− 1 + µ)
E
[∥∥∥Ĝt−1 −Gt−1

∥∥∥2
2

]
+

D2
Gγ

2

(t− 1 + µ)2
. (4)

The setting of hyperparameters guarantees that β∗−1
C1γ

> γ
c(γc−1) > 0. Applying Lemma 2, there exist M1 ≥ (µ +

1) ∥w1 − w∗∥22 and M2 ≥ (µ+ 1)E
[∥∥∥Ĝ1 −G1

∥∥∥2
2

]
, such that

γ

c(γc− 1)
M2 +

D2
Gγ

2

γc− 1
≤M1 ≤

β∗ − 1

C1γ
M2 −

DV δ
2

C1γ
. (5)

Apparently,

E
[
∥w1 − w∗∥22

]
≤ M1

1 + µ
,

E
[∥∥∥Ĝ1 −G1

∥∥∥2
2

]
≤ M2

1 + µ
.

We use induction. Assuming

E
[
∥wt−1 − w∗∥22

]
≤ M1

t− 1 + µ
,

E
[∥∥∥Ĝt−1 −Gt−1

∥∥∥2
2

]
≤ M2

t− 1 + µ
,

and according to (3) and (4), we obtain

E
[∥∥∥Ĝt −Gt

∥∥∥2
2

]
≤

(
1− β∗

t− 1 + µ

)
M2

t− 1 + µ
+

C1γ

(t− 1 + µ)2
M1 +

DV δ
2

(t− 1 + µ)2

=
t− 2 + µ

(t− 1 + µ)2
M2 −

1

(t− 1 + µ)2
(
(β∗ − 1)M2 − C1γM1 −DV δ

2
)

≤ M2

t+ µ
,

where the last inequality holds because (t + µ)(t − 2 + µ) ≤ (t − 1 + µ)2 and the second term is guaranteed by (5) to be
negative. We also have

E
[
∥wt − w∗∥22

]
≤

(
1− γc

t− 1 + µ

)
M1

t− 1 + µ
+

γ

c(t− 1 + µ)2
M2 +

D2
Gγ

2

(t− 1 + µ)2

=
t− 2 + µ

(t− 1 + µ)2
M1 −

1

(t− 1 + µ)2

(
(γc− 1)M1 −

γ

c
M2 −D2

Gγ
2
)

≤ M1

t+ µ
.



This completes the proof.

B Experimental Details
B.1 Values of λ
In the experiments for strongly convex losses, the l2 regularization parameters λ are decided as described in Section 4.2. In
Table 4, λ∗ denotes the optimal value of λ and λ1 to λ5 denote the sampled values of λ when λ∗ = 0.

Dataset SmallNorb CovType News20 KDD MNIST
λ∗ 0.001 5 · 10−4 - - -
λ1 - - 0.460 0.970 1.600
λ2 - - 1.100 0.023 1.400
λ3 - - 0.034 0.210 0.034
λ4 - - 0.078 0.088 0.680
λ5 - - 0.212 0.390 0.460

Table 4: l2 regularization parameters

B.2 Network Architectures
Next, we describe the FFNs used in the non-convex experiments. Each FFN has two fully connected layers with the dimensions
shown in Table 5. The underlying activation function is ReLU.

Dataset Input dimension Hidden dimension Output dimension
CovType 98 10 7

KDD 116 10 2

Table 5: Feedforward network structure

B.3 Additional Results
Additional experimental results are displayed next. Table 6 extends the results in Table 2 by adding the column of Momentum.
Figures 3 and 5 display the training loss curves of additional convex and non-convex experiments. Specifically, the tasks are
training logistic models on SmallNorb, News20 and FFNs on CovType and KDD. The y-axes show the min-max standardized
training loss values. Figure 4 shows the standard deviation of training loss over multiple runs for convex experiments. The
standard deviation for KDD is not included as the difference among runs is minor. The y-axes show the min-max standardized
standard deviation values.

Dataset λ Momentum Full TO Diagonal TO RankOne TO
SmallNorb λ∗ −2.3 (−) N/A 18.0 (+) 13.0 (+)

CovType λ∗ −1.3 (∼) 3.3 (∼) −2.0 (∼) −2.1 (∼)

KDD

λ1 −85.9 (−) 15.0 (+) 16.0 (+) 14.0 (+)
λ2 −2.6 (∼) 6.0 (+) 5.8 (+) −3.0 (∼)
λ3 −21.2 (−) 10.0 (+) 10.0 (+) 10.2 (+)
λ4 −11.8 (−) 9.0 (+) 7.6 (+) −6.0 (∼)
λ5 −40.2 (−) 11.0 (+) 11.2 (+) 8.7 (+)

News20

λ1 −1.4 (−) N/A 0.4 (+) 0.4 (+)
λ2 0.2 (+) N/A 0.2 (+) 0.2 (+)
λ3 −1.0 (∼) N/A 4.4 (+) 4.3 (+)
λ4 2.2 (+) N/A 4.8 (+) 4.8 (+)
λ5 2.0 (∼) N/A 16.8 (+) 16.7 (+)

MNIST

λ1 −9.1 (−) 4.2 (+) 3.9 (+) −1.1 (−)
λ2 −12.1 (−) 4.4 (+) 3.9 (+) −1.0 (−)
λ3 −13.9 (−) −7.1 (−) 0.7 (+) 0.7 (+)
λ4 12.7 (+) 0.3 (+) 0.2 (+) 0.2 (+)
λ5 3.1 (+) 0.7 (+) 0.6 (+) −3.4 (−)

Table 6: Values of ρ for strongly convex tasks (all values ×10−3). Full TO denotes for full version of pseudo-linear TO in
Algorithm 1. ‘+’, ‘∼’ and ‘-’ denote for s < 0.05, 0.05 ≤ s ≤ 0.95, and s > 0.95, respectively.



(a) SmallNorb (b) News20

Figure 3: Training loss curves for logistic regression tasks with λ = 0. Standardization is based on minimum=0.96 and maxi-
mum=1.31 in the left figure, and minimum=2.18 and maximum=2.99 in the right figure.



(a) SmallNorb (b) News20

(c) CovType (d) MNIST

Figure 4: Standard deviation of training loss for logistic regression tasks with λ = 0. Standardization is based on
minimum=1.31×10−3 and maximum=4.86×10−2 in Figure (a), minimum=2.78×10−4 and maximum=1.36×10−2 in Figure
(b), minimum=1.00×10−2 and maximum=2.11×10−2 in Figure (c), and minimum=1.48×10−4 and maximum=6.48×10−3

in Figure (d).



(a) FFN-CovType (b) FFN-KDD

Figure 5: Training loss curves for non-convex tasks. Standardization is based on minimum=1.48 and maximum=1.53 in the left
figure, and minimum=0.32 and maximum=0.35 in the right figure.


